THE POSITIVITY PROBLEM FOR A SEQUENCE SATISFYING A LINEAR
RECURRENCE RELATION WITH INTEGER COEFFICIENTS

A DISSERTATION
BY
PINTHIRA TANGSUPPHATHAWAT

PRESENTED IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR
THE DOCTOR OF PHILOSOPHY IN MATHEMATICS
AT SRINAKHARINWIROT UNIVERSITY
DECEMBER 2012



THE POSITIVITY PROBLEM FOR A SEQUENCE SATISFYING A LINEAR
RECURRENCE RELATION WITH INTEGER COEFFICIENTS

A DISSERTATION
BY
PINTHIRA TANGSUPPHATHAWAT

Presented in Partial Fulfillment of the Requirements for the
Doctor of Philosophy in Mathematics
at Srinakharinwirot University
December 2012

Copyright 2012 by Srinakharinwirot University



THE POSITIVITY PROBLEM FOR A SEQUENCE SATISFYING A LINEAR
RECURRENCE RELATION WITH INTEGER COEFFICIENTS

AN ABSTRACT
BY
PINTHIRA TANGSUPPHATHAWAT

Presented in Partial Fulfillment of the Requirements for the
Doctor of Philosophy in Mathematics
at Srinakharinwirot University

December 2012



Pinthira Tangsupphathawat. (2012). The Positivity problem for a sequence
satisfying a linear recurrence relation with integer coefficients. Dissertation,
Ph.D. (Mathematics). Bangkok: Graduate School, Srinakharinwirot
University. Advisor Committee: Prof. Dr.Narong Punnim,

Prof. Dr.Vichian Laohakosol, Prof. Dr.Saad El-Zanati

Consider a kth order linear recurrence relation of the form
Up = A Up—1 + QoUp_2 + A3UR_3 + -+ + QpUn_t, (N > k),

where aq,as,as,...,ai(# 0) are integers. The recurrence relation thus defines a
unique sequence of integers provided the initial integers ug, w1, us, . . . , up_1 are given.

The classical Positivity Problem states: Is it possible to decide whether the
sequence (u,),>o i8 nonnegative ? Equivalently, is it decidable whether u, > 0 for
eachn>07

The Positivity Problem for sequences satisfying a second order linear recur-
rence relation was shown to be decidable in 2006 by Halava-Harju-Hirvensalo. The
Positivity Problem for sequences satisfying a third order linear recurrence relation
was shown to be decidable in 2009. The main objective of this thesis is to prove
that the same conclusion holds for each sequence satisfying a fourth order linear
recurrence relation with integer coefficients. In order to prove this result, several
auxiliary results, such as the classification of roots of an algebraic equation of fourth
degree, the distribution of the values of certain cosine functions, and the behavior

of a combination of cosine values are obtained.
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CHAPTER 1

INTRODUCTION

Consider a kth order linear recurrence relation of the form

Up = A Up—1 + AUy + Q3Up—3 + +++ + Uy (0 > ), (1)
where ay, as,as,...,a(# 0) € Z. The recurrence (1) defines a unique sequence of
integers provided the initial integers wug, u1, ug, . .., ur_1 are given.

The best-known example of a linear recurrence sequence was provided by

Leonardo of Pisa in the 12th century: the so-called Fibonacci sequence
W, 1, L:2Bnbel. 137,

which satisfies the recurrence relation w,.s = wu,41 + u, with initial conditions
ug = 0, u; = 1. Leonardo of Pisa introduced this sequence as a means to model the
growth of an idealised population of rabbits. Not only has the Fibonacci sequence
been extensively studied since, but linear recurrence sequences now form a vast
subject in their own right, with numerous applications in mathematics and other
sciences. A deep and extensive treatise on the mathematical aspects of recurrence

sequences is the recent monograph of Everest et al. [5].
In this dissertation, we are interested in the

Positivity Problem: Is it possible to decide whether the sequence (uy)n>o is

nonnegative? Equivalently, is it decidable whether u,, > 0 for all n > 07

The Positivity Problem is one of the three important closely related decision

problems ([14]) which are yet to be settled, namely,
The Skolem Problem: does a given linear recurrence sequence have a zero?

The Positivity Problem: are all the terms of a given linear recurrence sequence
positive? (Note that this problem comes in two natural flavors, according to whether

strict or non-strict positivity is required.)



The Ultimate Positivity Problem: is the given linear recurrence sequence ulti-
mately positive, i.e., are all the terms of the sequence positive except possibly for a
finite number of exceptions 7 (Note, likewise, that this problem admits two natural

variants. )

The above three problems (and closely related variants) have applications
in many different areas, such as theoretical biology (analysis of L-systems, popula-
tion dynamics), software verification (termination of linear programs), probabilistic
model checking (reachability in Markov chains, stochastic logics), quantum com-
puting (threshold problems for quantum automata), as well as combinatorics, term
rewriting, and the study of generating functions. For example, a particular term
of a linear recurrence sequence usually has combinatorial significance only if it is
non-negative. Likewise, a linear recurrence sequence modeling population growth is

biologically meaningful only if it uniformly positive.

Related to the Skolem Problem is one of the most fundamental results about
the zeros of linear recurrence sequences, the celebrated Skolem-Mahler-Lech Theo-

rem:

Theorem 1.1 Let (u,)S%, be a linear recurrence sequence over the reals. Its set
of zeros {n : w, = 0} consists of a finite set F, together with a finite number of

arithmetic progressions A; U A, U--- U Aj.

A perhaps surprising observation concerning the Positivity Problem is that
its decidability would immediately entail the decidability of the Skolem Problem,
since u, = 0 if and only if 42 < 0, and we know that the pointwise square of a
linear recurrence sequence is again a linear recurrence sequence. In the worst case,
however, this trick reduces an instance of the Skolem Problem for a linear recurrence
sequence of order k to an instance of the Positivity Problem for a linear recurrence
sequence of order k2 + 1. An immediate consequence of the reduction is the NP-
hardness of all versions of the Positivity Problem. Let us note, however, that no
such reduction is known for the Ultimate Positivity Problem, and therefore that no

non-trivial lower bounds are known for this problem.



In view of the above reduction, it might be natural to consider that the
Positivity Problem has been open since the advent of the Skolem Problem. The
earliest explicit reference that we have found in the literature, however, goes back to
the 1970s: the problem is mentioned (in equivalent formulation) in papers of Salomaa
[16] and Soittola [17]; in the latter, the author opined that “ in our estimation,
[Skolem and Positivity] will be very difficult problems.”

Note that the variants and reductions which we discussed for the Skolem

Problem apply almost verbatim to the Positivity and Ultimate Positivity Problems.

The Positivity Problem considered in this dissertation is to decide whether
all elements of a sequence are nonnegative. In contrast, the Ultimate Positivity
Problem, which asks whether the terms w, are nonnegative for all sufficiently large
n is not of interest here. Deciding the positivity of all sequence elements requires

some further considerations to take care of the initial tail of the sequence.

As mentioned in [9], the Positivity Problem is a natural question and well-
known in a number of situations, such as for matrices and in the Mortality Problem
([16], [17], [8], [15]). A closely related result, the Skolem-Mahler-Lech Theorem,
provides information about when the terms of a linear recurrence sequence are zero
([2], [10], section 2.1.1 of [5]). Another related problem, known as the Orbit Problem,
is, in an equivalent form, a question about simultaneous solvability of a system of

equations in linear recurrence sequences (see section 14.2.3 of [5]).

The Positivity Problem for sequences satisfying a second order linear recur-
rence has already been shown to be decidable by Halava, Harju and Hirvensalo [9],
in 2006; see also [1] and [3]. This means that there is an algorithmic procedure to
decide whether elements in a sequence satisfying a second order linear recurrence

with integer coefficients are nonnegative.

