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Consider a kth order linear recurrence relation of the form

un = a1un−1 + a2un−2 + a3un−3 + · · ·+ akun−k (n ≥ k),

where a1, a2, a3, . . . , ak(6= 0) are integers. The recurrence relation thus defines a

unique sequence of integers provided the initial integers u0, u1, u2, . . . , uk−1 are given.

The classical Positivity Problem states: Is it possible to decide whether the

sequence (un)n≥0 is nonnegative ? Equivalently, is it decidable whether un ≥ 0 for

each n ≥ 0 ?

The Positivity Problem for sequences satisfying a second order linear recur-

rence relation was shown to be decidable in 2006 by Halava-Harju-Hirvensalo. The

Positivity Problem for sequences satisfying a third order linear recurrence relation

was shown to be decidable in 2009. The main objective of this thesis is to prove

that the same conclusion holds for each sequence satisfying a fourth order linear

recurrence relation with integer coefficients. In order to prove this result, several

auxiliary results, such as the classification of roots of an algebraic equation of fourth

degree, the distribution of the values of certain cosine functions, and the behavior

of a combination of cosine values are obtained.
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CHAPTER 1

INTRODUCTION

Consider a kth order linear recurrence relation of the form

un = a1un−1 + a2un−2 + a3un−3 + · · · + akun−k (n ≥ k), (1)

where a1, a2, a3, . . . , ak(6= 0) ∈ Z. The recurrence (1) defines a unique sequence of

integers provided the initial integers u0, u1, u2, . . . , uk−1 are given.

The best-known example of a linear recurrence sequence was provided by

Leonardo of Pisa in the 12th century: the so-called Fibonacci sequence

〈0, 1, 1, 2, 3, 5, 8, 13, . . .〉 ,

which satisfies the recurrence relation un+2 = un+1 + un with initial conditions

u0 = 0, u1 = 1. Leonardo of Pisa introduced this sequence as a means to model the

growth of an idealised population of rabbits. Not only has the Fibonacci sequence

been extensively studied since, but linear recurrence sequences now form a vast

subject in their own right, with numerous applications in mathematics and other

sciences. A deep and extensive treatise on the mathematical aspects of recurrence

sequences is the recent monograph of Everest et al. [5].

In this dissertation, we are interested in the

Positivity Problem: Is it possible to decide whether the sequence (un)n≥0 is

nonnegative? Equivalently, is it decidable whether un ≥ 0 for all n ≥ 0?

The Positivity Problem is one of the three important closely related decision

problems ([14]) which are yet to be settled, namely,

The Skolem Problem: does a given linear recurrence sequence have a zero?

The Positivity Problem: are all the terms of a given linear recurrence sequence

positive? (Note that this problem comes in two natural flavors, according to whether

strict or non-strict positivity is required.)
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The Ultimate Positivity Problem: is the given linear recurrence sequence ulti-

mately positive, i.e., are all the terms of the sequence positive except possibly for a

finite number of exceptions ? (Note, likewise, that this problem admits two natural

variants.)

The above three problems (and closely related variants) have applications

in many different areas, such as theoretical biology (analysis of L-systems, popula-

tion dynamics), software verification (termination of linear programs), probabilistic

model checking (reachability in Markov chains, stochastic logics), quantum com-

puting (threshold problems for quantum automata), as well as combinatorics, term

rewriting, and the study of generating functions. For example, a particular term

of a linear recurrence sequence usually has combinatorial significance only if it is

non-negative. Likewise, a linear recurrence sequence modeling population growth is

biologically meaningful only if it uniformly positive.

Related to the Skolem Problem is one of the most fundamental results about

the zeros of linear recurrence sequences, the celebrated Skolem-Mahler-Lech Theo-

rem:

Theorem 1.1 Let (un)∞n=0 be a linear recurrence sequence over the reals. Its set

of zeros {n : un = 0} consists of a finite set F , together with a finite number of

arithmetic progressions A1 ∪ A2 ∪ · · · ∪ Al.

A perhaps surprising observation concerning the Positivity Problem is that

its decidability would immediately entail the decidability of the Skolem Problem,

since un = 0 if and only if u2
n ≤ 0, and we know that the pointwise square of a

linear recurrence sequence is again a linear recurrence sequence. In the worst case,

however, this trick reduces an instance of the Skolem Problem for a linear recurrence

sequence of order k to an instance of the Positivity Problem for a linear recurrence

sequence of order k2 + 1. An immediate consequence of the reduction is the NP-

hardness of all versions of the Positivity Problem. Let us note, however, that no

such reduction is known for the Ultimate Positivity Problem, and therefore that no

non-trivial lower bounds are known for this problem.
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In view of the above reduction, it might be natural to consider that the

Positivity Problem has been open since the advent of the Skolem Problem. The

earliest explicit reference that we have found in the literature, however, goes back to

the 1970s: the problem is mentioned (in equivalent formulation) in papers of Salomaa

[16] and Soittola [17]; in the latter, the author opined that “ in our estimation,

[Skolem and Positivity] will be very difficult problems.”

Note that the variants and reductions which we discussed for the Skolem

Problem apply almost verbatim to the Positivity and Ultimate Positivity Problems.

The Positivity Problem considered in this dissertation is to decide whether

all elements of a sequence are nonnegative. In contrast, the Ultimate Positivity

Problem, which asks whether the terms un are nonnegative for all sufficiently large

n is not of interest here. Deciding the positivity of all sequence elements requires

some further considerations to take care of the initial tail of the sequence.

As mentioned in [9], the Positivity Problem is a natural question and well-

known in a number of situations, such as for matrices and in the Mortality Problem

([16], [17], [8], [15]). A closely related result, the Skolem-Mahler-Lech Theorem,

provides information about when the terms of a linear recurrence sequence are zero

([2], [10], section 2.1.1 of [5]). Another related problem, known as the Orbit Problem,

is, in an equivalent form, a question about simultaneous solvability of a system of

equations in linear recurrence sequences (see section 14.2.3 of [5]).

The Positivity Problem for sequences satisfying a second order linear recur-

rence has already been shown to be decidable by Halava, Harju and Hirvensalo [9],

in 2006; see also [1] and [3]. This means that there is an algorithmic procedure to

decide whether elements in a sequence satisfying a second order linear recurrence

with integer coefficients are nonnegative.

The Positivity Problem for sequences satisfying a third order linear recur-

rence was recently shown to be decidable in [18] by the proposer and her mentor.

The underlying methodology there is based on the fact that the roots of a third

degree algebraic equation with integer coefficients can be explicitly computed, and
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in one instance on a result in Diophantine approximation. Similar approximation

results have been used in this context before e.g. in [3] and [6].

The main objective of this dissertation is to prove that the Positivity Problem

for fourth order recurrence sequences is decidable. To attack this problem, we are

guided by the analysis in the third order case. There the procedure involves the

following steps, and in turn necessitates us to handle three particular subproblems.

Step 1: The starting step is to explicitly classify the roots of a third degree

algebraic equation with integer coefficients. This leads us to

Subproblem I: To explicitly classify the roots of a fourth degree algebraic equation

with integer coefficients.

Step 2: Having determined all possible shapes of the sequence elements ex-

plicitly through Step 1, the analysis is to determine signs of sequence and/or related

elements. In some cases, one is confronted with signs of various cosine values, whose

determination involves the use of Dirichlet’s theorem. The corresponding subprob-

lem for the fourth order cases is:

Subproblem II: To investigate the distribution of the values of cos(nθ + β) as

n varies over the nonnegative integers N0 := N ∪ {0}, where θ, β ∈ [−π, π) and

θ /∈ {−π, 0} . This proof appears in [19].

Step 3: Through our trial and error pilot investigation of the fourth order

case, another difficulty, not confronted in the lower order situations, arises from a

combination of two cosine functions. This leads to

Subproblem III: To investigate the distribution of the values of f(nθ + β) as n

varies over the nonnegative integers N0 := N ∪ {0}, where f : R → R is a nonzero

purely periodic function with least period P and θ(6= 0) and β in the interval [0, P ).

This proof appears in [4].



CHAPTER 2

LITERATURE REVIEWS

There is a number of preliminary definitions and results related to our work,

most notable are the determination of the roots of polynomials of small degrees, the

concept of recurrence sequences, the theorem of Dirichlet dealing with the uniform

distribution of multiples of an irrational real number, the previous works of Halava-

Harju-Hirvensalo in the second order case and of Laohakosol-Tangsupphathawat

in the third order case. The remaining sections briefly describe these topics. In

addition, a recent measure-theoretic work of Bell-Gerhold in 2006 enebles us to give

a second and shorter proof of our main theorem through reducing the number of

considered cases by roughly one half.

1 Roots of polynomial equations of degrees 2, 3 and 4

General references for results in this section are [7, Chapter 5] and [23]. Let

K be an algebraically closed field.

1.1 Quadratic equations

The discriminant of a quadratic polynomial

q(x) = ax2 + bx + c ∈ K[x] (a 6= 0),

is D = D(q) = b2 − 4ac.

If q(x) has roots r and s, then D = a2(r − s)2. For example, let K = C and

q ∈ R[x]. Then either r, s ∈ R and D ≥ 0, or r, s ∈ C \R, s = r̄, r − s is a real

multiple of i :=
√
−1, and D < 0. In this case the sign of the discriminant indicates

whether q are real.

When K does not have characteristic 2, the general quadratic equation

q(x) = 0 (a 6= 0) has solutions

−b ±
√

b2 − 4ac

2a
.
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1.2 Equations of degree 3

If the field K does not have characteristic 3, a polynomial f(x) = ax3 +bx2 +

cx + d ∈ K[x] of degree 3 can be put in the form a(x3 + px + q) by substituting

x − b/3a for x, and we see that p and q are rational functions of a, b, c, d. The

discriminant of x3 + px + q is

D = D(x3 + px + q) = −4p3 − 27q2.

If the roots of x3 + px + q are r, s, t, then D = (r − s)2(r − t)2(s− t)2. For example,

let K = C and p, q ∈ R. Then either

• r, s, t ∈ R and D ≥ 0, or

• say, t ∈ R and r, s ∈ C \R, s = r̄ and D < 0.

Hence, the sign of the discriminant indicates whether all zeros of f(x) are real.

The third degree equation x3+px+q = 0 can be solved by Cardano’s method

when K does not have characteristic 2 or 3. With x = u + v, the equation becomes

(u + v)3 + p(u + v) + q = u3 + v3 + (3uv + p)(u + v) + q = 0.

If arrange so that 3uv = −p, then u3 and v3 satisfy u3v3 = −p3/27 and u3+v3 = −q;

hence u′ = u3 and v′ = v3 are the roots

u′ =
−q +

√

q2 + 4p3/27

2
, v′ =

−q −
√

q2 + 4p3/27

2

of the resolvant polynomial x2 + qx − p3/27. The roots x1, x2, x3 of x3 + px + q are

x = u + v =
3

√

−q +
√

q2 + 4p3/27

2
+

3

√

−q −
√

q2 + 4p3/27

2

in which u and v are cube roots of u′ and v′ such that uv = −p/3.

The roots r1, r2, r3 of the original polynomial ax3 + bx2 + cx + d are

ri = xi − b/3a (i = 1, 2, 3).
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1.3 Equations of degree 4

The roots r1, r2, r3, r4 of the fourth degree equation

0 = f(x) = ax4 + bx3 + cx2 + dx + e ∈ K[x] (2)

can be found by the following method when K does not have characteristic 2. Sub-

stituting x − b/4a for x puts f(x) = ax4 + bx3 + cx2 + dx + e in the form

g(x) =
f(x − b/4a)

a
= x4 + px2 + qx + r.

We see that p, q, r are rational functions of a, b, c, d, e.

Let x1, x2, x3, x4 be the roots of the equation

x4 + px2 + qx + r = 0, (3)

then xi = ri + b/4a (i = 1, 2, 3, 4) and x1 + x2 + x3 + x4 = 0. Let

u = (x1 + x2)(x3 + x4) = −(x1 + x2)
2,

v = (x1 + x3)(x2 + x4) = −(x1 + x3)
2,

w = (x1 + x4)(x2 + x3) = −(x1 + x4)
2;

equivalently,

u = (r1 + r2 + b/2a)(r3 + r4 + b/2a) = −(r1 + r2 + b/2a)2,

v = (r1 + r3 + b/2a)(r2 + r4 + b/2a) = −(r1 + r3 + b/2a)2,

w = (r1 + r4 + b/2a)(r2 + r3 + b/2a) = −(r1 + r4 + b/2a)2.

To solve (2) and (3), we construct a polynomial of degree 3 whose roots are

u, v, w. Its coefficients are found by computing u + v + w, uv + uw + vw, uvw from

the elementary symmetric functions

∑

i<j

xixj = p,
∑

i<j<k

xixjxk = −q, x1x2x3x4 = r.

First,

u + v + w = 2
∑

i<j

xixj = 2p.
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Next,

uv + 6uw + vw =
∑

i<j

x2
i x

2
j + 3

∑

j<k;j,k 6=i

x2
i xjxk + 6x1x2x3x4.

Since

0 =

(

∑

i

xi

)(

∑

i<j<k

xixjxk

)

=
∑

j<k;j,k 6=i

x2
i xjxk + 4x1x2x3x4

p2 =

(

∑

i<j

xixj

)2

=
∑

i<j

x2
i x

2
j + 2

∑

j<k;j,k 6=i

x2
i xjxk + 6x1x2x3x4,

we have
∑

j<k;j,k 6=i

x2
i xjxk = −4r, uv + uw + vw = p2 − 4r.

Finally,

uvw =
∑

i,j,k

x3
i x

2
jxk + 2

∑

i;j<k<`

x3
i xjxkx` + 2

∑

i<j<k

x2
i x

2
jx

2
k + 4

∑

i<j;k<`

x2
i x

2
jxkx`,

where it is understood that i, j, k, ` are all distinct in the summation. Now

pr =

(

∑

i<j

xixj

)

x1x2x3x4 =
∑

i<j;k<`

x2
i x

2
jxkx`

q2 =

(

∑

i<j<k

xixjxk

)2

=
∑

i;j<k<`

x3
i xjxkx` + 2

∑

i<j;k<`

x2
i x

2
jxkx`

0 =

(

∑

i

xi

)2

x1x2x3x4 =
∑

i:j<k<`

x3
i xjxkx` + 2

∑

i<j;k<`

x2
i x

2
jxkx`

0 =

(

∑

i

xi

)(

∑

i<j

xixj

)(

∑

i<j<k

xixjxk

)

=
∑

i,j,k

x3
i x

2
jxk + 3

∑

i;j<k<`

x3
i xjxkx` + 3

∑

i<j<k

x2
i x

2
jx

2
k + 8

∑

i<j;k<`

x2
i x

2
jxkx`

and it readily follows that

uvw = −q2.

Hence, u, v, w are the solutions of the equation

x3 − 2px2 + (p2 − 4r)x + q2 = 0. (4)
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The polynomial r(x) = x3 − 2px2 + (p2 − 4r)x + q2 ∈ K[x] whose roots are u, v, w

is the resolvant polynomial of f(x). Since

u − v = (x1 − x4) (x3 − x2)

u − w = (x1 − x3) (x4 − x2)

v − w = (x1 − x2) (x4 − x3) ,

r(x) and g(x) have the same discriminant. The discriminant of f is

D(f) = a6D(f/a) = a6D(g) = a6D(r).

To solve (3), first solve equation (4) to determine u, v, w provided K does

not have characteristic 3. Then x1 + x2 = u′ is square root of −u, x1 + x3 = v′ is a

square root of −v, and x1 + x4 = w′ is a square root of −w. The square root must

be chosen so that

u′v′w′ = (x1 + x+2) (x1 + x3) (x1 + x4) = x2
1

∑

i

xi +
∑

i<j<k

xixjxk = −q.

Then

u′ + v′ + w′ = 3x1 + x2 + x3 + x4 = 2x1, u′ − v′ − w′ = x2 − x1 − x3 − x4 = 2x2

and similarly

−u′ + v′ − w′ = 2x3, −u′ − v′ + w′ = 2x4.

Thus, the solutions of (3) are

x1 =
1

2
(u′ + v′ + w′)

x2 =
1

2
(u′ − v′ − w′)

x3 =
1

2
(−u′ + v′ − w′)

x4 =
1

2
(−u′ − v′ + w′) ,

where u′v′w′ = −q. The solutions of (2) are

r1 = − b

4a
+

1

2
(u′ + v′ + w′)

r2 = − b

4a
+

1

2
(u′ − v′ − w′)

r3 = − b

4a
+

1

2
(−u′ + v′ − w′)

r4 = − b

4a
+

1

2
(−u′ − v′ + w′) .
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2 Recurrence sequences

A recurrence relation is perhaps simplest to describ in the language of count-

ing, [22, Chapter 4]. It is a formula that counts the number of ways to do a procedure

involving n objects in terms of the number of ways to do it with fewer objects. That

is, if uk is the number of ways to do the procedure with k objects, for k = 0, 1, 2, . . .,

then a recurrence relation is an equation that expresses un as some function of pre-

ceding uk’s, k < n. A sequence (un)n≥0 whose elements satisfy a recurrence relation

is called a recurrence sequence. In this dissertation, we are interested in recurrence

relations of the form

un = c1un−1 + c2un−2 + · · · + crun−r (n > r) (5)

where r ∈ N is a fixed natural number and the ci’s are given complex numbers

with c1 6= 0. We also need to be given the first r values u0, u1, . . . , ur−1 in order to

compute the next un correctly. The information about the starting values needed to

compute with a recurrence relation is called the initial conditions. Associated with

the relation (5) is the so-called characteristic equation

xr − c1x
r−1 − · · · − cr = 0, (6)

where the left-hand polynomial is referred to as the characteristic polynomial of the

recurrence relation (5). We have, [13, Chapter 4], [5]:

Theorem 2.1 Let c1(6= 0), c2, . . . , cr, u0, u1, . . . , ur−1 be given complex numbers. If

the characteristic polynomial

Q(z) = zr − c1z
r−1 − · · · − cr

has k distinct roots α1, α2, . . . , αk with multiplicities m1,m2, . . . ,mk, respectively,

where

m1 + m2 + · · · + mk = r,

then

un =
r
∑

j=1

(

a0,j + a1,jn + · · · + amj−1,jn
mj−1

)

αn
j (n ≥ 0),

where the aij are computed by solving the system of equations arising from substi-

tuting the r initial values.
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3 Dirichlet’s theorem

For an irrational real number ξ, our work leads us to deal with the distribu-

tion of the integral and fractional parts of multiples of ξ, and the following classical

results are well-known, [12], [11].