The Positivity Problem for sequences satisfying a third order linear recur-
rence was recently shown to be decidable in [18] by the proposer and her mentor.
The underlying methodology there is based on the fact that the roots of a third

degree algebraic equation with integer coefficients can be explicitly computed, and



in one instance on a result in Diophantine approximation. Similar approximation

results have been used in this context before e.g. in [3] and [6].

The main objective of this dissertation is to prove that the Positivity Problem
for fourth order recurrence sequences is decidable. To attack this problem, we are
guided by the analysis in the third order case. There the procedure involves the

following steps, and in turn necessitates us to handle three particular subproblems.

Step 1: The starting step is to explicitly classify the roots of a third degree

algebraic equation with integer coefficients. This leads us to

Subproblem I: To explicitly classify the roots of a fourth degree algebraic equation

with integer coefficients.

Step 2: Having determined all possible shapes of the sequence elements ex-
plicitly through Step 1, the analysis is to determine signs of sequence and/or related
elements. In some cases, one is confronted with signs of various cosine values, whose
determination involves the use of Dirichlet’s theorem. The corresponding subprob-

lem for the fourth order cases is:

Subproblem II: To investigate the distribution of the values of cos(nf + () as
n varies over the nonnegative integers Ny := N U {0}, where 0,5 € [—m,7) and

6 ¢ {—m,0}. This proof appears in [19].

Step 3: Through our trial and error pilot investigation of the fourth order
case, another difficulty, not confronted in the lower order situations, arises from a

combination of two cosine functions. This leads to

Subproblem III: To investigate the distribution of the values of f(nf + ) as n
varies over the nonnegative integers Ny := N U {0}, where f : R — R is a nonzero
purely periodic function with least period P and 6(# 0) and f3 in the interval [0, P).
This proof appears in [4].



CHAPTER 2

LITERATURE REVIEWS

There is a number of preliminary definitions and results related to our work,
most notable are the determination of the roots of polynomials of small degrees, the
concept of recurrence sequences, the theorem of Dirichlet dealing with the uniform
distribution of multiples of an irrational real number, the previous works of Halava-
Harju-Hirvensalo in the second order case and of Laohakosol-Tangsupphathawat
in the third order case. The remaining sections briefly describe these topics. In
addition, a recent measure-theoretic work of Bell-Gerhold in 2006 enebles us to give
a second and shorter proof of our main theorem through reducing the number of

considered cases by roughly one half.

1 Roots of polynomial equations of degrees 2,3 and 4

General references for results in this section are [7, Chapter 5] and [23]. Let

K be an algebraically closed field.
1.1 Quadratic equations
The discriminant of a quadratic polynomial
q(z) = ax® + bz +ce K[z] (a #0),
is D = D(q) = b* — 4ac.

If g(x) has roots r and s, then D = a*(r — s)?. For example, let K = C and
q € R[z]. Then either r,s € R and D > 0, or r,s € C\R,s =7, r — s is a real
multiple of 7 := v/—1, and D < 0. In this case the sign of the discriminant indicates

whether ¢ are real.

When K does not have characteristic 2, the general quadratic equation
q(z) =0 (a # 0) has solutions
—b+ Vb — dac

2a




1.2 Equations of degree 3

If the field K does not have characteristic 3, a polynomial f(z) = az®+bx?+
cr +d € K|[z] of degree 3 can be put in the form a(z® + px + ¢) by substituting
x — b/3a for x, and we see that p and ¢ are rational functions of a,b,c¢,d. The

discriminant of 23 + px + ¢ is
D = D(z* + pr + q) = —4p® — 27¢%.

If the roots of 23 + px + q are r, s, t, then D = (r — s)?(r — t)?(s — t)?. For example,
let K = C and p,q € R. Then either

er s,t€Rand D >0, or

esay,t € Rand r,s € C\R,s =7 and D < 0.

Hence, the sign of the discriminant indicates whether all zeros of f(x) are real.

The third degree equation 23+ px+q = 0 can be solved by Cardano’s method

when K does not have characteristic 2 or 3. With x = u + v, the equation becomes
(u+v)’+plu+v) +q=1u’+0° + Buv+ p)(u+v)+ ¢ =0.

If arrange so that 3uv = —p, then u? and v? satisfy u?v® = —p?/27 and ud+v® = —¢;

3

hence v/ = u? and v/ = v> are the roots

oy AT VERAPY2T =g V2T
_ ; .

> 2

of the resolvant polynomial z? + gz — p®/27. The roots xy, 19, x3 of 3 + px + q are

is/—q—i— V@ +4p3 /27 i/—q — V@ +4p3 /27
2 * 2

r=u+v=
in which u and v are cube roots of u’ and v’ such that uv = —p/3.

The roots 7y, 9, 3 of the original polynomial ax® + ba? + cx + d are

ri=x;—b/3a (i=1,2,3).



1.3 Equations of degree 4

The roots 71,79, 13,74 of the fourth degree equation
0= f(z) = az* + b2® + ca® + dx + e € K|z (2)

can be found by the following method when K does not have characteristic 2. Sub-

stituting & — b/4a for x puts f(z) = az* + bz + cx? + dx + e in the form

flx —b/4a)

a

g(z) = =zt 4 pr? +qr + 7

We see that p, q,r are rational functions of a, b, ¢, d, e.

Let x1, 29, x3, x4 be the roots of the equation
4 pr? 4 gr 4+ 1= 0, (3)
then z; =r; +b/4a (i =1,2,3,4) and 1 + 22 + 3 + x4 = 0. Let

u = (1’1 - .272)(.’[)3 S 1‘4) = —(.’1?1 + $2)27
v = (1 + 23) (T2 + 24) = — (21 + 75)%,

w = (xl 5 134)(33’2 =d JI;J,) = —(1?1 + ZE4)2;
equivalently,

u = (r; +ry+b/2a)(rs + 14 +b/2a) = —(ry + 15 + b/2a)?,
v =(r1+rs+b/2a)(ry +ry + b/2a) = —(ry +r3 + b/2a)?,

w=(r +ry+b/2a)(ry +r3+b/2a) = —(r1 + 14+ b/2a)*.

To solve (2) and (3), we construct a polynomial of degree 3 whose roots are
u,v,w. Its coefficients are found by computing v + v + w, uv + vw + vw, vvw from
the elementary symmetric functions

Z%’%‘ =, Z TiT;T = —(, T1LaT3Ly = T.
i<j i<j<k
First,
u—i—v—i—w:Zinxj = 2p.

1<j



Next,
uv 4+ buw + vw = E :L‘?l’? +3 E x?ijk + 6212223 4.
i<j j<kij ki
Since
0= E x; g TixTy | = g x?:vjxk + 4x1 297324
i i<j<k j<kij ki
2
2 2.2 2
p° = E x| = g ;T + 2 E T;T Ty + 621227324,
i<j i<j j<kij ki
we have
22xr, = —4 + uw + vw = p* — 4r
irjrr = —4r, uv =p .
J<k;jk#i
Finally,
_ 3.2 3 2.9 2 2.2
uvw = g T; LTy + 2 g T Tl g2 E L%, Bi, +4 g T; X TRy,
ijk B <k<l i<j<k i<jik<t

where it is understood that 7, j, k, ¢ are all distinct in the summation. Now

yo = E Tilj | T1T2X3T4 = E I?I?ZE}CJJ@

i<j 1<jsk<t
2
2 3 2 2
q° = g T ; Tt} = E T; T TpTe + 2 E T; X%y
i<j<k ij<k<t i<jik<l
— - B oES) 2,.2
= T; | T34 = T T T LT %0
ij<k<t i<jik<t
= ( ZT; E Xy E LTl
i<j i<j<k
= > 3 3 +8 ‘a
= Za: T + zs S TiTRTe + x x2 IIJk, T TTe
7.k i;5<k<t i<j<k 1<j;k<l
and it readily follows that
ww = —¢>.

Hence, u, v, w are the solutions of the equation

5 —2pr® + (p* — 4r)z + ¢* = 0. (4)



The polynomial r(z) = 23 — 2pz? + (p*> — 4r)x + ¢* € K|[z] whose roots are u,v,w
is the resolvant polynomial of f(z). Since

u—v=(r1 —x4) (r3 — x2)

u—w=(xr; —x3) (T4 — )

v—w=(r; —13) (T4 — 13),
r(x) and g(z) have the same discriminant. The discriminant of f is

D(f) =a’D(f/a) = a’D(g) = a"D(r).

To solve (3), first solve equation (4) to determine u,v,w provided K does
not have characteristic 3. Then x; + x5 = v/ is square root of —u, z1 +x3 =v" is a
square root of —v, and x; + x4 = w’ is a square root of —w. The square root must

be chosen so that

wv'w' = (31 +2,2) (71 + 23) (11 + 74) = 23 Z z; + Z LT = —(.
i i<j<k
Then
WV =8m by s s =201, U -V — W =k — T — T3 — T4 = 274
and similarly
2y &y — whe 215, —ulE vl W =900y

Thus, the solutions of (3) are

1
x1:§(u'—|—v'—|—w')
T zl(u —v' —w')
) 5
1 / / /
x3:§(—u +v —w')
1
x4—§(—u’—v’+w’),
where uv/'v'w’ = —q. The solutions of (2) are
b 1
rlz—a—i—i(u’—l—v’—kw’)
b 1
r2:—£+§(u/—v/—w’)
b 1
rgz—a—l—é(—u’—i—v’—w’)
b 1
rg=——+ = (—u — v + ).
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2 Recurrence sequences

A recurrence relation is perhaps simplest to describ in the language of count-
ing, [22, Chapter 4]. It is a formula that counts the number of ways to do a procedure
involving n objects in terms of the number of ways to do it with fewer objects. That
is, if uy, is the number of ways to do the procedure with k objects, for k = 0,1,2,.. .,
then a recurrence relation is an equation that expresses u,, as some function of pre-
ceding uy’s, k < n. A sequence (uy,),>0 whose elements satisfy a recurrence relation
is called a recurrence sequence. In this dissertation, we are interested in recurrence

relations of the form
Up = CullasalON, o o e (n > 1) (5)

where 7 € N is a fixed natural number and the ¢;’s are given complex numbers
with ¢; # 0. We also need to be given the first r values ug, uq,...,u,_; in order to
compute the next u,, correctly. The information about the starting values needed to
compute with a recurrence relation is called the initial conditions. Associated with

the relation (5) is the so-called characteristic equation
" =iz -1 —le, =0, (6)

where the left-hand polynomial is referred to as the characteristic polynomial of the

recurrence relation (5). We have, [13, Chapter 4], [5]:

Theorem 2.1 Let ¢1(# 0),¢2, .., ¢p, Ug, Uy, - .., Up—1 De given complex numbers. If

the characteristic polynomial

Qz)=2 -zt - —¢
has k distinct roots aq, s, ..., a; with multiplicities mq, mao, ..., my, respectively,
where
m1+m2+~~+mk:r,
then

r
Uy = Z (ao’j + 1,57 + -+ amjfl,jnmjil) a? (n > 0)7
j=1

where the a;; are computed by solving the system of equations arising from substi-

tuting the r initial values.
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3 Dirichlet’s theorem

For an irrational real number &, our work leads us to deal with the distribu-
tion of the integral and fractional parts of multiples of &, and the following classical

results are well-known, [12], [11].

Theorem 2.2 [12, Theorem 6.3] If € is an irrational real number, then the sequence
{n¢ }n21 is uniformly distributed modulo 1, in particular, this sequence is dense in

the interval [0, 1].

Corollary 2.3 [12, Corollary 6.4] The real number ¢ is irrational if and only if the
points (§), (2¢), (3£), ... are everywhere dense in the unit interval [0, 1], where (z)

denotes the fractional part of the real number .

4 The work of Halava, Harju and Hirvensalo [9]

Counsider a second order linear recurrence of the form
Up, = QUp—1 + buy,_o (0> 3), (7)

where a, b(# 0) are given integers.

2

Lemma 2.4 Let p(x) = 2° — ax — b be the characteristic polynomial of (7) with

discriminant D = a? + 4b.
[. If D> 0, then
u, = AN} + BA3,
where \; # )\ are the real roots of p(x) and

Uy — UO/\Q UO/\l — U

A=Z52 B=

IT. If D =0, then
u, = (A+ Bn)\",
where A = a/2 is the double root of p(z) and

2uq — ugpa
A=uy, B=——.
a
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III. If D < 0, then
U, = AN" + AN,

where A and A are the complex roots of p(z), and A is as in Case L.

Lemma 2.5 If
U, = AN" + AN (n >0)

and A\ € R, then (u,), -, has negative elements.

n>0

Theorem 2.6 The Positivity Problem is decidable for second order recurrence se-

quences.

5 The work of Laohakosol and Tangsupphathawat [18]

Consider a third order linear recurrence of the form
U= Ayt Qoumt ol a3ty 30 (1> 3], (8)

where ay, as, a3(# 0) are given integers. Recall that the characteristic polynomial

associated with the recurrence (8) is

pla) = 2 =a 2° —as® —d3 '€ Z[g].

Following the derivation on pages 169-170 of [7], we start by reviewing some facts.

Write

—a; — 3 —2a3 — 9 — 27
p<x+%>:$3+a$—|—ﬁ, a::¥, 8= asy ;27(11 &3'

Let xq,x2, and x3 be all the three roots of p(x + a1/3). The discriminant of
p(x+a/3)is

D = —4a® — 278 = (11 — 12)* (21 — 23)* (w2 — 23)°.

Proposition 2.7 Let (u,),, be a sequence of integers satisfying (8) with integer
coefficients ay, ag, az(# 0), and initial integral values ug, u1, us. Let p(x) be the char-
acteristic polynomial of (8) whose roots are \; (i = 1,2,3), and whose discriminant

is D = —4a® — 27/3%, where a = (—a? — 3a3)/3 and 3 = (—2a3 — 9aza; — 27a3)/27.
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If D > 0, then A\, Ay, A3 are distinct nonzero real numbers and
u, = AN+ BX5 + CAY (n > 0),

where

. )\2/\3U0 — ()\3 + )\2>U1 + Uo . —)\1/\3U0 + ()\3 + /\1)U1 — U9

A= €R, B= eR,
()\2 — )\1)(/\3 — /\1) <)\2 - )\1)()\3 - )\2)
Aoty — (A2 + Ap)ug + ug
C= eR.
(A3 = A1) (A3 = A2)
(IL1) If D=0 and oo =0, then A\; = Ay = A3 =: A € R\ {0} and
U, = (A+ Bn+Cn*))\" (n>0),
where
A — u [IR® B AT OugIITIL g, TP eV U1 Y2 _p
Y A e BA2 % Rs B W) 202

(I1.2) If D = 0 and a # 0, then p(x) has two distinct real roots A;(# 0) of
multiplicity 1, Ay = A3(# 0) of multiplicity 2, and

U, = AN+ (B+Cn)Ay (n>0),

where
)\Q"LL() - 2)\2’&1 -+ Uy —/\1 (2)\2 == )\I)U,(] -+ 2)\2’[,61 — U9
A="2 R, B = R
(A2 — A1)? Sl (A2 —A1)? e
Aty — (A2 + Ap)ug + ug
C = eR.
Aa(Ag — A1)

If D < 0, then p(z) has one real root A;(# 0), two complex conjugate roots
A2, A3 = Ay € C\R and

u, = ANl + BAy + B\}  (n >0),

where

. )\2;\2U0 — (5\2 + )\2)’&1 + Ug
(A2 = A1) (A2 — A1)

B —)\15\2U0 + (5\2 + )\1)U1 — U2

A eC, B= =
(A2 = A1) (A2 — A1)

eC.
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Lemma 2.8 Let a,b be positive real numbers belonging to the interval (0,1) and
let B and C be two positive real numbers. Consider the following three exponential

polynomials with argument n € NU{0},
P(n) = a" (B~ CW"), Q(n)=a"(B+Cl"), R(n)=a"(~B+Cl").