Theorem 2.2 [12, Theorem 6.3] If ξ is an irrational real number, then the sequence

{nξ}n≥1
is uniformly distributed modulo 1, in particular, this sequence is dense in

the interval [0, 1].

Corollary 2.3 [12, Corollary 6.4] The real number ξ is irrational if and only if the

points (ξ), (2ξ), (3ξ), . . . are everywhere dense in the unit interval [0, 1], where (x)

denotes the fractional part of the real number x.

4 The work of Halava, Harju and Hirvensalo [9]

Consider a second order linear recurrence of the form

un = aun−1 + bun−2 (n ≥ 3), (7)

where a, b(6= 0) are given integers.

Lemma 2.4 Let p(x) = x2 − ax − b be the characteristic polynomial of (7) with

discriminant D = a2 + 4b.

I. If D > 0, then

un = Aλn
1 + Bλn

2 ,

where λ1 6= λ2 are the real roots of p(x) and

A =
u1 − u0λ2√

D
, B =

u0λ1 − u1√
D

.

II. If D = 0, then

un = (A + Bn)λn,

where λ = a/2 is the double root of p(x) and

A = u0, B =
2u1 − u0a

a
.
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III. If D < 0, then

un = Aλn + Aλn
2 ,

where λ and λ̄ are the complex roots of p(x), and A is as in Case I.

Lemma 2.5 If

un = Aλn + Aλn
2 (n ≥ 0)

and λ 6∈ R, then (un)n≥0
has negative elements.

Theorem 2.6 The Positivity Problem is decidable for second order recurrence se-

quences.

5 The work of Laohakosol and Tangsupphathawat [18]

Consider a third order linear recurrence of the form

un = a1un−1 + a2un−2 + a3un−3 (n ≥ 3), (8)

where a1, a2, a3(6= 0) are given integers. Recall that the characteristic polynomial

associated with the recurrence (8) is

p(x) = x3 − a1x
2 − a2x − a3 ∈ Z[x].

Following the derivation on pages 169-170 of [7], we start by reviewing some facts.

Write

p
(

x +
a1

3

)

= x3 + αx + β, α :=
−a2

1 − 3a2

3
, β :=

−2a3
1 − 9a2a1 − 27a3

27
.

Let x1, x2, and x3 be all the three roots of p (x + a1/3). The discriminant of

p (x + a1/3) is

D = −4α3 − 27β2 = (x1 − x2)
2(x1 − x3)

2(x2 − x3)
2.

Proposition 2.7 Let (un)n≥0
be a sequence of integers satisfying (8) with integer

coefficients a1, a2, a3(6= 0), and initial integral values u0, u1, u2. Let p(x) be the char-

acteristic polynomial of (8) whose roots are λi (i = 1, 2, 3), and whose discriminant

is D = −4α3 − 27β2, where α = (−a2
1 − 3a2)/3 and β = (−2a3

1 − 9a2a1 − 27a3)/27.
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I. If D > 0, then λ1, λ2, λ3 are distinct nonzero real numbers and

un = Aλn
1 + Bλn

2 + Cλn
3 (n ≥ 0),

where

A =
λ2λ3u0 − (λ3 + λ2)u1 + u2

(λ2 − λ1)(λ3 − λ1)
∈ R, B =

−λ1λ3u0 + (λ3 + λ1)u1 − u2

(λ2 − λ1)(λ3 − λ2)
∈ R,

C =
λ1λ2u0 − (λ2 + λ1)u1 + u2

(λ3 − λ1)(λ3 − λ2)
∈ R .

II. (II.1) If D = 0 and α = 0, then λ1 = λ2 = λ3 =: λ ∈ R \ {0} and

un = (A + Bn + Cn2)λn (n ≥ 0),

where

A = u0 ∈ R, B =
−3u0

2
+

2u1

λ
− u2

2λ2
∈ R, C =

u0

2
− u1

λ
+

u2

2λ2
∈ R .

(II.2) If D = 0 and α 6= 0, then p(x) has two distinct real roots λ1(6= 0) of

multiplicity 1, λ2 = λ3(6= 0) of multiplicity 2, and

un = Aλn
1 + (B + Cn)λn

2 (n ≥ 0),

where

A =
λ2

2u0 − 2λ2u1 + u2

(λ2 − λ1)2
∈ R, B =

−λ1(2λ2 − λ1)u0 + 2λ2u1 − u2

(λ2 − λ1)2
∈ R,

C =
λ1λ2u0 − (λ2 + λ1)u1 + u2

λ2(λ2 − λ1)
∈ R .

III. If D < 0, then p(x) has one real root λ1(6= 0), two complex conjugate roots

λ2, λ3 = λ̄2 ∈ C \R and

un = Aλn
1 + Bλn

2 + B̄λ̄n
2 (n ≥ 0),

where

A =
λ2λ̄2u0 − (λ̄2 + λ2)u1 + u2

(λ2 − λ1)(λ̄2 − λ1)
∈ C, B =

−λ1λ̄2u0 + (λ̄2 + λ1)u1 − u2

(λ2 − λ1)(λ̄2 − λ1)
∈ C .
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Lemma 2.8 Let a, b be positive real numbers belonging to the interval (0, 1) and

let B and C be two positive real numbers. Consider the following three exponential

polynomials with argument n ∈ N∪{0},

P (n) = an (B − Cbn) , Q(n) = an (B + Cbn) , R(n) = an (−B + Cbn) .

The following conclusions hold:

(Type F-Z) there are explicitly computable integers N0 ∈ N∪{0} and N1 ∈ N such

that

sup {P (n) ; n ≥ 0} = max {P (n) ; N0 ≤ n ≤ N1} ;

(Type F+Z) sup {Q(n) ; n ≥ 0} = Q(0) ;

(Type -F+Z) there is an explicitly computable integer N2 ∈ N∪{0} such that

sup {R(n) ; n ≥ 0} = max {0, R(n) ; 0 ≤ n ≤ N2} .

Lemma 2.9 Let ϕ, θ ∈ [−π, π) with θ /∈ {−π, 0}.

(a) If θ is a rational multiple of π, then cos(ϕ + nθ) is periodic and takes only

finitely many explicitly computable values as n varies over N∪{0}.

(b) If θ is not a rational multiple of π, then as n varies over N∪{0} the range of

values of cos(ϕ + nθ) is dense in [−1, 1].

Theorem 2.10 The Positivity Problem is decidable for each sequence of integers

satisfying a third order linear recurrence with integer coefficients.

6 The work of Bell and Gerhold [1]

A sequence (un)n≥0 is called a (linear) recurrence sequence of order k ∈ N if

it satisfies a recurrence relation of the form

un = a1un−1 + a2un−2 + · · · + akun−k (n ≥ k), (9)

where a1, . . . , ak (6= 0) are given real numbers. The characteristic polynomial asso-

ciated with (9) is

Char(z) := zk − a1z
k−1 − · · · − ak−1z − ak.
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Let all the distinct (nonzero) real roots of Char(z) be λi with multiplicities

ai + 1 (i = 1, . . . , r), and let all its distinct (nonzero) complex conjugate pairs of

roots be γj (= |γj|eiθj), γj with multiplicities bj + 1 (j = 1, . . . , s). Thus,

a1 + · · · + ar + 2b1 + · · · + 2bs + r + 2s = k.

Each sequence element satisfying (9) can be written as

un =
r
∑

i=1

Pi(n)λn
i + 2

s
∑

j=1

Qj(n)|γj|n (n ≥ 0), (10)

where

Pi(n) :=

ai
∑

a=0

Ai,an
a ∈ R[n], Ai,ai

6= 0, ai ∈ N∪{0} (i = 1, . . . , r),

Qj(n) :=

bj
∑

b=0

|Bj,b| cos(ϕj,b + nθj)n
b ∈ R[n],

Bj,1 =|Bj,1|eiϕj , . . . , Bj,bj
= |Bj,bj

|eiϕj(6= 0) ∈ C, bj ∈ N∪{0} (j = 1, . . . , s).

The roots of Char(z) having the largest absolute value are called dominating roots.

Such roots play a crucial role in the positivity of the sequence (un) as witnessed

in the following result of Bell-Gerhold, [1, Theorem 2], which helps in reducing the

number of possible cases considerably.

Theorem 2.11 Let (un) be a nonzero recurrence sequence with no positive domi-

nating characteristic root. Then the sets {n ∈ N : un > 0} and {n ∈ N : un < 0}
have positive density, and thus both sets contain infinitely many elements.

Lemma 2.12 Let θ1, θ2, . . . , θd be rational numbers in (0, 1), and let ai, βi be real

numbers such that the purely periodic sequence

un =
d
∑

i=1

ai cos(2πθin + βi)

is not identically zero. Then un has a positive and a negative value.



CHAPTER 3

FOURTH ORDER POSITIVITY PROBLEM

Consider a fourth order linear recurrence of the form

un = a1un−1 + a2un−2 + a3un−3 + a4un−4 (n ≥ 4), (11)

where a1, a2, a3, a4(6= 0) ∈ Z.

We show here that the Positivity Problem is decidable for each sequence

satisfying a fourth order linear recurrence with integer coefficients, viz.,

The Main Theorem: The Positivity Problem is decidable for each sequence of

integers satisfying a fourth order linear recurrence with integer coefficients.

We give two proofs of our main theorem. In order to facilitate the presen-

tation, we proceed by first settling the three subproblems mentioned in Chapter 1.

The first proof of our main theorem is rather long but elementary in nature. It

makes essential use of the root classification presented in Subproblem I. This proof

appears in [21]. The second proof though much shorter is non-elementary in the

sense that some measure-theoretic results of Bell-Gerhold are employed in order to

reduce the number of cases to be considered by one half. It is worth mentioning

that the root classification used in the first proof is not required in the second proof.

This proof appears in [20].

1 Results related to Subproblem I

Following the elaboration in Section 1.3 of Chapter 2, consider a fourth order

linear recurrence of the form (11) (with k = 4). Its characteristic polynomial is

p(x) := x4 − a1x
3 − a2x

2 − a3x− a4 = (x−λ1)(x−λ2)(x−λ3)(x−λ4) ∈ Z[x] (12)

where λ1, λ2, λ3, λ4 are the fourth roots of p(x). Write

p (x + a1/4) = x4 + αx2 + βx + γ = (x − x1)(x − x2)(x − x3)(x − x4) ∈ Q[x],
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where x1, x2, x3, x4 are all fourth roots of p(x + a1/4) ∈ Q[x] and

α = −3a2
1 + 8a2

8
, β = −a3

1 + 4a1a2 + 8a3

8
, γ = −3a4

1 + 16a2
1a2 + 64a1a3 + 256a4

256
.

Then, xi = λi − a1/4 (i = 1, 2, 3, 4) and x1 + x2 + x3 + x4 = 0. Let

u = (x1 + x2)(x3 + x4) = −(x1 + x2)
2, (13)

v = (x1 + x3)(x2 + x4) = −(x1 + x3)
2, (14)

w = (x1 + x4)(x2 + x3) = −(x1 + x4)
2. (15)

We construct a polynomial of degree 3 whose roots are u, v, and w. Its coefficients

are found from the elementary symetric functions

∑

i<j

xixj = α,
∑

i<j<k

xixjxk = −β, x1x2x3x4 = γ

by computing

u + v + w = 2α, uv + uw + vw = α2 − 4γ, uvw = −β2.

This polynomial is

q(x) := x3 − 2αx2 + (α2 − 4γ)x + β2 = (x − u)(x − v)(x − w) ∈ Q[x]. (16)

Since

u − v = (x1 − x4)(x3 − x2) = (λ1 − λ4)(λ3 − λ2),

u − w = (x1 − x3)(x4 − x2) = (λ1 − λ3)(λ4 − λ2),

v − w = (x1 − x2)(x4 − x3) = (λ1 − λ2)(λ4 − λ3),

the three polynomials q(x), p(x + a1/4) and p(x) have the same discriminant

D = disc(q) = disc (p(x + a1/4)) = disc(p)

= 16α4γ − 4α3β2 − 128α2γ2 + 144αβ2γ − 27β4 + 256γ3 ([23, p. 192])

= (u − v)2(u − w)2(v − w)2.

To find the roots x1, x2, x3, x4 of the equation p(x+a1/4) = 0, we first solve equation

(16) to determine the roots u, v, w of q(x) = 0. From (13), (14), (15), setting

x1 + x2 := u′ = square root of − u (17)

x1 + x3 := v′ = square root of − v (18)

x1 + x4 := w′ = square root of − w. (19)
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where these square roots must be chosen so that

u′v′w′ = (x1 + x2)(x1 + x3)(x1 + x4) = x2
1

∑

i

xi +
∑

i<j<k

xixjxk = −β, (20)

we get

u′ + v′ + w′ = 3x1 + x2 + x3 + x4 = 2x1, − u′ + v′ − w′ = 2x3,

u′ − v′ − w′ = x2 − x1 − x3 − x4 = 2x2, − u′ − v′ + w′ = 2x4.

The solutions of p(x + a1/4) = 0 are given by

x1 =
1

2
(u′ + v′ + w′) (21)

x2 =
1

2
(u′ − v′ − w′) (22)

x3 =
1

2
(−u′ + v′ − w′) (23)

x4 =
1

2
(−u′ − v′ + w′). (24)

To determine the nature of these roots, we subdivide our consideration into three

cases depending on the signs of D.

Case I: D > 0

As seen in Section 5 of Chapter 2, the three roots u, v, w of

q(x) = x3 − 2αx2 + (α2 − 4γ)x + β2 = (x − u)(x − v)(x − w) ∈ Q[x]

are distinct real numbers.

We subdivide into further subcases depending on whether β = 0.

I.1 β = 0.

Then q(x) has a zero root, say u = 0, implying by (17) that u′ = 0, and so

q(x) = x(x2 − 2αx + (α2 − 4γ)) = x(x2 − (v + w)x + vw) = x(x − v)(x − w).

I.1.1 α2 − 4γ ≥ 0. Then v, w have the same sign, distinct and nonzero.
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I.1.1.1 α ≤ 0. Then v, w are two distinct negative real numbers which

by (18), (19) implies that v′, w′ are nonzero real numbers with v′ 6= ± w′. By

(21),(22),(23) and (24), we have

x1 =
1

2
(v′ + w′), x2 =

1

2
(−v′ − w′), x3 =

1

2
(v′ − w′), x4 =

1

2
(−v′ + w).

Hence, p (x + a1/4) has four distinct nonzero real roots.

I.1.1.2 α > 0. Then v, w are two distinct positive real numbers, which by

(18), (19) implies that v′ = �i, w′ = ♥i are purely imaginary with � 6= ± ♥ being

two nonzero real numbers. By (21),(22),(23) and (24), we have

x1 =
1

2
(� + ♥)i, x2 = −1

2
(� + ♥)i = x̄1,

x3 =
1

2
(� −♥)i, x4 = −1

2
(� −♥)i = −x̄3.

Thus, the roots of p(x + a1/4) consist of two nonzero distinct purely imaginary

conjugate pairs.

I.1.2 α2 − 4γ < 0. Then v and w are two nonzero real numbers of opposite

sign, say v ∈ R− and w ∈ R+, which by (18), (19) implies that v′ is a nonzero real

number and w′ = ♥i is nonzero purely imaginary. By (21),(22),(23) and (24), we

have

x1 =
1

2
(v′ + ♥i), x2 =

1

2
(−v′ −♥i) = −x1,

x3 =
1

2
(v′ −♥i) = x̄1, x4 =

1

2
(−v′ + ♥i) = −x̄1.

Thus, the roots of p(x + a1/4) consists of two distinct, nonzero, non-real complex

conjugate pairs.

I.2 β 6= 0.

Then q(x) = x3 − 2αx2 + (α2 − 4γ)x + β2 = (x− u)(x− v)(x−w) ∈ Q[x] has three

distinct roots u, v, w ∈ R \{0}.

I.2.1 α2 − 4γ ≥ 0.

I.2.1.1 α ≤ 0. Since the coefficients of q(x) are all nonnegative, by Descartes’

rule of signs, the three roots u, v, w ∈ R−, which by (17), (18), (19) implies that
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u′, v′, w′ are three nonzero real numbers with

x1 + x2 = u′ 6= ± v′ = ±(x1 + x3),

x1 + x2 = u′ 6= ± w′ = ±(x1 + x4),

x1 + x3 = v′ 6= ± w′ = ±(x1 + x4).

By (21),(22),(23) and (24), we have

x1 =
1

2
(u′ + v′ + w′), x2 =

1

2
(u′ − v′ − w′),

x3 =
1

2
(−u′ + v′ − w′), x4 =

1

2
(−u′ − v′ + w′).

Hence, p(x + a1/4) has four distinct real roots x1, x2, x3, x4.