The following conclusions hold:
(Type F-Z) there are explicitly computable integers Ny € NU{0} and N; € N such
that

sup{P(n); n >0} =max{P(n); No <n < N;};

(Type F+7) sup{Q(n); n =0} = Q(0);
(Type -F+7Z) there is an explicitly computable integer N, € NU{0} such that

sup{R(n); n >0} = max{0,R(n); 0 <n < N,}.

Lemma 2.9 Let ¢,0 € [, m) with 0 ¢ {—m,0}.

(a) If 0 is a rational multiple of 7, then cos(y + n#) is periodic and takes only

finitely many explicitly computable values as n varies over NU {0}.
(b) If 0 is not a rational multiple of 7, then as n varies over NU {0} the range of

values of cos(y + nf) is dense in [—1, 1].

Theorem 2.10 The Positivity Problem is decidable for each sequence of integers

satisfying a third order linear recurrence with integer coefficients.

6 The work of Bell and Gerhold [1]

A sequence (uy)n>0 is called a (linear) recurrence sequence of order k € N if

it satisfies a recurrence relation of the form
Up = 1 Up_1 + G2Up_9 + *++ + ApUp_k (n > ]{Z), (9)

where ay, ..., a; (# 0) are given real numbers. The characteristic polynomial asso-

ciated with (9) is

Char(z) := 2" — a1 2" — - —ap_12 — ay.
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Let all the distinct (nonzero) real roots of Char(z) be \; with multiplicities
a;+1 (i =1,...,r), and let all its distinct (nonzero) complex conjugate pairs of

roots be v; (= |v;]€'%), 7; with multiplicities b; +1 (j =1,...,s). Thus,
ay+ -+ ap +2by + -+ 20, + 1+ 25 = k.

Each sequence element satisfying (9) can be written as

ZP X“FQZQJ ™ (n>0), (10)

where

P(n):=) Ajan® €R[n], Ajq, #0,70: e NU{O} (i=1,...,7),
a=0
bj

Qj(n) = Z | Bjp| cos(pj s+ nb;)n’ € Rin],

b=0

Bj71 :|Bj’1|€i¢j, R 7Bj,b]- = |Bj7b].|€i(pj (?é 0) - C, b]' - NU{O} (] = 1, ey S).

The roots of Char(z) having the largest absolute value are called dominating roots.
Such roots play a crucial role in the positivity of the sequence (u,) as witnessed
in the following result of Bell-Gerhold, {1, Theorem 2|, which helps in reducing the

number of possible cases considerably.

Theorem 2.11 Let (u,) be a nonzero recurrence sequence with no positive domi-
nating characteristic root. Then the sets {n € N: u, > 0} and {n € N: u, < 0}

have positive density, and thus both sets contain infinitely many elements.

Lemma 2.12 Let 61,0, ...,60, be rational numbers in (0,1), and let a;, 3; be real

numbers such that the purely periodic sequence

a, cos(2ml;n + [3;)

HM&

is not identically zero. Then u,, has a positive and a negative value.



CHAPTER 3

FOURTH ORDER POSITIVITY PROBLEM

Consider a fourth order linear recurrence of the form
Up = A Up_1 + 2Uy_2 + A3U,_3 + agun_yg (N> 4), (11)

where ay, as, as, as(# 0) € Z.

We show here that the Positivity Problem is decidable for each sequence

satisfying a fourth order linear recurrence with integer coefficients, viz.,

The Main Theorem: The Positivity Problem is decidable for each sequence of

integers satisfying a fourth order linear recurrence with integer coefficients.

We give two proofs of our main theorem. In order to facilitate the presen-
tation, we proceed by first settling the three subproblems mentioned in Chapter 1.
The first proof of our main theorem is rather long but elementary in nature. It
makes essential use of the root classification presented in Subproblem I. This proof
appears in [21]. The second proof though much shorter is non-elementary in the
sense that some measure-theoretic results of Bell-Gerhold are employed in order to
reduce the number of cases to be considered by one half. It is worth mentioning
that the root classification used in the first proof is not required in the second proof.

This proof appears in [20].

1 Results related to Subproblem I

Following the elaboration in Section 1.3 of Chapter 2, consider a fourth order

linear recurrence of the form (11) (with k& = 4). Its characteristic polynomial is
p(x) =2t — a12® — ap2® —azr —ay = (v — \1) (2 — Ao)(z — \3) (2w — \y) € Z[z] (12)
where \j, Ao, A3, A4 are the fourth roots of p(x). Write

plr+a/4)=s*+ar® +Br+v=(z—x1)(x — ) (x — 23) (2 — 14) € Q[z],



17

where x4, x5, x3, 24 are all fourth roots of p(x + a;/4) € Q[x] and
3a? + 8ay al + 4ayas + Saz 3a} + 16a2ay + 64a,a3 + 256a4
=g o f=s 8 T 256 '

Then, x; = \; —a1/4 (i=1,2,3,4) and 21 + xo + 23 + x4 = 0. Let

u= (21 +@2) (w3 + 24) = — (21 + 22)*, (13)
v = (%1 + Ig)(l’Q + $4) = —(£U1 + $3)2, (14)
w = (21 + x4) (T2 + 73) = — (11 + 74)*. (15)

We construct a polynomial of degree 3 whose roots are u, v, and w. Its coefficients

are found from the elementary symetric functions

E Tilj = «, E Til;Tp = =B, 1727374 =y

i<j i<j<k
by computing
U+ v+ w =20, uw+t uw +vw =a’— 4y, www = —F°.
This polynomial is
q(z) := 2° = 200+ (&> —dy)z +B2= (@—=u)(z — v)(z — w) € Q[]. (16)
Since
u—v="(21 —x4)(x3 — 22) = (A1 = A1) (A3 — \a),
u—w=(x] —x3)(Ts — x2) = (A1 — A3) (Mg — A2),
v—w= (23— T2)(z4 — x3) =(A1 = A2)(Ag — A3),
the three polynomials ¢(x), p(x 4+ a1/4) and p(z) have the same discriminant
D = disc(q) = disc (p(x + a1 /4)) = disc(p)
= 160’y — 4035? — 128a%% + 144a3%y — 274* + 2567 ([23,p. 192])
= (u—v)2*(u—w)*(v—w)
To find the roots x1, z9, x5, x4 of the equation p(z+a;1/4) = 0, we first solve equation
(16) to determine the roots u, v, w of ¢(x) = 0. From (13), (14), (15), setting
T1 + T := u' = square root of — u (17)
x1 + 3 := v = square root of — v (18)

x1 + x4 := w' = square root of — w. (19)
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where these square roots must be chosen so that

wv'w = (11 + 22) (11 + 23) (01 + 74) = 27 le - Z rixjx, = — 0, (20)

i i<j<k
we get
WY W =31 Fay oty =22, —u +0V —w =2,
W= —w =xy— 21 — 13 — 14 =229, — U — 0V +w =224
The solutions of p(x + a1/4) = 0 are given by
T = %(u’ + ' + ') (21)
g 2 ;(u' — v —w) (22)
s = ;(—u' +v" —w') (23)
= %(—u' —v' +w'): (24)

To determine the nature of these roots, we subdivide our consideration into three

cases depending on the signs of D.