I.2.1.2 α > 0. Since β2 > 0, we know that uvw > 0 and so two roots of q(x),

say u, v, are negative real numbers and one root, say w, is a positive real number,

which by (17), (18), (19) imply that u′, v′ ∈ R, u′ 6= ± v′ and w′ = ♥i, ♥ ∈ R \{0}.
Thus,

x1 =
1

2
(u′ + v′ + ♥i), x2 =

1

2
(u′ − v′ −♥i),

x3 =
1

2
(−u′ + v′ −♥i), x4 =

1

2
(−u′ − v′ + ♥i).

Since p(x + a1/4) ∈ Q[x], its four complex roots x1, x2, x3, x4 must occur in two

conjugate pairs. From their shapes, there are two possibilities, viz., (x̄1 = x2 and

x̄4 = x3) or (x̄1 = x3 and x̄4 = x2). If x̄1 = x2, then v′ = 0, u′ 6= 0 and so

x1 =
1

2
(u′ + i♥) ∈ C \R, x2 = x̄1, x3 = −x1, x4 = −x̄1.

If x̄1 = x3, then u′ = 0, v′ 6= 0 and we deduce that the solutions are of the same

form as in the last possibility, i.e., two distinct complex conjugate pairs.

I.2.2 α2 − 4γ < 0. Since β2 > 0, we know that uvw > 0 and so two roots of

q(x), say u, v are negative real numbers, and one root, say w is a positive real number,

which by (17), (18), (19) imply that u′, v′ ∈ R, u′ 6= ± v′ and w′ = ♥i, ♥ ∈ R \{0}.
The roots of p(x + a1/4) are of the same shape as those in the subcase [I.2.1.2], i.e.,

two distinct complex conjugate pairs.
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Case II: D = 0

As seen in Section 5 of Chapter 2, the three roots u, v, w are real numbers and since

D = 16α4γ − 4α3β2 − 128α2γ2 + 144αβ2γ − 27β4 + 256γ3 ([23, p. 192])

= (u − v)2(u − w)2(v − w)2,

we must have

u = v or u = w or v = w. (25)

Recall that

q(x) = x3 − 2αx2 + (α2 − 4γ)x + β2 = (x − u)(x − v)(x − w) ∈ Q[x].

Let α∗ := −(α2 + 12γ)/3.

II.1 If α∗ = 0, then γ = −α2/12 and putting this into the expression for D, we get

β2 = −8α3/27. Substituting these values into the expression for q(x), we find that

q(x) = (x − 2α/3)3 showing that u = v = w = 2α/3.

II.1.1 If β = 0, then u = v = w = 0. By (17),(18) and (19), we get

u′ = v′ = w′ = 0. Thus, (21),(22),(23) and (24) yield x1 = x2 = x3 = x4 = 0.

II.1.2 If β 6= 0, then β2 = −uvw = −u3 > 0, so that u = v = w ∈ R−. By

(17),(18) and (19), we get u′ = v′ = w′ ∈ R \{0}. Thus, (21),(22),(23) and (24)

yield x1 = 3u′

2
, x2 = −u′

2
= x3 = x4.

II.2 If α∗ 6= 0, we have u, v and w are not all the same.

II.2.1 If β = 0, then uvw = 0; without loss of generality, assume u = 0.

By (25), we deduce u = v = 0. From the shape of q(x), we must have α2 − 4γ = 0

and w = 2α. By (17),(18) and (19), we get

u′ = v′ = 0, w′ = square root of − 2α,

so that (21),(22),(23) and (24) yield x1 = w′/2 = x4, x2 = −w′/2 = x3. Clearly,

α 6= 0, for otherwise u = v = w = 0. Let r = 1

2

√

|−2α| ∈ R \{0}. Taking into

account that α can be either positive or negative, we find that there are two possible

set of solutions

{x1, x2, x3, x4} = {r, r, − r, − r} or {ir, ir, − ir, − ir}.
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II.2.2 If β 6= 0, since β ∈ Q, we deduce that −uvw > 0 so that two elements,

say u, v ∈ R \{0}, are of the same sign (and so by (25), u = v), while w ∈ R \{0}
is negative. If u = v ∈ R−, w ∈ R−, then (17),(18), (19) show that u′ = v′, w′ ∈
R \{0}. Thus, (21),(22),(23),(24) yield four real roots

x1 =
1

2
(2u′ + w′), x2 = −w′

2
= x3, x4 =

1

2
(−2u′ + w′).

Apart from x2 = x3, all other roots are distinct for if x1 = x2, then u′ = −w′

implying that (v =)u = w, contradicting the fact that all three roots are not the

same; if x1 = x4, then u′ = 0, implying that u = v = 0 which contradicts β 6= 0;

if x2 = x4, then u′ = w′ implying that (v =)u = w, again a contradiction. If

u = v ∈ R+, w ∈ R−, then (17),(18), (19) show that w′ = 2W1 ∈ R \{0}, and we

have u′ = ±v′ = ir2 (r2 ∈ R \{0}). If u′ = v′, then (21),(22),(23),(24) yield

{x1, x2, x3, x4} = {W1 + ir2, − W1, − W1, W1 − ir2},

while if u′ = −v′, we get

{x1, x2, x3, x4} = {W1, − W1 + ir2, − W1 − ir2, W1}.

Clearly, x1 6= x2, x1 6= x4, x2 6= x4 in both situations.

Case III: D < 0

As seen in Section 5 of Chapter 2, q(x) has one real root and two complex conjugate

roots, say u ∈ R, v = w ∈ C \R.

III.1 β = 0 (so that uvw = 0).

If u 6= 0, then v = w = 0, contradicting v = w ∈ C \R and so we must have

u = 0. Thus, (17) yields u′ = 0. Since v = w, (18) and (19) show that either

v′ = w′ ∈ C \R or v′ = −w′ ∈ C \R. As (21),(22),(23) and (24) are symmetric

in v′ and w′, we can assume that v′ = w′ = r3 + ir4 (r3, r4(6= 0) ∈ R), as the

other alternative yields roots of the same shape. Thus, (21),(22),(23) and (24) yield

x1 = (v′ + w′)/2 = r3 = −x2, x3 = (v′ − w′)/2 = ir4 = −x4. Here, r3 6= 0, for

otherwise x1 = x2 = 0 implying D = 0 which is a contradiction.



23

III.2 β 6= 0 (so that u ∈ R \{0}).

• If u < 0, then u′ = r ∈ R \{0}. Similar to the last case, we can assume

that v′ = w′ = r3 + ir4 (r3, r4(6= 0) ∈ R), as the possibility v′ = −w′ yields roots of

the same shape. Thus, (21),(22),(23) and (24) yield

x1 = (r + 2r3)/2, x2 = (r − 2r3)/2, x3 = (−r + i2r4)/2, x4 = (−r − i2r4)/2.

Here again r3 6= 0 (so that x1 6= x2), for otherwise x1 = x2 implying D = 0, a

contradiction

• If u > 0, then u′ = ir (r ∈ R \{0}). Again by choosing the sign of u′

appropriately, we can assume that v′ = w′ = r3 + ir4 (r3, r4(6= 0) ∈ R). Thus,

(21),(22),(23) and (24) yield

x1 = (2r3 + ir)/2, x2 = (−2r3 + ir)/2,

x3 = i(−r + 2r4)/2, x4 = i(−r − 2r4)/2.

Since p(x + a1/4) ∈ Q[x], its four complex roots x1, x2, x3, x4 must occur in two

conjugate pairs. From their shapes, there are two possibilities, viz., x1 = x3 or

x1 = x4. In either case, we deduce that r4 = 0, a contradiction. There is then no

solution in this case.

From the above information about the nature of the four zero of p(x+a1/4),

we deduce the following result about the four zero of p(x).

Theorem 3.1 Let

p(x) :=x4 − a1x
3 − a2x

2 − a3x − a4

=(x − λ1)(x − λ2)(x − λ3)(x − λ4) ∈ Z[x], a4 6= 0,

p (x + a1/4) :=x4 + αx2 + βx + γ = (x − x1)(x − x2)(x − x3)(x − x4) ∈ Q[x],

α = −3a2
1 + 8a2

8
∈ Q, α∗ := −α2 + 12γ

3
∈ Q,

β = −a3
1 + 4a1a2 + 8a3

8
∈ Q, γ = −3a4

1 + 16a2
1a2 + 64a1a3 + 256a4

256
∈ Q,

D = disc(p(x)) = disc(p(x + a1/4))

= 16α4γ − 4α3β2 − 128α2γ2 + 144αβ2γ − 27β4 + 256γ3 ∈ Q .

Then the nature of the four zeros of p(x) can be classified as displayed in Figure 1.
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D > 0

β = 0

β 6= 0

α2 − 4γ ≥ 0

α2 − 4γ < 0

α2 − 4γ ≥ 0

α2 − 4γ < 0

α ≤ 0

α > 0

two distinct nonzero complex conjugate pairs

α ≤ 0

α > 0

two distinct nonzero complex conjugate pairs

four distinct nonzero real numbers

two distinct nonzero complex conjugate pairs

four distinct nonzero real numbers

two distinct nonzero complex conjugate pairs

D = 0

α∗ = 0

α∗ 6= 0

β = 0

β 6= 0

β = 0

β 6= 0

λ1 = λ2 = λ3 = λ4 ∈ R \{0}

λ1, λ2 = λ3 = λ4 ∈ R \{0}

{λ1, λ2, λ3, λ4} =
{

a1

4
+ r, a1

4
+ r, a1

4
− r, a1

4
− r
}

;

r ∈ R \{0}

{λ1, λ2, λ3, λ4} =
{

a1

4
+ ir, a1

4
+ ir, a1

4
− ir, a1

4
− ir

}

;

r ∈ C \R

λ1, λ2 = λ3, λ4 ∈ R \{0}

λ2 = λ3 ∈ R \{0}; λ1, λ4 = λ̄1 ∈ C \R

D < 0 two distinct real roots and two complex conjugate roots

Figure 1: The nature of the four zeros of p(x).
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Using the information about the four zeros of p(x), we now summarize the

shapes of the sequence elements.

Theorem 3.2 Let {un}n≥0
be a sequence of elements satisfying a fourth order linear

recurrence of the form (1), let

p(x) := x4−a1x
3−a2x

2−a3x−a4 = (x−λ1)(x−λ2)(x−λ3)(x−λ4) ∈ Z[x], a4 6= 0,

be its characteristic polynomial having λ1, . . . , λ4 as all its (non-vanishing) zeros and

let D be the discriminant of p(x). Then the general term of the sequence takes one

of the following forms displayed in Figure 2.
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D > 0

C(r1r2r3r4)

un = Aλn
1 + Bλn

2 + Cλn
3 + Dλn

4

C(z1z̄1z2z̄2)

un = Aλn
1 + Āλ̄n

1 + Bλn
2 + B̄λ̄n

2

D = 0

C(r4

1
)

un = (A + Bn + Cn2 + Dn3)λn
1

C(r1r
3

2
)

un = Aλn
1 + (B + Cn + Dn2)λn

2

C(r2

1
r2

2
)

un = (A + Bn)λn
1 + (C + Dn)λn

2

C(z2z̄2)

un = (A + Bn)λn + (Ā + B̄n)λ̄n

C(r1r2r
2

3
)

un = Aλn
1 + Bλn

2 + (C + Dn)λn
3

C(r2

1
zz̄)

un = (A + Bn)λn
1 + Cλn

3 + C̄λ̄n
3

D < 0
C(r1r2zz̄)

un = Aλn
1 + Bλn

2 + Cλn
3 + C̄λ̄n

3

Figure 2: The general term of the sequence.
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The coefficients of the sequence elements are determined by solving the system

arising from substituting the four positive initial values, and we have the following

results.

In the case C(r1r2r3r4), we have un = Aλn
1 + Bλn

2 + Cλn
3 + Dλn

4 (n ≥ 0), where

Λ(r1r2r3r4) = (λ2 − λ1)(λ3 − λ1)(λ4 − λ1)(λ3 − λ2)(λ4 − λ2)(λ4 − λ3) ∈ R \{0},

A Λ(r1r2r3r4) = λ2λ3λ4 {λ2λ3(λ3 − λ2) − λ2λ4(λ4 − λ2) + λ3λ4(λ4 − λ3)}u0

−
{

λ2
2λ

2
3(λ3 − λ2) − λ2

2λ
2
4(λ4 − λ2) + λ2

3λ
2
4(λ4 − λ3)

}

u1

+
{

λ2λ3(λ
2
3 − λ2

2) − λ2λ4(λ
2
4 − λ2

2) + λ3λ4(λ
2
4 − λ2

3)
}

u2

− {λ2λ3(λ3 − λ2) − λ2λ4(λ4 − λ2) + λ3λ4(λ4 − λ3)}u3 ∈ R,

B Λ(r1r2r3r4) = −λ1λ3λ4 {λ1λ3(λ3 − λ1) − λ1λ4(λ4 − λ1) + λ3λ4(λ4 − λ3)}u0

+
{

λ2
1λ

2
3(λ3 − λ1) − λ2

1λ
2
4(λ4 − λ1) + λ2

3λ
2
4(λ4 − λ3)

}

u1

−
{

λ1λ3(λ
2
3 − λ2

1) − λ1λ4(λ
2
4 − λ2

1) + λ3λ4(λ
2
4 − λ2

3)
}

u2

+ {λ1λ3(λ3 − λ1) − λ1λ4(λ4 − λ1) + λ3λ4(λ4 − λ3)}u3 ∈ R,

C Λ(r1r2r3r4) = λ1λ2λ4 {λ1λ2(λ2 − λ1) − λ1λ4(λ4 − λ1) + λ2λ4(λ4 − λ2)}u0

−
{

λ2
1λ

2
2(λ2 − λ1) − λ2

1λ
2
4(λ4 − λ1) + λ2

2λ
2
4(λ4 − λ2)

}

u1

+
{

λ1λ2(λ
2
2 − λ2

1) − λ1λ4(λ
2
4 − λ2

1) + λ2λ4(λ
2
4 − λ2

2)
}

u2

− {λ1λ2(λ2 − λ1) − λ1λ4(λ4 − λ1) + λ2λ4(λ4 − λ2)}u3 ∈ R,

D Λ(r1r2r3r4) = −λ1λ2λ3 {λ1λ2(λ2 − λ1) − λ1λ3(λ3 − λ1) + λ2λ3(λ3 − λ2)}u0

+
{

λ2
1λ

2
2(λ2 − λ1) − λ2

1λ
2
3(λ3 − λ1) + λ2

2λ
2
3(λ3 − λ2)

}

u1

−
{

λ1λ2(λ
2
2 − λ2

1) − λ1λ3(λ
2
3 − λ2

1) + λ2λ3(λ
2
3 − λ2

2)
}

u2

+ {λ1λ2(λ2 − λ1) − λ1λ3(λ3 − λ1) + λ2λ3(λ3 − λ2)}u3 ∈ R .

In the case C(z1z̄1z2z̄2), we have un = Aλn
1 + Āλ̄n

1 + Bλn
2 + B̄λ̄n

2 (n ≥ 0), where

Λ(z1z̄1z2z̄2) = (λ̄1 − λ1)(λ2 − λ1)(λ̄2 − λ1)(λ2 − λ̄1)(λ̄2 − λ̄1)(λ̄2 − λ2) ∈ R \{0},

A Λ(z1z̄1z2z̄2) = λ̄1λ2λ̄2

{

λ̄1λ2(λ2 − λ̄1) − λ̄1λ̄2(λ̄2 − λ̄1) + λ2λ̄2(λ̄2 − λ2)
}

u0

−
{

λ̄2
1λ

2
2(λ2 − λ̄1) − λ̄2

1λ̄
2
2(λ̄2 − λ̄1) + λ2

2λ̄
2
2(λ̄2 − λ2)

}

u1

+
{

λ̄1λ2(λ
2
2 − λ̄2

1) − λ̄1λ̄2(λ̄
2
2 − λ̄2

1) + λ2λ̄2(λ̄
2
2 − λ2

2)
}

u2

−
{

λ̄1λ2(λ2 − λ̄1) − λ̄1λ̄2(λ̄2 − λ̄1) + λ2λ̄2(λ̄2 − λ2)
}

u3 ∈ C,
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B Λ(z1z̄1z2z̄2) = λ1λ̄1λ̄2

{

λ1λ̄1(λ̄1 − λ1) − λ1λ̄2(λ̄2 − λ1) + λ̄1λ̄2(λ̄2 − λ̄1)
}

u0

−
{

λ2
1λ̄

2
1(λ̄1 − λ1) − λ2

1λ̄
2
2(λ̄2 − λ1) + λ̄2

1λ̄
2
2(λ̄2 − λ̄1)

}

u1

+
{

λ1λ̄1(λ̄
2
1 − λ2

1) − λ1λ̄2(λ̄
2
2 − λ2

1) + λ̄1λ̄2(λ̄
2
2 − λ̄2

1)
}

u2

−
{

λ1λ̄1(λ̄1 − λ1) − λ1λ̄2(λ̄2 − λ1) + λ̄1λ̄2(λ̄2 − λ̄1)
}

u3 ∈ C .

In the case C(r4
1), we have un = (A + Bn + Cn2 + Dn3)λn

1 (n ≥ 0), where

Λ(r4
1) = 12λ6

1 ∈ R \{0},

A Λ(r4
1) = 12λ6

1u0 ∈ R, B Λ(r4
1) = −22λ6

1u0 + 36λ5
1u1 − 18λ4

1u2 + 4λ3
1u3 ∈ R,

C Λ(r4
1) = 12λ6

1u0 − 30λ5
1u1 + 24λ4

1u2 − 6λ3
1u3 ∈ R,

D Λ(r4
1) = −2λ6

1u0 + 6λ5
1u1 − 6λ4

1u2 + 2λ3
1u3 ∈ R .

In the case C(r1r
3
2), we have un = Aλn

1 + (B + Cn + Dn2)λn
2 (n ≥ 0), where

Λ(r1r
3
2) = 2λ3

2(λ
3
2 − 3λ1λ

2
2 + 3λ2

1λ2 − 2λ3
1) ∈ R \{0},

A Λ(r1r
3
2) = 2λ6

2u0 − 6λ5
2u1 + 6λ4

2u2 − 2λ3
2u3 ∈ R,

B Λ(r1r
3
2) = −2λ1λ

3
2(3λ

2
2 + λ2

1 − 3λ1λ2)u0 + 6λ5
2u1 − 6λ4

2u2 + 2λ3
2u3 ∈ R,

CΛ(r1r
3
2) = λ1λ

3
2(5λ2 − 3λ1)(λ2 − λ1)u0 − λ2

2(5λ
3
2 − 9λ2

1λ2 + 4λ3
1)u1

+ λ2(8λ
3
2 − 9λ1λ

2
2 + λ3

1)u2 − λ2(3λ2 − λ1)(λ2 − λ1)u3 ∈ R,

D Λ(r1r
3
2) = −λ1λ

3
2(λ2 − λ1)

2u0 + λ2
2(λ

3
2 − 3λ2

1λ2 + 2λ3
1)u1

− λ2(2λ
3
2 − 3λ1λ

2
2 + λ3

1)u2 + λ2(λ2 − λ1)
2u3 ∈ R .

In the case C(r2
1r

2
2), we have un = (A + Bn)λn

1 + (C + Dn)λn
2 (n ≥ 0), where

Λ(r2
1r

2
2) =λ1λ2(λ2 − λ1)

4 ∈ R \{0},

A Λ(r2
1r

2
2) =λ1λ

3
2(λ2 − 3λ1)(λ2 − λ1)u0 + 6λ2

1λ
2
2(λ2 − λ1)u1

− 3λ1λ2(λ
2
2 − λ2

1)u2 + 2λ1λ2(λ2 − λ1)u3 ∈ R,

B Λ(r2
1r

2
2) = − λ1λ

3
2(λ2 − λ1)

2u0 + λ2
2(2λ

3
1 − 3λ2

1λ2 + λ3
2)u1

− λ2(λ
3
1 − 3λ1λ

2
2 + 2λ3

2)u2 + λ2(λ2 − λ1)
2u3 ∈ R,

C Λ(r2
1r

2
2) =λ3

1λ2(3λ2 − λ1)(λ2 − λ1)u0 − 6λ2
1λ

2
2(λ2 − λ1)u1

+ 3λ1λ2(λ
2
2 − λ2

1)u2 − 2λ1λ2(λ2 − λ1)u3 ∈ R,
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D Λ(r2
1r

2
2) = − λ3

1λ2(λ2 − λ1)
2u0 + λ2

1(λ
3
1 − 3λ1λ

2
2 + 2λ3

2)u1

− λ1(2λ
3
1 − 3λ2

1λ2 + λ3
2)u2 + λ1(λ2 − λ1)

2u3 ∈ R .

In the case C(z2z̄2), we have un = (A + Bn)λn
1 + (Ā + B̄n)λ̄n

1 (n ≥ 0), where

Λ(z2z̄2) =λ1λ̄1(λ̄1 − λ1)
4 ∈ R \{0},

A Λ(z2z̄2) =λ1λ̄
3
1(λ̄1 − 3λ1)(λ̄1 − λ1)u0 + 6λ2

1λ̄
2
1(λ̄1 − λ1)u1

− 3λ1λ̄1(λ̄
2
1 − λ2

1)u2 + 2λ1λ̄1(λ̄1 − λ1)u3 ∈ C,

B Λ(z2z̄2) = − λ1λ̄
3
1(λ̄1 − λ1)

2u0 + λ̄2
1(2λ

3
1 − 3λ2

1λ̄1 + λ̄3
1)u1

− λ̄1(λ
3
1 − 3λ1λ̄

2
1 + 2λ̄3

1)u2 + λ̄1(λ̄1 − λ1)
2u3 ∈ C .

In the case C(r1r2r
2
3), we have un = Aλn

1 + Bλn
2 + (C + Dn)λn

3 (n ≥ 0), where

Λ(r1r2r
2
3) = λ2λ

3
3(λ3 − λ2)

2 − λ1λ
3
3(λ3 − λ1)

2 + λ1λ
2
2λ

2
3(3λ3 − 2λ2)

− λ2
1λ2λ

2
3(3λ3 − 2λ1) + λ2

1λ
2
2λ3(λ2 − λ1) ∈ R \{0},

A Λ(r1r2r
2
3) = λ2λ

3
3(λ3 − λ2)

2u0 − λ2
3(λ

3
3 + 2λ3

2 − 3λ2
2λ3)u1

+ λ3(2λ
3
3 + λ3

2 − 3λ2λ
2
3)u2 − λ3(λ3 − λ2)

2u3 ∈ R,

B Λ(r1r2r
2
3) = −λ1λ

3
3(λ3 − λ1)

2u0 + λ2
3(λ

3
3 + 2λ3

1 − 3λ2
1λ3)u1

− λ3(2λ
3
3 + λ3

1 − 3λ1λ
2
3)u2 + λ3(λ3 − λ1)

2u3 ∈ R,

C Λ(r1r2r
2
3) = λ1λ2λ3 {λ1λ2(λ2 − λ1) − λ1λ3(3λ3 − 2λ1) + λ2λ3(3λ3 − 2λ2)}u0

−
{

−λ2
1λ

2
3(3λ3 − 2λ1) + λ2

2λ
2
3(3λ3 − 2λ2)

}

u1

+
{

−λ1λ3(3λ
2
3 − λ2

1) + λ2λ3(3λ
2
3 − λ2

2)
}

u2

− {−λ1λ3(2λ3 − λ1) + λ2λ3(2λ3 − λ2)}u3 ∈ R,

D Λ(r1r2r
2
3) = −λ1λ2λ3 {λ1λ2(λ2 − λ1) − λ1λ3(λ3 − λ1) + λ2λ3(λ3 − λ2)}u0

+
{

λ2
1λ

2
2(λ2 − λ1) − λ2

1λ
2
3(λ3 − λ1) + λ2

2λ
2
3(λ3 − λ2)

}

u1

−
{

λ1λ2(λ
2
2 − λ2

1) − λ1λ3(λ
2
3 − λ2

1) + λ2λ3(λ
2
3 − λ2

2)
}

u2

+ {λ1λ2(λ2 − λ1) − λ1λ3(λ3 − λ1) + λ2λ3(λ3 − λ2)}u3 ∈ R .
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In the case C(r2
1zz̄), we have un = (A + Bn)λn

1 + Cλn
2 + C̄λ̄n

2 (n ≥ 0), where

Λ(r2
1zz̄) = λ3

1λ̄2(λ̄2 − λ1)
2 − λ3

1λ2(λ2 − λ1)
2 + λ1λ

2
2λ̄

2
2(λ̄2 − λ2)

− λ2
1λ2λ̄

2
2(2λ̄2 − 3λ1) + λ2

1λ
2
2λ̄2(2λ2 − 3λ1) ∈ C \{0},

A Λ(r2
1zz̄) = λ1λ2λ̄2

{

λ1λ2(2λ2 − 3λ1) − λ1λ̄2(2λ̄2 − 3λ1) + λ2λ̄2(λ̄2 − λ2)
}

u0

−
{

λ2
1λ

2
2(2λ2 − 3λ1) − λ2

1λ̄
2
2(2λ̄2 − 3λ1)

}

u1

+
{

λ1λ2(λ
2
2 − 3λ2

1) − λ1λ̄2(λ̄
2
2 − 3λ2

1)
}

u2

−
{

λ1λ2(λ2 − 2λ1) − λ1λ̄2(λ̄2 − 2λ1)
}

u3 ∈ C,

B Λ(r2
1zz̄) = −λ1λ2λ̄2

{

λ1λ2(λ2 − λ1) − λ1λ̄2(λ̄2 − λ1) + λ2λ̄2(λ̄2 − λ2)
}

u0

+
{

λ2
1λ

2
2(λ2 − λ1) − λ2

1λ̄
2
2(λ̄2 − λ1) + λ2

2λ̄
2
2(λ̄2 − λ2)

}

u1

−
{

λ1λ2(λ
2
2 − λ2

1) − λ1λ̄2(λ̄
2
2 − λ2

1) + λ2λ̄2(λ̄
2
2 − λ2

2)
}

u2

+
{

λ1λ2(λ2 − λ1) − λ1λ̄2(λ̄2 − λ1) + λ2λ̄2(λ̄2 − λ2

}

u3 ∈ C,

C Λ(r2
1zz̄) = λ3

1λ̄2(λ1 − λ̄2)
2u0 − λ2

1(λ
3
1 − 3λ1λ̄

2
2 + 2λ̄3

2)u1

+ λ1(2λ
3
1 − 3λ2

1λ̄2 + λ̄3
2)u2 − λ1(λ1 − λ̄2)

2u3 ∈ C .

In the case C(r1r2zz̄), we have un = Aλn
1 + Bλn

2 + Cλn
3 + C̄λ̄n

3 (n ≥ 0), where

Λ(r1r2zz̄) = (λ2 − λ1)(λ3 − λ1)(λ̄3 − λ1)(λ3 − λ2)(λ̄3 − λ2)(λ̄3 − λ3) ∈ C \R,

A Λ(r1r2zz̄) = λ2λ3λ̄3

{

λ2λ3(λ3 − λ2) − λ2λ̄3(λ̄3 − λ2) + λ3λ̄3(λ̄3 − λ3)
}

u0

−
{

λ2
2λ

2
3(λ3 − λ2) − λ2

2λ̄
2
3(λ̄3 − λ2) + λ2

3λ̄
2
3(λ̄3 − λ3)

}

u1

+
{

λ2λ3(λ
2
3 − λ2

2) − λ2λ̄3(λ̄
2
3 − λ2

2) + λ3λ̄3(λ̄
2
3 − λ2

3)
}

u2

−
{

λ2λ3(λ3 − λ2) − λ2λ̄3(λ̄3 − λ2) + λ3λ̄3(λ̄3 − λ3)
}

u3 ∈ C,

B Λ(r1r2zz̄) = −λ1λ3λ̄3

{

λ1λ3(λ3 − λ1) − λ1λ̄3(λ̄3 − λ1) + λ3λ̄3(λ̄3 − λ3)
}

u0

+
{

λ2
1λ

2
3(λ3 − λ1) − λ2

1λ̄
2
3(λ̄3 − λ1) + λ2

3λ̄
2
3(λ̄3 − λ3)

}

u1

−
{

λ1λ3(λ
2
3 − λ2

1) − λ1λ̄3(λ̄
2
3 − λ2

1) + λ3λ̄3(λ̄
2
3 − λ2

3)
}

u2

+
{

λ1λ3(λ3 − λ1) − λ1λ̄3(λ̄3 − λ1) + λ3λ̄3(λ̄3 − λ3)
}

u3 ∈ C,

C Λ(r1r2zz̄) = λ1λ2λ̄3

{

λ1λ2(λ2 − λ1) − λ1λ̄3(λ̄3 − λ1) + λ2λ̄3(λ̄3 − λ2)
}

u0

−
{

λ2
1λ

2
2(λ2 − λ1) − λ2

1λ̄
2
3(λ̄3 − λ1) + λ2

2λ̄
2
3(λ̄3 − λ2)

}

u1

+
{

λ1λ2(λ
2
2 − λ2

1) − λ1λ̄3(λ̄
2
3 − λ2

1) + λ2λ̄3(λ̄
2
3 − λ2

2)
}

u2

−
{

λ1λ2(λ2 − λ1) − λ1λ̄3(λ̄3 − λ1) + λ2λ̄3(λ̄3 − λ2)
}

u3 ∈ C .
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2 Results related to Subproblem II

Let θ, β ∈ [−π, π) and θ /∈ {−π, 0} . The distribution of the values of cos(nθ+

β) as n varies over the nonnegative integers N0 := N∪{0}, has been of much interest

recently. To mention one instance, in the course of establishing the positivity of

elements in a binary sequence, it is shown by Halava, Harju and Hirvensalo [Lemma

2.5], using elementary means that the inequality cos(nθ + β) ≥ 0 cannot hold for

all n ∈ N0. We endeavor here to carry out two particular tasks. In the next

subsection, we improve upon the above-mentioned result of Halava-Harju-Hirvensalo

by showing that both positive and negative values occur infinitely often. When θ is

not a rational multiple of π, through the use of a theorem of Dirichlet in Diophantine

approximation, we show even more that the value set of such cosine function is dense

in the closed interval [−1, 1].

Our second task arises from a result of Bell and Gerhold [Lemma 2.12],

dealing with a linear combination of cosine functions which states that:

let θ1, . . . , θd be rational numbers in the open interval (0, 1), and let αi, βi be real

numbers such that the purely periodic sequence

un =
d
∑

i=1

αi cos(2πθin + βi)

is not identically zero. Then the sequence (un) takes both positive and negative

values.

We shall obtain more information about the periodicity of the sequence (un).

We show that the least period of the sequence (un) is exactly equal to T , the least

common multiple of the denominators t1, . . . , td.

2.1 Positive and Negative Values

We begin with a result on negative values. For an angle γ, it is convenient

to use the phrase γ mod (−π, π], when we mean an angle γ0 ∈ (−π, π] for which

γ ≡ γ0 mod 2π. Clearly, the method employed here can also be adapted to examine

the values taken by other trigonometric functions.
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Proposition 3.3 Let θ, β ∈ [−π, π) and θ /∈ {−π, 0} . There are infinitely many

n ∈ N0 such that cos(nθ + β) < 0.

Proof. Assume that there are only finitely many n ∈ N0, say n1, . . . , nL such that

cos(nθ + β) < 0 (n = n1, . . . , nL).

Thus,

cos (((nL + 1)θ + β) + kθ) = cos ((nL + 1 + k)θ + β) ≥ 0

for all k ∈ N0, which contradicts the result in Lemma 2.5 when ϕ is replaced by

(nL + 1)θ + β mod (−π, π]. �

Proposition 3.4 Let θ, β ∈ [−π, π) and θ /∈ {−π, 0} .

(i) The relation cos(nθ + β) ≤ 0 cannot hold for all n ∈ N0.

(ii) There are infinitely many n ∈ N0 such that cos(nθ + β) > 0.

Proof. (i) Assume that cos(nθ + β) ≤ 0 for all n ∈ N0, which implies that for each

n ∈ N0,

nθ + β ∈
[−3π

2
+ k2π,

−π

2
+ k2π

]

,

for some k ∈ Z. Then β ∈ [−π,−π/2] or β ∈ [π/2, π).

If β ∈ [−π,−π/2], since | θ| < π, we have

θ + β ∈
[−3π

2
,
−π

2

]

.

Inductively, we obtain nθ + β ∈ [−3π/2,−π/2] for all n ∈ N0. Since θ 6= 0, this

implies |nθ + β| → ∞ (n → ∞), which is a contradiction.

If β ∈ [π/2, π), since |θ| < π, we have

θ + β ∈
[

π

2
,
3π

2

]

.

Inductively, we obtain nθ + β ∈ [π/2, 3π/2] for all n ∈ N0. Since θ 6= 0, this implies

|nθ + β| → ∞ (n → ∞), which is again a contradiction.

(ii) Assume that there are only finitely many n ∈ N0, say n1, . . . , nL, such that

cos(nθ + β) > 0 (n = n1, . . . , nL).

Thus,

cos (((nL + 1)θ + β) + kθ) = cos ((nL + 1 + k)θ + β) ≤ 0
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for all k ∈ N0, which contradicts the preceding lemma when β is replaced by

(nL + 1)θ + β mod (−π, π]. �

Next, we derive more information by invoking upon a result in Diophantine

approximation known as the Dirichlet approximation theorem.

Theorem 3.5 Let θ, β ∈ [−π, π) with θ /∈ {−π, 0}.

(a) If θ = sπ/t (s ∈ Z, t ∈ N, gcd(s, t) = 1) is a rational multiple of π, then the

sequence (cos(nθ + β))n∈N0
is purely periodic.

Moreover, if s is even, then the least period of the sequence (cos(nθ + β))n∈N0

is t, while if s is odd, then its least period is 2t.

(b) If θ is not a rational multiple of π, then as n varies over N0 the range of values

of cos(nθ + β) is dense in [−1, 1].

Proof. (a) Since the cosine function is periodic of period 2π, the sequence

cos(nθ + β) = cos
(nsπ

t
+ β

)

(n ∈ N0)

is purely periodic with at most 2t values in a period, corresponding to n = 0, 1, 2, . . . ,

2t − 1, namely,

cos β, cos
(sπ

t
+ β

)

, cos

(

2sπ

t
+ β

)

, . . . , cos

(

s(2t − 1)π

t
+ β

)

.

If t = 1, then either θ = 2kπ or θ = (2k +1)π for some k ∈ Z. In either case,

θ 6∈ [−π, π) \ {−π, 0}, and so there is nothing to consider.

Let now t ≥ 2. If s is even, say s = 2k, then t must be odd and the sequence

cos(nθ + β) = cos

(

2nkπ

t
+ β

)

(n ∈ N0)

is periodic of period t with values in each period being

cos β, cos

(

2kπ

t
+ β

)

, cos

(

4kπ

t
+ β

)

, . . . , cos

(

2k(t − 1)π

t
+ β

)

.

If t is not the least period, let its least period be `. Thus ` | t, ` < t and

cos β = cos

(

2k`π

t
+ β

)

, cos

(

2kπ

t
+ β

)

= cos

(

2k(` + 1)π

t
+ β

)

, . . .
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The first equality yields two possibilities

2k`π

t
+ β = 2Nπ ± β for some N ∈ Z.