Casel: D >0

As seen in Section 5 of Chapter 2, the three roots u, v, w of
q(z) = 2° — 202° + (o> = dy)z + 5% = (x — u) (v — v)(z — w) € Q[z]

are distinct real numbers.

We subdivide into further subcases depending on whether 3 = 0.
L1 3=0.

Then ¢(z) has a zero root, say u = 0, implying by (17) that «' = 0, and so

q(z) = 2(2® — 202 + (o — 47)) = z(2? — (v +w)z +vw) = 2(x — v)(z — w).

I.1.1 o® — 4y > 0. Then v, w have the same sign, distinct and nonzero.
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[.L1.1.1 « < 0. Then v,w are two distinct negative real numbers which
by (18), (19) implies that v’,w’ are nonzero real numbers with v # + w'. By
(21),(22),(23) and (24), we have

1 1 1
T = 5(1}' +w'), o= 5(—1/ —w'), 13 = 5(1/ —w'), x4 = 5(—2/ + w).

Hence, p (z 4 a;1/4) has four distinct nonzero real roots.

[.L1.1.2 @ > 0. Then v, w are two distinct positive real numbers, which by
(18), (19) implies that v' = i, w’ = Qi are purely imaginary with O # £+ © being
two nonzero real numbers. By (21),(22),(23) and (24), we have

1 1
€1 :§(D+@>i, ZE2:—§(D+©)i:f1,
1 1

Thus, the roots of p(z + a1/4) consist of two nonzero distinct purely imaginary

conjugate pairs.

[.1.2 @® — 4y < 0. Then v and w are two nonzero real numbers of opposite
sign, say v € R™ and w € R, which by (18), (19) implies that v’ is a nonzero real

number and w’ = Qi is nonzero purely imaginary. By (21),(22),(23) and (24), we

have
et _ 1 : g
il Q(U T Oy Rry-= é(_v — Oi) = —ay,
1 1
vy = L0 — Ol @y, my= (v + i) =

Thus, the roots of p(z + a1/4) consists of two distinct, nonzero, non-real complex

conjugate pairs.
1.2 3 #0.

Then q(x) = z° — 2ax? + (a? — 47y)z + 3? = (x — u)(z — v)(x — w) € Q] has three
distinct roots u, v, w € R\{0}.

[.2.1 a® — 4y > 0.

[.2.1.1 a < 0. Since the coefficients of g(z) are all nonnegative, by Descartes’

rule of signs, the three roots u,v,w € R™, which by (17), (18), (19) implies that
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u',v",w’ are three nonzero real numbers with

T+ xo=u #+ v = %(x1 + x3),
T+ x9 = # +w = +(11 + 14),

1+ x3 :U';«é:i:w'::i:(x1+x4).
By (21),(22),(23) and (24), we have

1 1
T = é(u’ +0' + '), zo= (v — v —w'),

T3 =

DO | —

(—u' + 0" =), x4 = 5(—u’ —v' ).
Hence, p(z + a1/4) has four distinct real roots xy, @9, x3, 4.

[.2.1.2 a > 0. Since 3* > 0, we know that uvw > 0 and so two roots of q(x),

say u,v, are negative real numbers and one root, say w, is a positive real number,
which by (17), (18), (19) imply that v’,v" € R, v' # £ and w’ = Qi, © € R\{0}.
Thus,
1 , 1 :
% i(u’ + v + Of), 29 = 5(11,’ — v =Og),

(—u' 4+ 0" =Q1), 7y = %(—u' — v+ Op).

| —

&3 —

Since p(x + a1/4) € Q[z], its four complex roots xy, x5, x3, x4 must occur in two
conjugate pairs. From their shapes, there are two possibilities, viz., (Z; = =3 and

Ty = x3) or (77 = x3 and Ty = x). If T3 = @9, then v/ =0, v # 0 and so

1
Ir = §(UI+Z©> € C\R, Ty — ZZ’l, T3 = —X1, Ty = —XT71.

If Z; = x3, then v/ = 0, v # 0 and we deduce that the solutions are of the same

form as in the last possibility, i.e., two distinct complex conjugate pairs.

1.2.2 a® — 4~ < 0. Since 5% > 0, we know that vvw > 0 and so two roots of
q(x), say u, v are negative real numbers, and one root, say w is a positive real number,
which by (17), (18), (19) imply that «',v" € R, v’ # + ¢ and w’ = Qi, © € R\{0}.
The roots of p(x + a;/4) are of the same shape as those in the subcase [1.2.1.2], i.e.,

two distinct complex conjugate pairs.
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Case II: D=0
As seen in Section 5 of Chapter 2, the three roots u, v, w are real numbers and since

D = 160y — 40 3% — 1280292 + 144a3*y — 278* + 2567 ([23,p. 192])

= (u—v)*(u—w)*(v —w),

we must have
u=v Oor u=w Or vU=uw. (25)

Recall that

q(z) = 2° — 202 + (a* — 4y)z + % = (v — u)(x — v)(z — w) € Q[z].
Let o* := —(a? + 127)/3.
I1.1 If o* = 0, then v = —a?/12 and putting this into the expression for D, we get

(% = —8a?/27. Substituting these values into the expression for ¢(), we find that
q(x) = (x — 2a/3)? showing that u = v = w = 2a/3.

II11 If B = 0, then u = v = w = 0. By (17),(18) and (19), we get
u =o' =w = 0. Thus, (21),(22),(23) and (24) yield x; =29 =23 =24 = 0.

I1.1.2 If B # 0, then 3% = —wvw = —u® > 0, so that u = v = w € R™. By
(17),(18) and (19), we get v/ = v" = w’ € R\{0}. Thus, (21),(22),(23) and (24)

. 2.,/ .
yleldxlz%, Ty = 55 =13 = Xy

I1.2 If o* # 0, we have u,v and w are not all the same.

[1.2.1 If 8 =0, then wvw = 0; without loss of generality, assume u = 0.
By (25), we deduce v = v = 0. From the shape of ¢(z), we must have o® — 4y = 0
and w = 2a. By (17),(18) and (19), we get

v =1 =0, w = square root of — 2,

so that (21),(22),(23) and (24) yield 1 = w'/2 = x4, 3 = —w'/2 = x3. Clearly,
a # 0, for otherwise u = v = w = 0. Let r = 31/|—2a| € R\{0}. Taking into
account that « can be either positive or negative, we find that there are two possible

set of solutions

{z1, 29, 23,24} ={r, r, —r, —r} or {ir, ir, —ir, —ir}.
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I1.2.2 If g # 0, since § € Q, we deduce that —uvw > 0 so that two elements,
say u,v € R\{0}, are of the same sign (and so by (25), u = v), while w € R\{0}
is negative. If u =v € R™, w € R7, then (17),(18), (19) show that ' = v/, v’ €
R\{0}. Thus, (21),(22),(23),(24) yield four real roots

1 ! 1
Ty = 5(21/ +w'), o= —% =23, Ty = 5(—21/ +w').
Apart from zo9 = x3, all other roots are distinct for if 1 = x5, then v/ = —w’

implying that (v =)u = w, contradicting the fact that all three roots are not the
same; if x1 = x4, then ' = 0, implying that v = v = 0 which contradicts § # 0;
if x5 = x4, then ' = ' implying that (v =)u = w, again a contradiction. If
u=v €R" we R, then (17),(18), (19) show that w’' = 2WW; € R\{0}, and we
have v’ = +v" =irg (ra € R\{0}). If &' = ¢/, then (21),(22),(23),(24) yield

{1, oy x3, 4} ={W1 +iro,  — W4, =Wy, W —irs},
while if v/ = —v', we get

{z1, T2, @3, 4} ={W1, —Wi+iry, — Wi —iry, Wi}
Clearly, x1 # zo, &1 # x4, T2 # x4 in both situations.