The possibility 2k`π/t+β = 2Nπ+β yields Nπ = k`π/t, which is impossible because

t - k`, t ≥ 3 and so only the other possibility can hold which yields β = Nπ−k`π/t.

Similarly, the second inequality yields β = Mπ − 2kπ/t − k`π/t for some M ∈ Z.

Equating the two values of β gives (N−M)π = −2kπ/t which is not tenable because

t - (2k) for t ≥ 3. Consequently, t is the least period.

If s = 2k + 1 is odd, then the sequence

cos(nθ + β) = cos

(

n(2k + 1)π

t
+ β

)

(n ∈ N0)

is periodic of period 2t with values in each period being

cos β, cos

(

(2k + 1)π

t
+ β

)

, cos

(

2(2k + 1)π

t
+ β

)

,

. . . , cos

(

(2t − 1)(2k + 1)π

t
+ β

)

.

It remains to show that 2t is the least period in this case. If 2t is not the least

period, let the least period be m. Thus m | 2t, m < 2t and

cos β = cos

(

(2k + 1)mπ

t
+ β

)

,

cos

(

(2k + 1)π

t
+ β

)

= cos

(

(2k + 1)(m + 1)π

t
+ β

)

, . . .

The first equality yields two possibilities

(2k + 1)mπ

t
+ β = 2Nπ ± β for some N ∈ Z.

The possibility (2k + 1)mπ/t + β = 2Nπ + β yields Nπ = (2k + 1)mπ/2t, which

is impossible because 2t - (2k + 1)m, t ≥ 2 and so only the other possibility can

hold which yields 2β = 2Nπ− (2k + 1)mπ/t. Similarly, the second inequality yields

2β = 2Mπ−2(2k +1)π/t− (2k +1)mπ/t for some M ∈ Z. Equating the two values

of β gives (N − M)π = −(2k + 1)π/t which is not tenable because t - (2k + 1), for

t ≥ 2. Consequently, 2t is the least period.

(b) Assume that θ is not a rational multiple of π, say θ = ϑ ·2π, where ϑ ∈ R\Q.

Writing

ϑ = [ϑ] + ξ,
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where [ϑ] denotes its integer part, and ξ := {ϑ} ∈ (0, 1) denotes its fractional part

which must be irrational, for n ∈ N0, we have

cos(nθ + β) = cos(nϑ2π + β) = cos(2nξπ + β) = cos ({nξ} 2π + β) .

Since ξ is irrational, by the Dirichlet’s approximation theorem, see e.g.

Corollary 2.3.2, we know the set {{nξ} ; k ∈ N} is dense in [0,1]. Consequently,

the set {{nξ}2π ; n ∈ N} is dense in [0, 2π], implying that the range of values of

cos ({nξ} 2π + β) (n ∈ N) is dense in [−1, 1]. �

When θ is a rational multiple of π, the values in a period can be distinct or

otherwise as seen in the next example.

Example 1. Take θ = sπ/t = 2π/3, β = 0. The sequence

(un)n∈N0
=

(

cos

(

2nπ

3

))

n∈N0

is periodic of length 3 with each period being

cos(0) = 1, cos (2π/3) = −1/2, cos (4π/3) = −1/2,

showing that there are exactly 2 < 3 = t distinct sequence values.

Example 2. Take θ = sπ/t = 2π/3, β = π/2. The sequence

(un)n∈N0
=

(

cos

(

π

2
+

2nπ

3

))

n∈N0

is periodic of length 3 with each period being

cos
(π

2

)

= 0, cos

(

π

2
+

2π

3

)

= −
√

3

2
, cos

(

π

2
+

4π

3

)

=

√
3

2
,

showing that there are exactly 3 = t distinct sequence values.

2.2 Linear combination of cosine functions

In this section, we consider a linear combination of cosine functions. Such

expression is always periodic as we now see.

Theorem 3.6 Let θ1 = s1/t1, . . . , θd = sd/td (sr, tr ∈ N, gcd(sr, tr) = 1) be rational

numbers in the open interval (0, 1) and let αr, βr be real numbers such that the purely
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periodic sequence

un =
d
∑

r=1

αr cos(2πθrn + βr)

is not identically zero. Let T := l.c.m.(t1, . . . , td). Then the least period of the

sequence (un) is a divisor of T .

Proof. As seen in the proof of Theorem 3.5, the sequence

un =
d
∑

r=1

αr cos

(

2nπ
sr

tr
+ βr

)

(n ∈ N0)

is purely periodic with a period T and the values in such a period correspond to

n ∈ {0, 1, 2, . . . , T − 1}, namely,

d
∑

r=1

αr cos βr,
d
∑

r=1

αr cos

(

2π
sr

tr
+ βr

)

,
d
∑

r=1

αr cos

(

4π
sr

tr
+ βr

)

,

. . . ,

d
∑

r=1

αr cos

(

2(T − 1)π
sr

tr
+ βr

)

.

�

From Theorem 3.6, there arises the natural question of determining when T

is the least period. A rather surprising fact that T is always the least period of such

sequence is now proved. To proceed further, let us note the following useful fact.

Since
T−1
∑

n=0

exp (2iπnsr/tr) = 0,

it follows that
∑T−1

n=0
un = 0.

Theorem 3.7 For r ∈ {1, 2, . . . , d}, let

sr/tr (sr, tr ∈ N, gcd(sr, tr) = 1)

be rational numbers in the unit interval (0, 1) and let αr(6= 0), βr be real numbers.

If the purely periodic non-identically zero sequence (un)n∈N0
is defined by

un =
d
∑

r=1

αr cos

(

2πnsr

tr
+ βr

)

,

then its least period is equal to T := l.c.m.(t1, t2, . . . , td).
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Proof. Let ` be the least period of (un). Since ` | T , let T = `L for some L ∈ N.

We proceed to prove the theorem by induction on d.

The case d = 1 is contained in Part (a) of Theorem 3.5. Assume now that

d ≥ 2 and that the theorem holds up to d − 1.

If tr | ` for every r ∈ {1, 2, . . . , d}, then ` = T and we are done.

Suppose then that not all of the tr’s divide `. If there are some tr’s that divide ` and

some tr’s that do not divide `. Without loss of generality, assume that ` is divisible

by t1, t2, . . . , tm, but not divisible by tm+1, tm+2, . . . , td for some m ∈ {1, 2, . . . , d−1}.
For k, j ∈ N0, we have

Luj =
L−1
∑

k=0

uk`+j =
L−1
∑

k=0

d
∑

r=1

αr cos

(

2πsr

tr
(k` + j) + βr

)

=
m
∑

r=1

αr

L−1
∑

k=0

cos

(

2πsr

tr
j + βr

)

+
d
∑

r=m+1

αr Re

(

L−1
∑

k=0

exp

(

2iπsr

tr
(k` + j) + iβr

)

)

=L
m
∑

r=1

αr cos

(

2πsr

tr
j + βr

)

+
d
∑

r=m+1

αr Re

(

exp

(

2iπsr

tr
j + iβr

)

1 − exp (2iπ`Lsr/tr)

1 − exp (2iπ`sr/tr)

)

=L

m
∑

r=1

αr cos

(

2πsr

tr
j + βr

)

.

Thus, uj =
∑m

r=1
αr cos

(

2πsr

tr
j + βr

)

, which shows that un has m ≤ d−1 terms, the

induction hypothesis finishes this case.

If none of the tr’s divides `, the same argument as in the last steps shows

that un ≡ 0, which is untenable. �

We remark that the above proof can clearly be applied, with appropriate

adjustments, to certain other trigonometric functions and/or periodic functions.
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3 Results related to Subproblem III

Let f : R → R be a nonzero purely periodic function with least period P . For

θ (6= 0) and b both belonging to [0, P ), the distribution of the values of f(nθ + b) for

certain specific functions f , as n varies over the nonnegative integers N0 := N∪{0},
has been of much interest recently. In the course of establishing the decidability

of the positivity problem for binary sequences, Halava, Harju and Hirvensalo have

shown that the inequality cos(nθ+b) ≥ 0 cannot hold for all n ∈ N0 [Lemma 2.5]. In

above section, it is shown that the sequence (cos(nθ + b))n∈N0
takes infinitely many

positive and negative values.

Here, we derive similar information about the values of f(nθ+b) for general f .

First, when θ is a rational multiple of P , we show that the sequence (f(nθ + b))n∈N0

is purely periodic. When θ is not a rational multiple of P and f is continuous,

through the use of a theorem of Dirichlet in Diophantine approximation, we show

that the set of values of f(nθ + b) is dense in the range of f . Next, we deal with a

linear combination of f(nθ + b)’s with rational θ. Let θ1 = s1/t1, . . . , θd = sd/td be

rational numbers, written in reduced fractions, in the open interval (0, 1), and let

αi ∈ R, bi ∈ [0, P ) be such that the purely periodic sequence (un)n∈N0
defined via

un =
d
∑

i=1

αif(Pθin + bi)

is not identically zero. When f is the cosine function, the least period of (un)n∈N0

is shown in the above section to be equal to T , the least common multiple of the

denominators of t1, . . . , td. This is, however, not true in general as seen in the

following example.

Take f(x) = cos2 x, a function with least period π. The sequence

(f(πn/2) + f(πn/2 + π/2))n∈N0

is constant and so is purely periodic of period 1 6= 2 = l.c.m.(2, 2). It is thus natural

to ask when the least period of (un)n∈N0
is equal to T . Under the condition

τ−1
∑

n=0

f

(

Pn

τ
+ β

)

= 0, (26)
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for all τ ∈ N, τ ≥ 2 and all β ∈ [0, P ), we show that the least period of the sequence

(un)n∈N0
is exactly equal to T . The same conclusion holds if

T−1
∑

n=0

f

(

Pn

τ
+ β

)

= 0 (27)

for all τ ∈ N, τ ≥ 2, τ | T and all β ∈ [0, P ). Note that (26) is a condition on f itself

whereas (27) depends on both the function f and the rational numbers θ1, θ2, . . . , θd.

In the last section, examples are given to illustrate the use of our main results.

3.1 A single function

We begin with some consequences of the two conditions (26) and (27).

Lemma 3.8 Let f : R → R be a nonzero purely periodic function with least period

P and let b ∈ [0, P ). If s, t ∈ N, gcd(s, t) = 1, then

t−1
∑

n=0

f

(

Pn

t
+ b

)

=
t−1
∑

n=0

f

(

Psn

t
+ b

)

.

Proof. Since gcd(s, t) = 1, the set {0, s, 2s, . . . , s(t − 1)} is a complete residue

system modulo t. By the periodicity of f , it follows that
{

f (b) , f

(

P

t
+ b

)

, . . . , f

(

(t − 1)P

t
+ b

)}

=

{

f (b) , f

(

sP

t
+ b

)

, . . . , f

(

(t − 1)sP

t
+ b

)}

for any s ∈ N with gcd(s, t) = 1, and the result follows. �

We remark that if (26) holds for some fixed τ = t and fixed β = b, then

Lemma 3.8 and the periodicity of f together show that

kt−1
∑

n=0

f

(

Psn

t
+ b

)

= 0 (28)

for any k ∈ N.

Lemma 3.9 Let f : R → R be a nonzero purely periodic function with least period

P, b ∈ [0, P ) and t, T ∈ N. If

T−1
∑

n=0

f

(

Pn

t
+ b

)

= 0
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holds for some fixed t ≥ 2 and t | T , then

T−1
∑

n=0

f

(

Psn

t
+ b

)

= 0 (29)

holds for all s ∈ N with gcd(s, t) = 1.

Proof. Let T = tm (m ∈ N). By the periodicity of f , we have

m

t−1
∑

n=0

f

(

Pn

t
+ b

)

=
T−1
∑

n=0

f

(

Pn

t
+ b

)

= 0.

Lemma 3.8 thus implies that
∑t−1

n=0
f (Psn/t + b) = 0 where for s ∈ N with

gcd(s, t) = 1. The desired result follows at once by the preceding remark. �

Theorem 3.10 Let f : R → R be a nonzero purely periodic function with least

period P and let b ∈ [0, P ).

(a) If θ = sP/t (s ∈ Z, t ∈ N, gcd(s, t) = 1) is a rational multiple of P , then the

sequence (f(nθ + b))n∈N0
is purely periodic.

Moreover, if f satisfies the condition

τ−1
∑

n=0

f

(

Pn

τ
+ β

)

= 0, (30)

for all τ ∈ N, τ ≥ 2 and all β ∈ [0, P ), and the sequence (f(nθ + β)) is not

identically zero, then its least period is equal to t.

(b) If θ is not a rational multiple of P and f is continuous, then as n varies over

N0, the set of values of f(nθ + β) is dense in the range of f .

Proof. (a) Let un = f(nsP/t + b). For each k,m ∈ N0, since

ukt+m = f

(

(kt + m)sP

t
+ b

)

= f

(

msP

t
+ b

)

= um,

the sequence (un)n∈N0
is purely periodic with period t.

Let ` be the least period of (un)n∈N0
and assume that ` < t, t ≥ 2. Being

the least period, it is easily checked that ` | t and since gcd(t/`, s) = 1, the validity

of (30) implies that of (28) which in turn shows that

tuj =
t−1
∑

k=0

uk`+j =
t−1
∑

k=0

f

(

(k` + j)Ps

t
+ b

)

=
t−1
∑

k=0

f

(

kPs

t/`
+

jPs

t
+ b

)

= 0
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for any j ∈ N0. contradicting the fact that the sequence is nonzero.

(b) Assume now that θ is not a rational multiple of P , and put θ = νP so that

ν ∈ R\Q. Writing ν = [ν]+ξ, where [ν] denotes its integer part, and ξ := {ν} ∈ (0, 1)

denotes its fractional part which must be irrational, for n ∈ N0 we have

f(nθ + b) = f(nνP + b) = f(nξP + b) = f({nξ}P + b).

Since ξ is irrational, by Kronecker’s approximation theorem, Corollary 2.3, the set

{{nξ}; n ∈ N0} is dense in [0, 1]. Consequently, the set {{nξ}P + b ; n ∈ N0}
is dense in the interval [b, P + b). By the continuity and periodicity of f , the set

{f({nξ}P + b) ; n ∈ N0} is thus dense in the range of f . �

Regarding the result about least period in the last part of Theorem 3.10 (a),

apart from the condition (30), there are also other condition(s) ensuring the least

period being t. We give another one in the next theorem.

Theorem 3.11 Let f : R → R be a nonzero purely periodic function with least

period P, b ∈ [0, P ) and let s, t ∈ N with gcd(s, t) = 1. Assume that for each y in

the range of f , there are only finitely many, say x1, . . . , xR ∈ [0, P ) such

f(xi) = y (i = 1, . . . , R) (31)

and that xi −xj is not a rational multiple of P for all i, j ∈ {1, . . . , R}, i 6= j. If the

sequence (f(nsP/t + b))n∈N0
is not identically zero, then it is purely periodic with

least period equal to t.

Proof. That the sequence is purely periodic with period t follows directly from

the proof of the first part of Theorem 3.10 (a). To show that t is the least period,

suppose that its least period t′(∈ N) is < t, t ≥ 2. Thus, f(t′sP/t + b) = f(b).

Writing
st′

t
=

[

st′

t

]

+

{

st′

t

}

,

where [st′/t] denotes its integer part, and {st′/t} ∈ (0, 1) ∩ Q denotes its fractional

part, we obtain

f

({

st′

t

}

P + b

)

= f(b).
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By hypothesis, let f take the value f(b) at x ∈ {b = b1, . . . , bR} ⊂ [0, P ). Since

{st′/t}P + b ∈ (0, 2P ), we deduce that

{

st′

t

}

P + b ∈ {b1, . . . , bR, P + b1. . . . , P + bR},

which is a contradiction because {t′s/t}P 6∈ {0, P} and each bi − bj (i 6= j) is not a

rational multiple of P . �

3.2 Linear Combination of Functions

Our next theorem deals with a linear combination of f(nθ+b)’s, generalizing

Theorem 3.10 (a).

Theorem 3.12 Let f : R → R be a nonzero purely periodic function with least

period P . Assume f satisfies the condition

τ−1
∑

n=0

f

(

Pn

τ
+ β

)

= 0, (32)

for all τ ∈ N, τ ≥ 2 and all β ∈ [0, P ). For d ∈ N, r ∈ {1, 2, . . . , d}, let

sr

tr
(sr, tr ∈ N, gcd(sr, tr) = 1)

be rational numbers in the unit interval (0, 1), and let αr ∈ R \{0}, br ∈ [0, P ). If

the purely periodic, non-identically zero sequence (un)n∈N0
is defined by

un =
d
∑

r=1

αrf

(

Pnsr

tr
+ br

)

,

then its least period is equal to T := l.c.m.(t1, t2, . . . , td).

Proof. Clearly, the sequence (un) is purely periodic with period T . Let ` be its

least period so that ` | T . We proceed to prove the theorem by induction on d. The

case d = 1 is contained in Theorem 3.10 (a). Assume now that d ≥ 2 and that the

theorem holds up to d − 1.

If tr | ` for every r ∈ {1, 2, . . . , d}, then ` = T and we are done.

Suppose then that not all of the tr’s divide `. We treat first the case where

there are some tr’s that divide ` and some tr’s that do not divide `. Without

loss of generality, assume that ` is divisible by t1, t2, . . . , tm, but not divisible by
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tm+1, tm+2, . . . , td for some m ∈ {1, 2, . . . , d − 1}. For k, j ∈ N0, we have

Tuj =
T−1
∑

k=0

uk`+j =
T−1
∑

k=0

d
∑

r=1

αrf

(

Psr

tr
(k` + j) + br

)

=
m
∑

r=1

αr

T−1
∑

k=0

f

(

Psr

tr
j + br

)

+
d
∑

r=m+1

αr

T−1
∑

k=0

f

(

Psr

tr
(k` + j) + br

)

= T
m
∑

r=1

αrf

(

Psr

tr
j + br

)

+
d
∑

r=m+1

αr

T−1
∑

k=0

f

(

Psr

tr
(k` + j) + br

)

. (33)

In the second sum on the right hand side of the last expression, writing

T−1
∑

k=0

f

(

Psr

tr
(k` + j) + br

)

=
T−1
∑

k=0

f

(

Psrk`′r
t′r

+ γr

)

, (34)

where gcd(`′r, t
′
r) = 1, t′r | T (as tr | T ) and γr is equal to Psrj

tr
+ br reduced mod P .

The condition (32) implies that (28) holds which in turn implies

T−1
∑

k=0

f

(

Psrk`′r
t′r

+ γr

)

= 0.

Thus, (33) gives uj =
∑m

r=1
αrf

(

Psr

tr
j + br

)

, which shows that (uj)j∈N0
has

m ≤ d − 1 terms, the induction hypothesis finishes this case.

If none of the tr’s divides `, the same arguments as in the last steps show

that un ≡ 0, which is untenable. �

Apart from (26), there are other sufficient conditions for the least period to

be T . We provide one in the next theorem.

Theorem 3.13 Let f : R → R be a nonzero purely periodic function with least

period P . For d ∈ N, r ∈ {1, 2, . . . , d}, let sr/tr (sr, tr ∈ N, gcd(sr, tr) = 1)

be rational numbers in the unit interval (0, 1), αr ∈ R \{0}, br ∈ [0, P ) and

T := l.c.m.(t1, t2, . . . , td). Assume f satisfies the condition

T−1
∑

n=0

f

(

Pn

τ
+ β

)

= 0 (35)

for all τ ∈ N, τ ≥ 2, τ | T and all β ∈ [0, P ). If the purely periodic, non-identically

zero sequence (un)n∈N0
is defined by

un =
d
∑

r=1

αrf

(

Pnsr

tr
+ br

)

,
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then its least period is equal to T .

Proof. Proceed exactly as in the proof of Theorem 3.12 up to (34). Now use the

condition (35) and Lemma 3.9 to deduce that (29) holds which in turn gives

T−1
∑

k=0

f

(

Psrk`′r
t′r

+ γr

)

= 0.

The same conclusion as at the end of the proof of Theorem 3.12 finishes the proof.

�

3.3 Examples

In this subsection, we work out some examples to illustrate the use and the

necessity of the conditions of our results. The first shows that analogous result in

above section is a special case when the condition (26) is fulfilled.

Example 1. Let d ∈ N ; ρ1, ρ2 ∈ R ; λ ∈ R+ := {x ∈ R ; x > 0} and γ1, γ2 ∈
[0, 2π/λ). Consider f(x) = ρ1 cos(λx + γ1) + ρ2 sin(λx + γ2) 6≡ 0, which is a periodic

continuous function with least period 2π/λ. Define the sequence (un)n∈N0
by

un =
d
∑

r=1

αrf

(

2πnsr

λtr
+ br

)

,

where sr, tr ∈ N, tr ≥ 2, gcd(sr, tr) = 1, αr ∈ R\{0} (r = 1, . . . , d), br ∈ [0, 2π/λ)

and T := l.c.m.(t1, t2, . . . , td). By Theorem 3.12, to see that the sequence (un)n∈N0

has least period T , we need only check that f satisfies the condition (26), i.e.,

τ−1
∑

n=0

{

ρ1 cos

(

2nπ

τ
+ λβ + γ1

)

+ ρ2 sin

(

2nπ

τ
+ λβ + γ1

)}

= 0 (36)

for all τ ≥ 2, and β ∈ [0, 2π/λ). Since

τ−1
∑

n=0

cos

(

2nπ

τ
+ λβ + γ1

)

=
τ−1
∑

n=0

<
{

exp i

(

2nπ

τ
+ λβ + γ1

)}

= 0,

and similarly,
∑τ−1

n=0
sin
(

2nπ
τ

+ λβ + γ1

)

= 0, the condition (36) is verified.

Moreover, the function f in Example 1 satisfies the conditions of both The-

orems 3.10 and 3.11.

Our second example provides an uncountable class of well-behaved functions

satisfying the condition (27).
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Example 2. Let f : R → R be continuously differentiable and periodic with least

period P . Then, f possesses a Fourier series of the form

f(x) =
a0

2
+

∞
∑

m=1

(

am cos
2mπx

P
+ bm sin

2mπx

P

)

(x ∈ R). (37)

Define the sequence (un)n∈N0
via

un =
d
∑

r=1

αrf

(

Pnsr

tr
+ Br

)

,

where d, sr, tr ∈ N, tr ≥ 2, gcd(sr, tr) = 1, αr ∈ R \ {0}, Br ∈ [0, P ). Let

T := l.c.m.(t1, t2, . . . , td). Consider the set, S, of such functions f for which their

Fourier coefficients are subject to the conditions

a0 = am = bm = 0 for all m | T, m ∈ N.

For f ∈ S, the condition (27) is fulfilled, and so Theorem 3.13 confirms that the

least period of the sequence (un)n∈N0
is T .

The next illustration gives an example where the condition (26) does not

hold but the condition (27) does.

Example 3. Let A and P be positive real numbers and consider

f(x) =



























4Ax/P if 0 ≤ x < P/4,

−4Ax/P + 2A if P/4 ≤ x < 3P/4,

4Ax/P − 4A if 3P/4 ≤ x < P

The function f is continued throughout R by periodicity with least period P . For

α1, α2 ∈ R \ {0} and b1, b2 ∈ [0, P ), define the sequence (un)n∈N0
by

un = α1f

(

Pn

2
+ b1

)

+ α2f

(

3Pn

4
+ b2

)

.

Since
∑2

n=0
f(Pn/3 + P/2) 6= 0, the function f does not satisfy the condition (26).

To verify whether the condition (27) holds, we need only prove that

3
∑

n=0

f (Pn/t + β) = 0
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when t = 2 or t = 4 and β ∈ [0, P ). For t = 2, we have

3
∑

n=0

f

(

Pn

2
+ β

)

= 2

(

f(β) + f

(

P

2
+ β

))

= 0.

Applying this to the case t = 4, we obtain

3
∑

n=0

f

(

Pn

4
+ β

)

=

(

f(β) + f

(

P

2
+ β

))

+

(

f

(

P

4
+ β

)

+ f

(

3P

4
+ β

))

= 0.

By Theorem 3.13, the least period of the sequence (un)n∈N0
is equal to

l.c.m.(2, 4) = 4.

Observe that the function f in Example 3 satisfies neither the condition (30)

of Theorem 3.10 (a) nor the finite value-attainment condition related to (31) of

Theorem 3.11.

Our final illustration provides an example of a wildly behaved non-continuous

function.

Example 4. Let

f(x) =











sin 2πx if x ∈ Q,

0 if x ∈ R \ Q.

Clearly, f(x + 1) = f(x) (x ∈ R). To show that 1 is the least period of f , we

first note that any irrational number γ ∈ R \ Q cannot be a period of f because if

we take x = 1/3 − γ, then f(x + γ) = sin 2π/3 6= 0 = f(x). Next, let α ∈ Q and

0 < α < 1 and suppose that f(x + α) = f(x). Then, for each x ∈ Q, we get

sin(2πx + 2πα) = sin 2πx. (38)

Taking x = 0, we must have α = 1/2. Substituting α = 1/2 into (38) shows

sin 2πx = 0 for each x ∈ Q, which is a contradiction. We conclude then that 1 is

the least period of f .

Consider the sequence (un)n∈N0
defined by

un =
d
∑

r=1

αrf

(

nsr

tr
+ br

)

,

where sr, tr ∈ N, tr ≥ 2, gcd(sr, tr) = 1, αr ∈ R \ {0}, br ∈ [0, 1). Let T :=

l.c.m.(t1, t2, . . . , td). To see that the sequence (un)n∈N0
has the least period T , we
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verify the condition (26), i.e.,
∑τ−1

n=0
f (n/τ + β) = 0, for all τ ∈ N, τ ≥ 2, and all

β ∈ [0, 1). If β ∈ Q, then

τ−1
∑

n=0

f
(n

τ
+ β

)

=
τ−1
∑

n=0

sin

(

2πn

τ
+ 2πβ

)

=
τ−1
∑

n=0

=
(

exp i

(

2πn

τ
+ 2πβ

))

= 0.

If β ∈ R \ Q, then by the definition of f , each term f (n/τ + β) is 0. Thus,

τ−1
∑

n=0

f (n/τ + β) = 0.

By Theorem 3.12, the least period of (un)n∈N0
is equal to T .

This last example also gives us a function satisfying the condition (30) of

Theorem 3.10 (a) but does not satisfy the condition (31) of Theorem 3.11.

4 Results related to the main problem

4.1 Auxiliary Lemmas

In this subsection, we collect those auxiliary lemmas essential for the two

proofs of our main theorem.

Lemma 3.14 Let ϕ, θ ∈ [−π, π) with θ /∈ {−π, 0}.
I. If θ = sπ/t is a rational multiple of π where s, t (> 0) ∈ Z \{0}, gcd(s, t) = 1,

then as n varies over N∪{0}, the function cos(ϕ+nθ) is periodic and takes at most

2t explicitly computable distinct values corresponding to n = 0, 1, . . . , 2t − 1.

II. If θ is not a rational multiple of π, then as n varies over N∪{0}, the range of

values of cos(ϕ + nθ) is dense in [−1, 1].

III. The function cos(ϕ+nθ) takes both positive and negative values for infinitely

many n ∈ N∪{0}.

Proof. Part I is contained in the statement and proof of Lemma 2.9 (a), part II is

Lemma 2.9 (b), and part III is Propositions 3.3 and 3.4. �

The results in the next lemma are shapes of sequence elements that have

already been shown to be decidable; those proved for second order recurrence se-

quences from Section 4 of Chapter 2 are in Part I, and those proved for third order

recurrence sequences from Section 5 of Chapter 2 are in Part II.
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Lemma 3.15 The Positivity Problem for the following forms of sequence elements

are decidable.

Part I.

(HHH1) un = Aλn
1 + Bλn

2 (A,B ∈ R; λ1, λ2 ∈ R \{0}),
(HHH2) un = (A + Bn)λn (A,B ∈ R; λ ∈ R \{0}),
(HHH3) un = Aλn + Āλ̄n (A ∈ C; λ ∈ C \R).

Part II.

(LT1) un = Aλn
1 + Bλn

2 + Cλn
3 (A,B,C ∈ R; λ1, λ2, λ3 ∈ R \{0}),

(LT2) un = (A + Bn + Cn2)λn (A,B,C ∈ R; λ ∈ R \{0}),
(LT3) un = Aλn

1 + (B + Cn)λn
2 (A,B,C ∈ R; λ1, λ2 ∈ R \{0}),

(LT4) un = Aλn
1 + Bλn

2 + B̄λ̄n
2 (A ∈ R; λ1 ∈ R \{0}; B ∈ C; λ2 ∈ C \R).

4.2 First (elementary) Proof of the Main Theorem

The first proof of our main theorem is long yet purely elementary. For cases

whose proofs also appear in the second proof, we merely refer to the details provided

in the second proof.

We subdivide the proof into two cases depending on whether the character-

istic polynomial Char(z) has only real roots.

Case 1. Proof of the Main Theorem when Char(z) has only real roots.

In this case, the general term of the sequence is

un = P1(n)λn
1 + P2(n)λn

2 + · · · + Pm(n)λn
m (n ≥ 0, m ≤ 4),

where λ1, λ2, . . . , λm are distinct nonzero real numbers and

Pi(n) = Ai,1 + Ai,2n + · · · + Ai,`i
n`i−1 ∈ R[n] (`i ∈ N; i = 1, 2, . . . ,m; Ai,`i

6= 0),

with `1 + `2 + · · · + `m = 4. We have two possibilities to consider.

1.1 There are two roots λi, λj (i, j ∈ {1, 2, . . . ,m; i 6= j) such that

|λi| = |λj|.

For a detailed proof, see Subcase 1.1 in the next subsection.
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1.2 All roots have different absolute values.

Without loss of generality, assume |λ1| > |λ2| > · · · > |λm|. Here,

un = λn
1 {P1(n) + P2(n)(λ2/λ1)

n + · · · + Pm(n)(λm/λ1)
n} (n ≥ 0).

We treat two subcases depending on the sign of λ1.

• λ1 < 0.

Since sign(P1(n) + P2(n)(λ2/λ1)
n + · · · + Pm(n)(λm/λ1)

n) = sign(A1,`1) when n is

large enough and sign(λn
1 ) oscillates, the sequence (un) is nonnegative only when

A1,`1 = 0, which contradicts the definition of A1,`1 = 0

• λ1 > 0.

For a detailed proof, see Subcase 1.2 in the next subsection.

Case 2. Proof of the Main Theorem when Char(z) has non-real roots.

2.1 C(z1z̄1z2z̄2).

In this case, the general term of the sequence is

un = Aλn
1 + Āλ̄n

1 + Bλn
2 + B̄λ̄n

2 (n ≥ 0), (39)

where A,B ∈ C and λ1, λ2 ∈ C \R. Let λ1 = |λ1|eiθ1 , λ2 = |λ2|eiθ2 , A = |A|eiϕ1

and B = |B|eiϕ2 where θ1, θ2, ϕ1, ϕ2 ∈ [−π, π], θ1, θ2 /∈ {−π, 0} so that

un = 2 {|λ1|n|A| cos(ϕ1 + nθ1) + |B||λ2|n cos(ϕ2 + nθ2)} .

Without loss of generality, we need only treat two possibilities |λ1| > |λ2| and

|λ1| = |λ2|.

2.1.1 |λ1| > |λ2| (> 0).

Here,

un = 2|λ1|n {|A| cos(ϕ1 + nθ1) + |B| (|λ2/λ1|)n cos(ϕ2 + nθ2)} .

Thus, (un) is nonnegative if and only if

|A| cos(ϕ1 + nθ1) + |B| (|λ2|/|λ1|)n cos(ϕ2 + nθ2) ≥ 0. (40)
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By Lemma 3.14, |A| cos(ϕ1 + nθ1) takes some fixed positive and negative values for

infinitely many n provided A 6= 0, and since

|B| (|λ2/λ1|)n cos(ϕ2 + nθ2) → 0 (n → ∞),

the requirement (40) holds if and only if A = 0, and thus un = Bλn
2 + B̄λ̄n

2 (n ≥ 0),

which is of the form (HHH3) in Lemma 3.15.

2.1.2 |λ1| = |λ2|.

Here,

un = 2|λ1|n {|A| cos(ϕ1 + nθ1) + |B| cos(ϕ2 + nθ2)} .

Notice that the arguments used in the preceding sub-case do not work here. This

is the first situation where our analysis has to get back to the shape of the roots of

the characteristic polynomial. Tracing back to the proofs of Theorems 3.1 and 3.2,

we see that the case C(z1z̄1z2z̄2) occurs in Case I: D > 0, with two distinct complex

conjugate pairs, which are labeled I.1.1.2, I.1.2, I.2.1.2 and I.2.2. Using the notation

of Theorem 3.1, the corresponding information is as follows:

I.1.1.2 β = 0, α2 − 4γ ≥ 0 and α > 0. We have x1 = 1

2
(� + ♥)i, x2 =

−1

2
(� + ♥)i = x̄1, x3 = 1

2
(� −♥)i, x4 = −1

2
(� −♥)i = −x̄3, with � 6= ±♥ being

two nonzero real numbers. The roots of the characteristic polynomial, denoted for

unambiguity by λ̃, are λ̃1 = a1

4
+ 1

2
(� + ♥)i, λ̃2 = a1

4
− 1

2
(� + ♥)i = ¯̃λ1, λ̃3 =

a1

4
+ 1

2
(� − ♥)i, λ̃4 = a1

4
− 1

2
(� − ♥)i = −¯̃λ3. Combining with the condition and

notation of our on-going case, we get

|λ̃1|2 = |λ̃3|2 ⇐⇒
(a1

4

)2

+
1

4
(� + ♥)2 =

(a1

4

)2

+
1

4
(� −♥)2 ⇐⇒ �♥ = 0,

which is a contradiction and we are done in this case.

I.1.2 β = 0, α2 − 4γ < 0. We have x1 = 1

2
(v′ + ♥i), x2 = 1

2
(−v′ − ♥i) =

−x1, x3 = 1

2
(v′−♥i) = x̄1, x4 = 1

2
(−v′+♥i) = −x̄1. Then λ̃1 =

(

a1

4
+ v′

2

)

+♥
2
i, λ̃2 =

(

a1

4
− v′

2

)

− ♥
2
i, λ̃3 =

(

a1

4
+ v′

2

)

− ♥
2
i = ¯̃λ1, λ̃4 =

(

a1

4
− v′

2

)

+ ♥
2
i = ¯̃λ2. Combining

with the condition and notation of our on-going case, we get

|λ̃1|2 = |λ̃2|2 ⇐⇒
(

a1

4
+

v′

2

)2

+

(♥
2

)2

=

(

a1

4
− v′

2

)2

+

(♥
2

)2

⇐⇒ a1v
′

2
= 0 (v′ 6= 0) ⇐⇒ a1 = 0.
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Thus, λ̃1 = v′

2
+ ♥

2
i, λ̃2 = −v′

2
− ♥

2
i = −λ̃1.