Case II1I: D < 0

As seen in Section 5 of Chapter 2, ¢(x) has one real root and two complex conjugate

roots, say u € R, v =w € C\R.
III.1 8 =0 (so that uvw = 0).

If u+# 0, then v = w = 0, contradicting v = w € C\R and so we must have
w = 0. Thus, (17) yields ' = 0. Since v = w, (18) and (19) show that either
v =w € C\Rorv = —w € C\R. As (21),(22),(23) and (24) are symmetric
in v and w', we can assume that v/ = w' = r3 +iry (r3,rq(# 0) € R), as the
other alternative yields roots of the same shape. Thus, (21),(22),(23) and (24) yield
=W +w)/2 =15 =—x9, w3 = —w)/2 =iry = —x4. Here, r5 # 0, for

otherwise x1 = x9 = 0 implying D = 0 which is a contradiction.
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II1.2 8 # 0 (so that u € R\{0}).

o If u <0, then v/ = r € R\{0}. Similar to the last case, we can assume
that v' = w’' = 73 +iry (r3,r4(# 0) € R), as the possibility ' = —w’ yields roots of
the same shape. Thus, (21),(22),(23) and (24) yield

x1 = (r+2r3)/2, x9 = (r —2r3)/2, 3 = (—r +1i2r4)/2, x4 = (—r —i2ry)/2.

Here again r3 # 0 (so that x; # x3), for otherwise x; = x5 implying D = 0, a

contradiction

o If w > 0, then ' = ir (r € R\{0}). Again by choosing the sign of «’
appropriately, we can assume that v/ = w’ = r3 + iry (r3,r4(# 0) € R). Thus,

(21),(22),(23) and (24) yield
21 = (2rs +1ir)/2, x2 = (—2r3+1ir)/2,
i3 w5 21) /2, 4 = W €T 27 )i 2N

Since p(x + a1/4) € Q[z], its four complex roots xi,zy, x5, 24 must occur in two

conjugate pairs. From their shapes, there are two possibilities, viz., Ty = x3 or

T1 = x4. In either case, we deduce that r, = 0, a contradiction. There is then no

solution in this case.

From the above information about the nature of the four zero of p(z +a,/4),

we deduce the following result about the four zero of p(z).

Theorem 3.1 Let

p(z) =2 — a12® — asx® — azr — ay

=(x — M\)(x — X)) (z — A3)(x — \y) € Z[z], a4 #0,

p(x+ai/4) =2+ o’ + o+ = (v —21)(x — 23)(x — 23) (2 — 24) € Q[z],

a__3a%+8a2€(@ a*.__oz2+127€@
B 8 ’ o 3 ’
5 _a‘I’ - 4a18a2 + 8as cO, = _3@‘11 + 16a2as —;—5%4%@3 + 256a, 0.

D = disc(p(z)) = disc(p(z + a1 /4))
= 160ty — 4033? — 1280292 + 144a 5%y — 276* + 2567° € Q.

Then the nature of the four zeros of p(x) can be classified as displayed in Figure 1.
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|a <0 |—>| four distinct nonzero real numbers|

=
2 _4v>0

a > 0 —{two distinct nonzero complex conjugate pairs

e
5=0
™~

a?—4y <0 two distinct nonzero complex conjugate pairs

/| a<0 |—>| four distinct nonzero real numbers|

a? —4y >0
52 O/ a > 0 —{two distinct nonzero complex conjugate pairs
~N
a? — 4y <0 two distinct nonzero complex conjugate pairs
620 /\1:)\2:)\3:>\4€R\{0}
a* =0
ﬁ#() )\1,)\2:A3:)\46R\{0}
{)\1,)\2,)\3,)\4} = % +7’,%+T,241 —T’,Z—l—r};
D = 0] S~ '}
5=0
/ {)\1,)\2,)\3,)\4}: gj‘i‘Li,%‘i‘lf,%—Z?”,Z—l—Z?”},
o #0 re C\R
\ )\1,)\2:>\3,>\4 ER\{O}
PAEOF—

/\2:)\3 ER\{O};/\l,/\4:5\1 GC\R

two distinct real roots and two complex conjugate roots

Figure 1: The nature of the four zeros of p(x).
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Using the information about the four zeros of p(z), we now summarize the

shapes of the sequence elements.

Theorem 3.2 Let {un}nzo be a sequence of elements satisfying a fourth order linear

recurrence of the form (1), let
p(z) =2t —a12® —ar® —azr —ay = (x =\ (2= Xo)(x = \3)(x — \y) € Z[x], a4 # 0,

be its characteristic polynomial having Aq, ..., A4 as all its (non-vanishing) zeros and
let D be the discriminant of p(z). Then the general term of the sequence takes one

of the following forms displayed in Figure 2.



D >0

D<0

C(r1r2r3r4)

U = AN + BAZ + CAI + DA?

C<Z121Z222)

Up = AN + AX? + BAD + BAZ

u, = (A+ Bn+ Cn? + Dn®)\}

C(ry)

7

Clrird)
Up = AN} + (B +Cn + Dn?)\}

/

C(rfr3)
Up = (A + Bn)AT + (C + Dn))3

C(z%7?)
U, = (A + Bn)\"+ (A+ Bn)\"

i

C(r1r2r§)

up, = AN} + BAY + (C' + Dn) A}

N

U, = (A+ Bn)A? + C\8 + O\

C(r3izz)

C(rirazz)

U, = AN} + BA} + CA} + CA}

Figure 2: The general term of the sequence.
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The coefficients of the sequence elements are determined by solving the system

arising from substituting the four positive initial values, and we have the following

results.

In the case C(rirarsry), we have u,, = AN} + B} + CA} + DA}

A(T1T27’37’4) = (/\2 —

A A(T1T27’3T4) = )\2)\3)\4 {)\2)\3()\3 -

— {5 (A5 — o)
+ {As(N] —

— {RAs(As — ) —
B A(ryrarsry) = —AAsAg {1 A3( X3 —
+ {0 =)~
— {MAs(A5— A]) -
+ {A3( A3 — \p) —
C A(rirarsry) = M Ao {M Aa(Ag =
— {80 —N) -

o 2

—{ A (A2 = A1) —
D A(T1T27’37’4) = —)\1)\2)\3 {)\1)\2(/\2 i

+ {AIN (0 — A1)

- {/\1/\20\% —A}) —

+ {)\1)\2()\2 — )\1)

In the case C(212122%), we have u,, = AN} + AN? + BAD + B}

A(le_lng_g) = (5\1 — )\1)(/\2

A A(le_lzgz_g) = 5\1)\25\2 {5\1/\2(>\2 -

- {5‘%)‘3()\2 -

+ {5\1)\20\% - A]) -
— {5\1)\2(/\2 — /_\1) —

A3) =

Ap) —

= AiAs5(As

— M) (e = M) (hg —

5\1) —

(n > 0), where

A)(A3 = A (A = A1) (A — A2)(Ad — A2) (Mg — Az) € R\{0},

)\2) — )\2)\4()\4 - )\2) + )\3)\4()\4 - )\3)} Uop

— )\%)\Z()\;l — )\2) + /\%)\i()q — )\3)} Ui

oA (A2 = A2) + A A (A2 — A2) }
AoAs(As = A) + Ashi(hs — Ag)} g € R,
) — A = Ad) 4 Asha(Ag — Ag) o
AT = A1)+ AN (A — Xs) fn

A3) )

)\1)\4()\4 e )\1) -+ )\3/\4()\4 — )\3)} Us € R,

A3 —92) S0 0
)\1) = )\1)\4()\4 — )\1) + )\2)\4()\4 . )\2)} Uo
— )\2)} Ui

AT = X)) + M\

A% — M)+ dodi(As— M)} us € R,
A1) < A a8 — A1) 4 Asds(As — Ao)} o
= A1) + AN (A3 — o) F g
}u2

AAs(A2 = A2) + AaAg (A2 —

— )\1)\3()\3 — )\1) + )\2)\3()\3 — )\2)} ug € R.