I.2.1.2 β 6= 0, α2 − 4γ ≥ 0 and α > 0. We have

x1 =
1

2
(u′ + i♥) ∈ C \R, x2 = x̄1, x3 = −x1, x4 = −x̄1

yielding a1

4
+ u′

2
+ i♥

2
= λ̃1 = ¯̃λ2,

a1

4
− u′

2
− i♥

2
= λ̃3 = ¯̃λ4. Combining with the

condition and notation of our on-going case, we get

|λ̃1|2 = |λ̃3|2 ⇐⇒
(

a1

4
+

u′

2

)2

+

(♥
2

)2

=

(

a1

4
− u′

2

)2

+

(♥
2

)2

⇐⇒ a1u
′

2
= 0 (u′ 6= 0) ⇐⇒ a1 = 0.

Thus, λ̃1 = u′

2
+ ♥

2
i, λ̃3 = −u′

2
− ♥

2
i = −λ̃1.

I.2.2 β 6= 0, α2 − 4γ < 0. The roots of p(x + a1/4) are of the same shape

as those in the subcase I.2.1.2.

Collecting together all possibilities in I.1.1.2, I.1.2, I.2.1.2 and I.2.2, the two roots in

(39) can only be of the form λ2 = −λ1 ∈ C \R, and the general term of the sequence

in (39) is thus of the form un = Aλn
1 + Āλ̄n

1 + B(−λ1)
n + B̄ ¯(−λ1)

n
, i.e., for k ≥ 0,

u2k = (A + B)λ2k
1 + (Ā + B̄)λ̄2k

1 , u2k+1 = (A − B)λ2k+1
1 + (Ā − B̄)λ̄2k+1

1 .

Both u2k and u2k+1 are of the form (HHH3) and so are decidable by Lemma 3.15.

2.2 C(z2z̄2).

In this case, the general term of the sequence is

un = (A + Bn)λn
1 + (Ā + B̄n)λ̄n

1 (n ≥ 0),

where A,B ∈ C and λ1 ∈ C \R . Let λ1 = |λ1|eiθ, A = |A|eiϕ1 , B = |B|eiϕ2 where

θ, ϕ1, ϕ2 ∈ [−π, π), θ 6= {−π, 0}. Thus,

un = 2|λ1|n {|A| cos(ϕ1 + nθ) + n|B| cos(ϕ2 + nθ)} .

Then the sequence (un) is nonnegative if and only if for all n,

|A| cos(ϕ1 + nθ) + n|B| cos(ϕ2 + nθ) ≥ 0. (41)
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Since sign(|A| cos(ϕ1 +nθ)+n|B| cos(ϕ2 +nθ)) = sign(cos(ϕ2 +nθ)) when n is large

enough, provided B cos(ϕ2 + nθ) 6= 0. By Lemma 3.15, cos(ϕ2 + nθ) takes some

positive and some negative values for infinitely many n ∈ N. Thus, (41) holds only

when B = 0, and so un = Aλn
1 + Āλ̄n

1 , which is of the form (HHH3) in Lemma 3.15.

2.3 C(r2
1zz̄).

In this case, the general term of the sequence is

un = (A + Bn)λn
1 + Cλn

3 + C̄λ̄n
3 (n ≥ 0),

where A,B, λ1(6= 0) ∈ R, C ∈ C and λ3 ∈ C \R. Let λ3 = |λ3|eiθ, C = |C|eiϕ

where θ, ϕ ∈ [−π, π), θ /∈ {−π, 0} so that

un = (A + Bn)λn
1 + 2|C||λ3|n cos(ϕ + nθ).

We subdivide into three sub-cases depending on the absolute values of |λ1| and |λ3|.

2.3.1 |λ1| = |λ3|.
There are two further possibilities.

2.3.1(1) λ1 < 0.

Here,

un = |λ1|n{(−1)n(A + Bn) + 2|C| cos(ϕ + nθ)} (n ≥ 0).

Since (−1)n(A + Bn) + 2|C| cos(ϕ + nθ) → ±∞ (n → ∞) according as n is even

or odd provided B 6= 0, the sequence (un) is nonnegative only when B = 0 and so

un = Aλn
1 + Cλn

3 + C̄λ̄n
3 , which is of the form (LT4) in Lemma 3.15.

2.3.1(2) λ1 > 0.

For a detailed proof, see Subcase 1 of C(r2
1zz̄) in the next subsection.

2.3.2 |λ1| > |λ3|.
Rewrite the general term of the sequence as

un = λn
1 {A + Bn + 2|C|(|λ3|/λ1)

n cos(ϕ + nθ)} (n ≥ 0).

We consider two possibilities corresponding to the signs of λ1.
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2.3.2(1) λ1 < 0.

Since sign(A + Bn + 2|C|(|λ3|/λ1)
n cos(ϕ + nθ)) = sign(B) when n is large enough

provided B 6= 0, and sign(λn
1 ) oscillates, the sequence (un) is nonnegative only when

B = 0, and so un = Aλn
1 + Cλn

3 + C̄λ̄n
3 , which is of the form (LT4) in Lemma 3.15.

2.3.2(2) λ1 > 0.

For detailed proof, see subcase 2 of C(r2
1zz̄) in next subsection.

2.3.3 |λ1| < |λ3|.
Rewrite the general term of the sequence as

un = |λ3|n {(A + Bn)(λ1/|λ3|)n + 2|C| cos(ϕ + nθ)} (n ≥ 0).

Observe that (A + Bn)(λ1/|λ3|)n → 0 (n → ∞). By Lemma 3.14, cos(ϕ + nθ) takes

some fixed positive and some fixed negative values for infinitely many n. Thus, the

sequence (un) is nonnegative only when C = 0, yielding un = (A + Bn)λn
1 , which is

of the form (HHH2) in Lemma 3.15.

2.4 C(r1r2zz̄).

In this case, the general term of the sequence is

un = Aλn
1 + Bλn

2 + Cλn
3 + C̄λ̄n

3 (n ≥ 0),

where A,B ∈ R, C ∈ C, λ1, λ2 ∈ R \{0} and λ3 ∈ C \R.

Let λ3 = |λ3|eiθ, C = |C|eiϕ where θ, ϕ ∈ [−π, π), θ /∈ {−π, 0} so that

un = Aλn
1 + Bλn

2 + 2|C||λ3|n cos(ϕ + nθ).

We split our consideration into three possibilities.

1. The three λ’s have the same absolute values, i.e., |λ1| = |λ2| = |λ3|.

2. There are two λi’s having the same absolute value, i.e., |λ1| = |λ2| or |λ1| = |λ3|
or |λ2| = |λ3|.

3. All three roots λ1, λ2 and λ3 have different absolute values.

2.4.1 |λ1| = |λ2| = |λ3|.
For a detailed proof, see Subcase 1, of C(r1r2zz̄) in the next subsection.
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2.4.2 |λ1| = |λ2| or |λ1| = |λ3| or |λ2| = |λ3|.
We need only treat the first two cases as the third is similar to the second.

2.4.2(1) |λ1| = |λ2|.
For a detailed prooof, see Subcase 3.1, of C(r1r2zz̄) in the next subsection.

2.4.2(2) |λ1| = |λ3|.
Here,

un = Aλn
1 + 2|C| cos(ϕ + nθ)|λ1|n + Bλn

2 (n ≥ 0).

We subdivide into two further sub-cases depending on whether |λ1| > |λ2|.

2.4.2(2.1) |λ1| > |λ2|.
We consider two possibilities corresponding to the sign of λ1.

• λ1 < 0.

Rewrite the general term of the sequence as

un = |λ1|n {(−1)nA + 2|C| cos(ϕ + nθ) + B(λ2/|λ1|)n} (n ≥ 0).

The sequence (un) is nonnegative if and only if for all k ∈ N∪{0} we must have

−2|C| cos(ϕ + 2kθ) − B(λ2/|λ1|)2k ≤ A ≤ 2|C| cos(ϕ + (2k + 1)θ) + B(λ2/|λ1|)2k+1

(42)

Since B(λ2/|λ1|)n → 0(n → ∞), and by Lemma 3.14 as k varies over N∪{0}, both

cos(ϕ + 2kθ) and cos(ϕ + (2k + 1)θ) take some fixed positive and negative values

infinitely often, the relations (42) hold only when A = C = 0. Thus, un = Bλn
2 , and

so is nonnegative only when B ≥ 0 and λ2 > 0.

• λ1 > 0.

For a detailed proof, see Subcase 3.3 in C(r1r2zz̄) in the next subsection.

2.4.2(2.2) |λ1| < |λ2|.
We consider two possibilities corresponding to the sign of λ2.

• λ2 < 0.

Here,

un = λn
2 {A(λ1/λ2)

n + 2|C|(|λ1|/λ2)
n cos(ϕ + nθ) + B} , (n ≥ 0).
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Observe that A(λ1/λ2)
n + 2|C|(|λ1|/λ2)

n cos(ϕ + nθ) + B → B (n → ∞), provided

B 6= 0. Since λn
2 oscillates between ±|λ2|, then the sequence (un) is nonnegative

only when B = 0, and so un = Aλn
1 + Cλn

3 + C̄λ̄n
3 , which is of the form (LT4) in

Lemma 3.15.

• λ2 > 0.

For a detailed proof, see Subcase 3.2 in C(r1r2zz̄) in the next subsection.

2.4.3 All three roots λ1, λ2 and λ3 have different absolute values.

Without loss of generality, assume |λ1| > |λ2|. Here,

un = λn
1 (A + B(λ2/λ1)

n) + 2|C||λ3|n cos(ϕ + nθ) (n ≥ 0).

We subdivide into two further sub-cases depending on whether |λ1| > |λ3|.

2.4.3(1) |λ1| > |λ3|.
Rewrite the general term of the sequence as

un = λn
1 {A + B(λ2/λ1)

n + 2|C|(|λ3|/λ1)
n cos(ϕ + nθ)} (n ≥ 0).

We consider two possibilities corresponding to the sign of λ1.

• λ1 < 0.

Since sign(A + B(λ2/λ1)
n + 2|C|(|λ3|/λ1)

n cos(ϕ + nθ)) = sign(A) when n is large

enough provided A 6= 0, and sign(λn
1 ) oscillates the sequence (un) is nonnegative

only when A = 0 and so un = Bλn
2 + Cλn

3 + C̄λ̄n
3 , which is of the form (LT4) in

Lemma 3.15.

• λ1 > 0.

For a detailed proof, see Subcase 2 in C(r1r2zz̄) in the next subsection.

2.4.3(2) |λ1| < |λ3|.
Rewrite the general term of the sequence as

un = |λ3|n {(A + B(λ2/λ1)
n)(λ1/|λ3|)n + 2|C| cos(ϕ + nθ)} (n ≥ 0).

Observe that (A + B(λ2/λ1)
n)(λ1/|λ3|)n → 0 (n → ∞). Next, by Lemma 3.14,

cos(ϕ+nθ) takes some fixed positive and some fixed negative values infinitely often.
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Thus, the sequence (un) is nonnegative only when C = 0 yielding un = Aλn
1 + Bλn

2 ,

which is of the form (HHH1) in Lemma 3.15. �

4.3 Non-elementary Proof of the Main Theorem

Again, we subdivide the proof into two cases depending on whether the

characteristic polynomial Char(z) has only real roots.

Case 1: Char(z) has only real roots.

In this case, the general term of the sequence is

un = P1(n)λn
1 + P2(n)λn

2 + · · · + Pm(n)λn
m (n ≥ 0, m ≤ 4),

where λ1, λ2, . . . , λm are distinct nonzero real numbers and

Pi(n) = Ai,1 + Ai,2n + · · · + Ai,`i
n`i−1 ∈ R[x] (`i ∈ N; i = 1, 2, . . . ,m; Ai,`i

6= 0),

with `1 + `2 + · · · + `m = 4. We have two possibilities to consider.

1.1 There are two roots λi, λj (i, j ∈ {1, 2, . . . ,m; i 6= j) such that

|λi| = |λj|.

Without loss of generality, let the two roots be λ1 > 0 and λ2 = −λ1. Here,

un = {P1(n) + (−1)nP2(n)}λn
1 + P3(n)λn

3 + · · · + Pm(n)λn
m (n ≥ 0),

i.e., u2k =(P1(2k) + P2(2k))λ2k
1 + P3(2k)λ2k

3 + · · · + Pm(2k)λ2k
m ,

u2k+1 =(P1(2k + 1) − P2(2k + 1))λ2k+1
1 + P3(2k + 1)λ2k+1

3 + · · ·

+ Pm(2k + 1)λ2k+1
m (k ≥ 0).

The sequence (un) is nonnegative if and only if both the sequences (u2k) and (u2k+1)

are nonnegative. The two sequences (u2k) and (u2k+1) are decidable as they satisfy

recurrence relations of lower order, i.e., they must be one of the forms stated in

Lemma 3.15.

1.2 All roots have different absolute values.

By Theorem 2.11, we need only treat the case where there is a positive dominating

root, say, λ1 > 0.
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Without loss of generality, assume λ1 > |λ2| > · · · > |λm|. Here,

un = λn
1 {P1(n) + P2(n)(λ2/λ1)

n + · · · + Pm(n)(λm/λ1)
n} (n ≥ 0),

and so (un) is nonnegative if and only if

P1(n) + P2(n)(λ2/λ1)
n + · · · + Pm(n)(λm/λ1)

n ≥ 0 for all n ≥ 0.

• If A1,`1 < 0, then

P1(n) + P2(n)(λ2/λ1)
n + · · · + Pm(n)(λm/λ1)

n < 0

for all sufficiently large n, and so this case is untenable.

• If A1,`1 > 0, since

P1(n) + P2(n)(λ2/λ1)
n + · · · + Pm(n)(λm/λ1)

n → ∞ (n → ∞),

there is an explicitly computable least M0 ∈ N∪{0} such that

P1(n) + P2(n)(λ2/λ1)
n + · · · + Pm(n)(λm/λ1)

n ≥ 0 for all n ≥ M0,

and so the sequence (un) is nonnegative if and only if M0 = 0.

Case 2: Char(z) has non-real roots.

The possible shapes of the four roots are

1. two complex conjugate pairs, either distinct or identical,

denoted by C(z1z̄1z2z̄2);

2. two identical real numbers and one complex conjugate pair,

denoted by C(r2
1zz̄);

3. two distinct real numbers and one complex conjugate pair,

denoted by C(r1r2zz̄).

The first possibility C(z1z̄1z2z̄2) is decidable by Theorem 2.11 as Char(z) has no

positive dominating roots. The remaining two possible cases are now treated.
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2.1 C(r2
1zz̄).

In this case, the general term of the sequence is

un = (A + Bn)λn
1 + Cλn

2 + C̄λ̄n
2 (n ≥ 0),

where A,B, λ1(6= 0) ∈ R, C ∈ C, λ2 ∈ C \R and the bar denotes complex conju-

gate. Let λ2 = |λ2|eiθ, C = |C|eiϕ where θ, ϕ ∈ [−π, π), θ /∈ {−π, 0} so that

un = (A + Bn)λn
1 + 2|C||λ2|n cos(ϕ + nθ).

By Theorem 2.11, we need only treat the case where there is a positive dominating

root, say, λ1 > 0. There are two possibilities.

2.1.1 λ1 = |λ2|.
Write

un = λn
1{A + Bn + 2|C| cos(ϕ + nθ)} (n ≥ 0).

The sequence (un) is nonnegative if and only if

A ≥ −Bn − 2|C| cos(ϕ + nθ) for all n ≥ 0. (43)

• If B < 0, then (43) cannot be fulfilled.

• If B = 0, then un = Aλn
1 + Cλn

2 + C̄λ̄n
2 , which is of the form (LT4).

• If B > 0, then −Bn − 2|C| cos(ϕ + nθ) → −∞ (n → ∞). Thus, there

exists an explicitly computable N0 ∈ N depending on B,C, ϕ, θ such that

max
n∈N∪{0}

{−Bn − 2|C| cos(ϕ + nθ)} = −BN0 − 2|C| cos(ϕ + N0θ).

Consequently, the sequence (un) is nonnegative if and only if

A ≥ −BN0 − 2|C| cos(ϕ + N0θ).

2.1.2 λ1 > |λ2|.
Rewrite the general term of the sequence as

un = λn
1 {A + Bn + 2|C|(|λ2|/λ1)

n cos(ϕ + nθ)} (n ≥ 0).



59

Since sign(A + Bn + 2|C|(|λ2|/λ1)
n cos(ϕ + nθ)) = sign(B) when n is sufficiently

large provided B 6= 0, for the sequence (un) to be nonnegative we must have B ≥ 0

and

A ≥ −Bn − 2|C|(|λ2|/λ1)
n cos(ϕ + nθ) (n ≥ 0).

By Lemma 3.14, there is a least integer NL ∈ N∪{0} such that cos(ϕ + NLθ) < 0.

Since (|λ2|/λ1)
n → 0 (n → ∞), there is an NM > NL such that for all n ≥ NM we

have

−2|C|(|λ2|/λ1)
n cos(ϕ + nθ) < −2|C|(|λ2|/λ1)

NL cos(ϕ + NLθ).

Consequently, the sequence (un) is nonnegative if and only if

B ≥ 0 and A ≥ max{−Bn − 2|C|(|λ2|/λ1)
n cos(ϕ + nθ) ; NL ≤ n ≤ NM}.

2.2 Case C(r1r2zz̄).

In this case, the general term of the sequence is

un = Aλn
1 + Bλn

2 + Cλn
3 + C̄λ̄n

3 (n ≥ 0),

where A,B ∈ R, C ∈ C, λ1, λ2 ∈ R \{0} and λ3 ∈ C \R.

Let λ3 = |λ3|eiθ, C = |C|eiϕ where θ, ϕ ∈ [−π, π), θ /∈ {−π, 0} so that

un = Aλn
1 + Bλn

2 + 2|C||λ3|n cos(ϕ + nθ).

By Theorem 2.11, we need only decide the situation where Char(z) has a positive

dominating root, say, λ1 > 0 and so λ1 ≥ max{|λ2| , |λ3|}.
There are three possibilities.

1. The three λ’s have the same absolute value, i.e., λ1 = |λ2| = |λ3|.

2. All three roots λ1, λ2 and λ3 have different absolute values.

3. There are exactly two λi’s having the same absolute value,

i.e, λ1 = |λ2| or λ1 = |λ3| or |λ2| = |λ3|.
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2.2.1 λ1 = |λ2| = |λ3|.
Here, 0 < λ1 = −λ2 = |λ3|. The sequence term is of the form

un = {A + (−1)nB}λn
1 + Cλn

3 + C̄λ̄3
n

(n ≥ 0),

i.e., u2k ={A + B}λ2k
1 + Cλ2k

3 + C̄λ̄3
2k

,

u2k+1 ={A − B}λ2k+1
1 + Cλ2k+1

3 + C̄λ̄3
2k+1

(k ≥ 0).

The two sequences (u2k) and (u2k+1) are decidable because they are of the form

(LT4).

2.2.2 All three roots λ1, λ2 and λ3 have different absolute values.

Rewrite the general term of the sequence as

un = λn
1 {A + B(λ2/λ1)

n + 2|C|(|λ3|/λ1)
n cos(ϕ + nθ)} (n ≥ 0).

The sequence (un) is nonnegative if and only if

A + B(λ2/λ1)
n + 2|C|(|λ3|/λ1)

n cos(ϕ + nθ) ≥ 0 (n ≥ 0). (44)

• If A = 0, then un = Bλn
2 + Cλn

3 + C̄λ̄n
3 , which is of the form (LT4).

• If A < 0, then

A + B(λ2/λ1)
n + 2|C|(|λ3|/λ1)

n cos(ϕ + nθ) → A < 0 (n → ∞),

showing that (44) cannot be fulfilled.

• If A > 0, then there is an explicitly computable least integer N0 ∈ N∪{0}
such that (44) holds for all n ≥ N0. Consequently, in this case the sequence (un) is

nonnegative if and only if N0 = 0.

2.2.3 λ1 = |λ2| or λ1 = |λ3| or λ2 = |λ3|.

2.2.3(1) λ1 = |λ2| = −λ2 > |λ3|. Here,

un = {A + (−1)nB}λn
1 + Cλn

3 + C̄λ̄3
n

(n ≥ 0),

i.e., u2k = {A + B}λ2k
1 + Cλ2k

3 + C̄λ̄3
2k

,

u2k+1 = {A − B}λ2k+1
1 + Cλ2k+1

3 + C̄λ̄3
2k+1

(k ≥ 0).
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The two sequences (u2k) and (u2k+1) are both decidable because they are of the form

(LT4).

2.2.3(2) λ1 > |λ2| = |λ3| > 0.

• If λ2 > 0, then |λ3| = |λ2| = λ2, and so

un = λn
1 {A + (B + 2 |C| cos(ϕ + nθ)) (λ2/λ1)

n} . (45)

Since (B + 2|C| cos(ϕ + nθ)) (λ2/λ1)
n → 0 (n → ∞), either

− (B + 2|C| cos(ϕ + nθ)) (λ2/λ1)
n < 0 for all n ≥ 0

or there is an explicit N1 ∈ N∪{0} such that

0 ≤max
n≥0

{− (B + 2|C| cos(ϕ + nθ)) (λ2/λ1)
n}

= − (B + 2|C| cos(ϕ + N1θ)) (λ2/λ1)
N1 .

The sequence (un) is thus nonnegative if and only if

A ≥ max
{

0,− (B + 2|C| cos(ϕ + N1θ)) (λ2/λ1)
N1

}

.

• If λ2 < 0, then |λ3| = |λ2| = −λ2, and so

un = Aλn
1 + {(−1)nB + 2 |C| cos(ϕ + nθ)} |λ3|n .

The two subsequences corresponding to even and odd subscripts, i.e,

u2k = Aλ2k
1 + {B + 2 |C| cos(ϕ + 2kθ)} |λ3|2k (k ≥ 0),

u2k+1 = Aλ2k+1
1 + {−B + 2 |C| cos(ϕ + (2k + 1)θ)} |λ3|2k+1 (k ≥ 0)

are of the form (45) and so similar arguments show that both are decidable.

2.2.3(3) λ1 = |λ3| > |λ2| > 0.

Write

un = λn
1 {A + 2|C| cos(ϕ + nθ) + B(λ2/λ1)

n} .

The sequence (un) is nonnegative if and only if

A ≥ −2|C| cos(ϕ + nθ) − B(λ2/λ1)
n (n ≥ 0). (46)
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• If θ is a rational multiple of π, say, θ = sπ/t where s, t ( > 0) ∈ Z \{0}
and gcd(s, t) = 1. By Lemma 3.14, cos(ϕ + nθ) is periodic and takes at most 2t

distinct explicit (positive and negative) values at n ∈ {0, 1, . . . , 2t − 1}(mod 2t);

among these values, let ct be the least (negative).

Since −B(λ2/λ1)
n → 0 (n → ∞), (46) holds if and only if

A ≥







−2ct |C| if “B = 0” or “B > 0, λ2 > 0”,

max n=0,1,...,2t−1{−2 |C| cos(ϕ + nθ) − B(λ2/λ1)
n} otherwise.

• If θ is not a rational multiple of π, rewrite the terms of the sequence as

un = |λ2|n {(A + 2|C| cos(ϕ + nθ)) (λ1/ |λ2|)n + B(λ2/ |λ2|)n} .

The sequence (un) is nonnegative if and only if

{A + 2|C| cos(ϕ + nθ)} (λ1/ |λ2|)n + B(λ2/ |λ2|)n ≥ 0 (n ≥ 0). (47)

If C = 0, then un = Aλn
1 +Bλn

2 which is of the form (HHH1). Assume henceforth

that C > 0.

(a) If A ≤ 0, since the values of cos(ϕ + nθ) are dense in the closed

interval [−1, 1] and (λ1/ |λ2|)n → ∞ (n → ∞), there is an explicitly computable

NL ∈ N∪{0} such that

{A + 2|C| cos(ϕ + NLθ)}(λ1/ |λ2|)NL + B(λ2/ |λ2|)NL < 0,

and so (47) cannot be fulfilled.

(b) If 0 < A < 2|C|, let 2 |C| − A = ∆ > 0 so that

{A + 2|C| cos(ϕ + nθ)} (λ1/ |λ2|)n + B (λ2/ |λ2|)n (48)

= {2 |C| (1 + cos(ϕ + nθ)) − ∆} (λ1/ |λ2|)n + B (λ2/ |λ2|)n .

Taking a subsequence (nk) for which cos(ϕ + nkθ) → −1 (k → ∞), the left-hand

expression in (48) tends to −∞ as k → ∞, showing that (47) cannot be fulfilled.

(c) If A > 2|C| > 0, let δ = A − 2 |C| > 0. Since

{A + 2|C| cos(ϕ + nθ)} (λ1/ |λ2|)n + B(λ2/ |λ2|)n

≥ δ(λ1/ |λ2|)n + B(λ2/ |λ2|)n → ∞ (n → ∞),
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there is an explicitly computable least N0 ∈ N∪{0}, depending on A,B,C, ϕ, θ,

λ1, λ2 such that

{A + 2|C| cos(ϕ + nθ)} (λ1/ |λ2|)n + B(λ2/ |λ2|)n ≥ 0

for all n ≥ N0. Consequently, (47) holds if and only if N0 = 0.

(d) If A = 2 |C|, then (47) becomes

2 |C| {1 + cos(ϕ + nθ)} (λ1/ |λ2|)n + B(λ2/ |λ2|)n ≥ 0 (n ≥ 0). (49)

We pause to prove two important claims.

Claim 1. There is at most one integer N0 ∈ N∪{0} such that

1 + cos(ϕ + N0θ) = 0. (50)

Proof of Claim 1. If there were two distinct such integers N0 and N ′
0, then there

would exist two integers k0, k
′
0 such that

ϕ + N0θ = (2k0 + 1)π, ϕ + N ′
0θ = (2k′

0 + 1)π.

Subtracting the two equations, we find that θ is a multiple of π, which is a contra-

diction. �

Claim 2. If (nk) ⊂ N∪{0} is an increasing sequence of positive integers such that

1 + cos(ϕ + nkθ) → 0 (k → ∞),

then

2 |C| {1 + cos(ϕ + nkθ)} (λ1/ |λ2|)nk + B(λ2/ |λ2|)nk → ∞ (k → ∞).

Proof of Claim 2. By Claim 1, we know that from a certain k onward all the

values of 1 + cos(ϕ + nkθ) are nonzero. Since the function

2 |C| {1 + cos(ϕ + xθ)} (λ1/ |λ2|)x ± B(λ2/ |λ2|)x

is differentiable up to arbitrary orders, the desired result follows from a number of

well-known theorems in real analysis, such as L’ Hop̂ital’s rule. �
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Returning to (47), if there is an N0 ∈ N∪{0} such that (50) holds, which

must be unique by Claim 1, then for (47) to hold we must have B(λ2/ |λ2|)N0 ≥
0. Moreover, using Claim 2 and the fact that for n large enough, the values of

1 + cos(ϕ + nθ) are positive and bounded by 1, we deduce that

2 |C| {1 + cos(ϕ + nθ)} (λ1/ |λ2|)n + B(λ2/ |λ2|)n → ∞ (n → ∞).

Thus, there is an explicitly computable least integer N1 ∈ N∪{0}, depending on

B,C, ϕ, θ, λ1, λ2, such that

2 |C| {1 + cos(ϕ + nθ)} (λ1/ |λ2|)n + B(λ2/ |λ2|)n ≥ 0 for all n ≥ N1.

Using all the obtained information, we conclude that (47) holds if and only

if N1 = 0.



CHAPTER 4

SUMMARY AND OPEN PROBLEMS

The research work contained in this dissertation deals with The Positivity

Problem. We summarize our results in Section 1. In Section 2, some open problems

are listed.

1 Summary

This section summarizes our work in this dissertation. The results can be

divided into four parts. In the first part, we find all possible shapes of the roots of

a fourth degree polynomial with integer coefficients, and proceed to determine the

positivity by case analysis.

In the second part, for θ, β ∈ [−π, π) and θ /∈ {−π, 0} , we show that as n

runs through the nonnegative integers the nonzero sequence (cos(nθ + β)):

1. takes infinitely many positive and negative values ;

2. if θ = s/t is a rational multiple of π, the sequence is purely periodic with

least period equal to t when s is even and equal to 2t when s is odd;

3. if θ is not a rational multiple of π, the range of values of the sequence is

dense in the unit interval (0, 1).

Any sequence of the form
(

∑d

r αr cos (2nπsr/tr) + βr

)

, with rational sr/tr

belonging to the unit interval (0, 1), is shown to be purely periodic with least period

equal to the least common multiple of t1, . . . , td, as given below:

1. Let θ, β ∈ [−π, π) and θ /∈ {−π, 0} . There are infinitely many n ∈ N0

such that cos(nθ + β) < 0.

2. Let θ, β ∈ [−π, π) and θ /∈ {−π, 0} .

(i) The relation cos(nθ + β) ≤ 0 cannot hold for all n ∈ N0.

(ii) There are infinitely many n ∈ N0 such that cos(nθ + β) > 0.
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3. Let θ, β ∈ [−π, π) with θ /∈ {−π, 0}.

(a) If θ = sπ/t (s ∈ Z, t ∈ N, gcd(s, t) = 1) is a rational multiple of π, then

the sequence (cos(nθ + β))n∈N0
is purely periodic.

Moreover, if s is even, then the least period of the sequence (cos(nθ + β))n∈N0

is t, while if s is odd, then its least period is 2t.

(b) If θ is not a rational multiple of π, then as n varies over N0 the range

of values of cos(nθ + β) is dense in [−1, 1].

4. Let θ1 = s1/t1, . . . , θd = sd/td (sr, tr ∈ N, gcd(sr, tr) = 1) be rational

numbers in the open interval (0, 1), and let αr, βr be real numbers such that the

purely periodic sequence un =
∑d

r=1
αr cos(2πθrn + βr) is not identically zero. Let

T := l.c.m.(t1, . . . , td). Then the least period of the sequence (un) is a divisor of T .

5. For r ∈ {1, 2, . . . , d}, let sr/tr (sr, tr ∈ N, gcd(sr, tr) = 1) be rational

numbers in the unit interval (0, 1), and let αr(6= 0), βr be real numbers. If the purely

periodic, non-identically zero sequence (un)n∈N0
is defined by

un =
d
∑

r=1

αr cos

(

2πnsr

tr
+ βr

)

,

then its least period is equal to T := l.c.m.(t1, t2, . . . , td).

In the third part, let f : R → R be a nonzero purely periodic function with

least period P . For θ(6= 0) and b both in the interval [0, P ), we show that when n

runs through the nonnegative integers, the nonzero sequence (f(nθ + b)) is purely

periodic if θ is a rational multiple of P . While if θ is not a rational multiple of P

and f is continuous, the sequence (f(nθ + b)) is dense in the range of f . Moreover,

under appropriate conditions, a sequence of the form
(

∑d

r=1
αrf (Pnsr/tr + br)

)

with rationals sr/tr is shown to be purely periodic with least period being the least

common multiple of t1, . . . , td, as given below:

1. Let f : R → R be a nonzero purely periodic function with least period P

and let b ∈ [0, P ). If s, t ∈ N, gcd(s, t) = 1, then

t−1
∑

n=0

f

(

Pn

t
+ b

)

=
t−1
∑

n=0

f

(

Psn

t
+ b

)

.
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2. Let f : R → R be a nonzero purely periodic function with least period

P, b ∈ [0, P ) and t, T ∈ N. If
∑T−1

n=0
f
(

Pn
t

+ b
)

= 0 holds for some fixed t ≥ 2 and

t | T , then
∑T−1

n=0
f
(

Psn
t

+ b
)

= 0 holds for all s ∈ N with gcd(s, t) = 1.

3. Let f : R → R be a nonzero purely periodic function with least period P

and let b ∈ [0, P ).

(a) If θ = sP/t (s ∈ Z, t ∈ N, gcd(s, t) = 1) is a rational multiple of P ,

then the sequence (f(nθ + b))n∈N0
is purely periodic.

Moreover, if f satisfies the condition
∑τ−1

n=0
f
(

Pn
τ

+ β
)

= 0, for all τ ∈ N,

τ ≥ 2 and all β ∈ [0, P ), and the sequence (f(nθ + β)) is not identically zero, then

its least period is equal to t.

(b) If θ is not a rational multiple of P and f is continuous, then as n varies

over N0, the set of values of f(nθ + β) is dense in the range of f .

4. Let f : R → R be a nonzero purely periodic function with least period

P, b ∈ [0, P ) and let s, t ∈ N with gcd(s, t) = 1. Assume that for each y in the range

of f , there are only finitely many, say x1, . . . , xR ∈ [0, P ) such that f(xi) = y (i =

1, . . . , R) and that xi−xj is not a rational multiple of P for all i, j ∈ {1, . . . , R}, i 6=
j. If the sequence (f(nsP/t + b))n∈N0

is not identically sero, then it is purely periodic

with least period equal to t.

5. Let f : R → R be a nonzero purely periodic function with least period P .

Assume f satisfies the condition
∑τ−1

n=0
f
(

Pn
τ

+ β
)

= 0, for all τ ∈ N, τ ≥ 2 and all

β ∈ [0, P ). For d ∈ N, r ∈ {1, 2, . . . , d}, let sr/tr (sr, tr ∈ N, gcd(sr, tr) = 1) be

rational numbers in the unit interval (0, 1), and let αr ∈ R \{0}, br ∈ [0, P ). If the

purely periodic, non-identically zero sequence (un)n∈N0
is defined by

un =
d
∑

r=1

αrf

(

Pnsr

tr
+ br

)

,

then its least period is equal to T := l.c.m.(t1, t2, . . . , td).

6. Let f : R → R be a nonzero purely periodic function with least pe-

riod P . For d ∈ N, r ∈ {1, 2, . . . , d}, let sr/tr (sr, tr ∈ N, gcd(sr, tr) = 1)

be rational numbers in the unit interval (0, 1), αr ∈ R \{0}, br ∈ [0, P ) and
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T := l.c.m.(t1, t2, . . . , td). Assume f satisfies the condition

T−1
∑

n=0

f

(

Pn

τ
+ β

)

= 0 (51)

for all τ ∈ N, τ ≥ 2, τ | T and all β ∈ [0, P ). If the purely periodic, non-identically

zero sequence (un)n∈N0
is defined by

un =
d
∑

r=1

αrf

(

Pnsr

tr
+ br

)

,

then its least period is equal to T .

In the final part, we show that the problem of determining whether each

element of a sequence satisfying a fourth order linear recurrence with integer coef-

ficients is nonnegative, referred to as the Positivity Problem for fourth order linear

recurrence sequence, is decidable.

2 Open Problems

It seems natural to ask whether our two proofs of the fourth order Positivity

problem are applicable to proving the general case. Should this be so, the general

positivity problem would be solved, which in turns implies that a long unsolved

conjecture of Skolem would be settled. Though, a good deal of the above analysis,

such as the case where all roots of Char(z) are real, does indeed work in the general

situation, in the case of fifth order recurrence, there are instances, such as combi-

nations of cosine values with the presence of more irrational multiples, which we

are not yet able to settle their decidability. It is believed that the attack via case

analysis is the right approach. With appropriate reduction processes, the number of

cases to be considered should then be reduced to be a manageable task and crucial

results in Diophantine approximation should prove to be vital.
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