(n > 0), where
M) (A2 — M)Az — Ag) € R\{0},
)\2)} U

— A1) F AN (g — )\2)} Uy

) s

/_\15\2<5\2 — 5\1) + )\2)\2(/\2 — /\2)} Usg € C,

) = Ade(a = A1) + Aodo (A
A (A

MA2(A3 — AT) + Aada (A3 —
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B A(21,271222'_2> = )\15\15\2 {)\15\1(5\1 — )\1) — )\15\2(5\2 — )\1) + 5\15\2(5\2 — 5\1)} Uo
— {NMAT(A = A1) = ATAS (A2 — M) + A (Ae — A1) f
D2 A2 = A2 — %) A de(2 — X)) u

— {)\15\1(5\1 — )\1) — )\15\2(5\2 — )\1) + 5\15\2(5\2 — 5\1)} Us € (C .

In the case C(r}), we have u,, = (A + Bn+ Cn® 4+ Dn*)\? (n > 0), where

A(r}) = 12X5 € R\ {0},
AANTD) =12X8u0 € R, B A(r}) = —220%u + 36XJu; — 18\ Juy + 4\3u3 € R,
C A(r}) = 1205ug — 30AJu; + 24\ fug — 6X3us € R,
D A(r}) = —2X0ug 4 6X3u; — 6ATus + 20 3uz3 € R

In the case C(ri73), we have u, = AN} + (B + Cn + Dn?)\y (n > 0), where

A(rird) = 203(A5 — 3M\ A3 + 3ATAe — 2)%) € R\ {0},
A A(r173) = 225up — 6)\5u; + 6 qu — 2)\5u3 € R,
B A(rir3) = =223 (302 4+ A2 — 3\ \g)ug + 6A3u; — 6X\ug + 2)\3ug € R,
CA(r173) = MA3(5Ay — 3X) Az = Ap)ug = A5(5A5 — 9IAIAg + 423)uy

i )\2(8)\% — 9)\1)\% G )\?)UQ = )\2(3)\2 - )\1)()\2 — )\1)U3 € R,
D A(ri73) = =228 (Xoe APPug HX2(8 —302 X0 +223)u,
— A2(223 — 3XgAs + MDug + Ae(Ag — M) %us €R.

In the case C(r?r3), we have u, = (A + Bn)\} + (C'+ Dn)\y (n > 0), where

A(rir) =X (A — M)* € R\{0},
A AT =203 (N\g — 3M1) (M2 — M)ug + 6X2X2 (g — A\
— 30 A (A2 = M)uy + 20 M ( Ny — \)us € R,
B A(rir3) = — M3 Ao — A1) 2o + A3(207 — 3A3 g + A3y
— Aa(A3 = 3NA3 4+ 22X ug + Aa( Ay — Ay)Pus € R,
C A(2r2) =X30(3X2 — A1) (A2 — Mg — 6A2A2(Ng — Ay
+ 30 A (A2 = M)uy — 220 00 (N2 — A )us € R,
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D A(r3r3) = — X Xa(Ay — A)2ug + AT(A] — 3A13 + 205wy

— )\1(2)\:{) — 3/\%)\2 + )\%)Uq + )\1()\2 — )\1)2’&3 eR.

In the case C(22z%), we have u,, = (A + Bn)\} + (A + Bn)A\}? (n > 0), where

A(Z%2%) =M (A — M) € R\{0},
ANZZY) =X A3 (A = 3A) (AL — A)ug + 6AIAE (A — Ay
— 3N A (A2 = AD)uy + 200 (A — \)us € C,
B A(222%) = — M3 (A — M\)%ug + AT(2A3 — 3AIA + Ay
— A (A3 = 3T F 20wy + A (A — A)Puz € C.

In the case C(r17973), we have u, = AN} + B} +(C'+ Dn))\; (n > 0), where

A(rirard) = Ao X3(As= )% — A3 (A3 = A2+ AA2A5(3A3 — 2)0)

LA ZD2 (3o 4 2)0]) AP (O 30\ ke I\ Wl

A A(rirar) = daAd(Xs — Xg)2ag = A3 (A3 4223 — 3A2)\5)uy
+A3(2A3 + A3 — 3 Auz — A3(As = Ao)%uz € R,

B A(r1mor3) = =203 (A3 — Ao + A5O3 + 203 — 333y
I 095 =3\ (2 )us + AR 9l R,

C A(r1rar2) = Mdads A (e — A1) — A As(3As — 2A1) + AaAs(3hs — 2Xs) Y ug
— {30303 = 2X1) + MA3(BXAs — 2X0) g
+ {=MA3(3A] — AD) + AaA3(3A5 — A3) fua
— {1 A3(205 — A1) + Aads(2Xs — M) us € R,

D A(rirar2) = =M dods {Aa(Aa — A1) — AAs(As — Ar) 4+ Aads(As — Ao) Yo
+ {AIN (A2 = M) = AN (A5 — A1) + AN (A5 — M) g
= A (AF = AT) = MAs(AF = AD) + AaAs(A3 — A3) }us
+ {0 Ag = A1) = MAs(As — M) + Aads(As — Ao)Jug € R,
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In the case C(r?z2z), we have u, = (A + Bn)\} + C\y + CA3  (n > 0), where
A(r?22) = A3 0 (Mg — A)% = X — A)? + AA202(0 — \y)
— AN AZ(202 — 3A1) + A2A3N2(2)0 — 3);) € C\{0},
A A7 zz) = MAods {0 a(220 — 3A1) — Ao (2h — 3A1) + Ao (A — Xo) b ug
— {AIA3 (202 — 3A1) — ATAS (200 — 3M\1) by
+ {NA2(A3 = 3AT) — MiAa(A — 3A]) } s
— {MAa(X2 — 201) — Mda (Ao — 2X\1) fug € C,
B A(r{zz) = =M de {0 (A2 — A1) — MAa(Xa — A1) + Mada(Ao — Xo) Fug
+ {0 = A1) = AA5(As — M) + MAS (A — Xo) by
— {AA2(A5 = AD) = M (A5 = AD) + (A3 — A3) } e
+ {2 (Ae — M) = A (o= A) + Ade(Ag — Ao} ug € C,
C A(r222) = Ml h = Xo)%ug — A2(A3 — 32122 T22d)u;,
+ A1 (203 — 3\ g + Ad)ug — A (A1 — Ao)%uz €C.

In the case C(r;7322), we have u,, = AN + BA} + CA} +CA2  (n > 0), where
A(rir222) = (A2 — M)(As — A1) (As = A1) (As — A2)(As — A2)(As — A3) € C\R,
A A(rir222) = Xadsds {AoA3(A5 = Aa) — Aads(A3 = A2) + A3As(As — A3) }ug
— {3 (As = X2) = A3A3(Ag = A2) + AN (s — Ag) f
+ {2303 = A3) =M As (A3 — A3) + AsAs (A3 — A3) } g
— {As(A5 — A2) = AaA3(As — A2) + AsAs(As — A3) us € C,
B A(rir222) = =M AsAs {MAs(As — A1) — MAs(As — A1) + Ashs(As — As) Fug
+ NI — A1) = AT (A — M)+ BN — Aa)
— {AAs(A3 = AT) = MAa(A] = AD) + Aads (A3 — A3) fus
+ {As(A3 = A1) = MAs(As — A1) 4+ AsAs(As — A3) us € C,
C A(r1r222) = MAads { M A2(As — A1) — MAs(As — A1) + Aads(As — Xo) fug
— {3 = A1) = AT (A — M)+ A (A5 — Ao) b
+ {2 (A = AD) = MM = AD) + Aads (A3 — A2) P ue
—{ (Mo = A1) = MAs(As — A1) + Aads(As — Ao) pus € C.



31

2 Results related to Subproblem II

Let 6,3 € [—m,m) and @ ¢ {—m,0} . The distribution of the values of cos(nf+
() as n varies over the nonnegative integers Ny := NU{0}, has been of much interest
recently. To mention one instance, in the course of establishing the positivity of
elements in a binary sequence, it is shown by Halava, Harju and Hirvensalo [Lemma
2.5, using elementary means that the inequality cos(nf + ) > 0 cannot hold for
all n € Nyg. We endeavor here to carry out two particular tasks. In the next
subsection, we improve upon the above-mentioned result of Halava-Harju-Hirvensalo
by showing that both positive and negative values occur infinitely often. When 6 is
not a rational multiple of 7, through the use of a theorem of Dirichlet in Diophantine
approximation, we show even more that the value set of such cosine function is dense

in the closed interval [—1,1].

Our second task arises from a result of Bell and Gerhold [Lemma 2.12],
dealing with a linear combination of cosine functions which states that:
let 61, ...,60,4 be rational numbers in the open interval (0, 1), and let «;, 3; be real

numbers such that the purely periodic sequence

d
Uy, Z a; cos(2mO;m + [3;)
=1

is not identically zero. Then the sequence (u,) takes both positive and negative

values.

We shall obtain more information about the periodicity of the sequence (u,).
We show that the least period of the sequence (u,) is exactly equal to T', the least

common multiple of the denominators ¢4, ..., t4.
2.1 Positive and Negative Values

We begin with a result on negative values. For an angle v, it is convenient
to use the phrase v mod (—m, 7], when we mean an angle v, € (—m, | for which
v = 7 mod 27. Clearly, the method employed here can also be adapted to examine

the values taken by other trigonometric functions.
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Proposition 3.3 Let 6,3 € [—n,7m) and 0 ¢ {—m,0}. There are infinitely many
n € Ny such that cos(nf + 3) < 0.

Proof. Assume that there are only finitely many n € Ny, say nq,...,ny such that
cos(nf +p0) <0 (n=ny,...,ng).

Thus,
cos (((np + )8+ B) + kb) = cos ((np, + 1+ k)0 + 3) >0

for all £ € Ny, which contradicts the result in Lemma 2.5 when ¢ is replaced by
(np+1)0 + [ mod (—m, 7. O

Proposition 3.4 Let 0,5 € [-m,7) and 0 ¢ {—7,0} .
(1) The relation cos(nf + 3) < 0 cannot hold for all n € Np.
(ii) There are infinitely many n € Ny such that cos(nf + 3) > 0.

Proof. (i) Assume that cos(nf + ) < 0 for all n € Ny, which implies that for each
n € Ng,
n0+ﬁe’F§z+k%g%;+k%ﬂ,
for some k € Z. Then g € [-7,—7/2] or § € [7/2, 7).
If 8 € [-m,—m/2], since | 8] < 7, we have

—3r —m

0 — .

+ﬁe[ 7 b 2}

Inductively, we obtain nf + g € [-37/2, —m/2] for all n € Ny. Since 6 # 0, this
implies [nf 4 5| — oo (n — o0), which is a contradiction.

If g €[n/2,m), since |f| < m, we have

T 37
0 — —.
+5e{2,2}

Inductively, we obtain nf + 8 € [r/2,37/2| for all n € Ny. Since 0 # 0, this implies
|nf 4+ 5| — oo (n — o0), which is again a contradiction.

(ii) Assume that there are only finitely many n € Ny, say nq,...,np, such that
cos(nd+05) >0 (n=mnq,...,ng).

Thus,
cos (((np +1)8 + B) + kb)) = cos ((np, + 1+ k)0 + ) <0
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for all k£ € Ny, which contradicts the preceding lemma when /3 is replaced by
(np +1)0 + 5 mod (—m, . O

Next, we derive more information by invoking upon a result in Diophantine

approximation known as the Dirichlet approximation theorem.
Theorem 3.5 Let 6,3 € [—m,7) with § ¢ {—m,0}.

(a) If 0 = s/t (s € Z, t € N, ged(s,t) = 1) is a rational multiple of 7, then the

sequence (cos(nf + 3)),ey, 1s purely periodic.

Moreover, if s is even, then the least period of the sequence (cos(nf + 3)),,cx,

is t, while if s is odd, then its least period is 2t.

(b) If 6 is not a rational multiple of 7, then as n varies over Ny the range of values

of cos(nf + () is dense in [—1, 1].

Proof. (a) Since the cosine function is periodic of period 27, the sequence
cos(nf + 3) = cos (TLtﬂ - B) (n € Ny)

is purely periodic with at most 2¢ values in a period, corresponding ton = 0,1,2,.. .,
2t — 1, namely,

cos 3, cos(?—l—ﬂ), Cos<2—i7z+ﬁ>,..., cos(wjtﬂ),

If t = 1, then either § = 2k7 or 8 = (2k+ 1)7 for some k € Z. In either case,
0 & [—m,m)\ {—m,0}, and so there is nothing to consider.

Let now t > 2. If s is even, say s = 2k, then ¢ must be odd and the sequence

2nkm
t

cos(nf + ) = cos ( + ﬁ) (n € Np)

is periodic of period t with values in each period being

cos 3, cos <2]€Tﬁ+ﬁ), cos (LUCTWJrﬁ),.--, Ccos (M‘Fﬁ).

If ¢ is not the least period, let its least period be . Thus ¢ | t, ¢ <t and

cosﬁ:cos(ﬁ—l—ﬁ), CoS (%Tﬂ—i-ﬁ) :cos(w+ﬁ>,m
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The first equality yields two possibilities

2k¢
Tﬂ——f—ﬁ:QN?T:tﬁ for some N € Z.

The possibility 2kér /t+5 = 2N+ yields Nm = kéx /t, which is impossible because
t 1 k¢, t > 3 and so only the other possibility can hold which yields f = Nm — kfr/t.
Similarly, the second inequality yields f = Mn — 2kn/t — kér/t for some M € Z.
Equating the two values of 3 gives (N — M )m = —2kn /t which is not tenable because
t 1 (2k) for t > 3. Consequently, ¢ is the least period.

If s =2k + 1 is odd, then the sequence

n(2k + 1)m

cos(nf + ) = cos ( -

+5) (n € Ny)

is periodic of period 2t with values in each period being

cos 3, cos ((EltrtlJ —i—ﬁ) , COS <M —l—ﬂ) ,

t

”m%<@t—nfk+nw+ﬁ>'

It remains to show that 2¢ is the least period in this case. If 2t is not the least

period, let the least period be m. Thus m | 2t, m < 2t and

cos 3 = cos (—@k +t1)m7r A 5) )
C%<Qﬁ%ﬁﬂ+ﬁ>:C%(@k+nyn+Uw+ﬁ)V“

The first equality yields two possibilities

(2k + 1)mnm
t

The possibility (2k + 1)mn/t + 3 = 2N7 + [ yields N7 = (2k + 1)mn/2t, which

+ 08 =2Nm+ 3 for some N € Z.

is impossible because 2t 1 (2k + 1)m, t > 2 and so only the other possibility can
hold which yields 25 = 2N7 — (2k + 1)mn /t. Similarly, the second inequality yields
206 =2Mn—2(2k+1)r/t — (2k+ 1)mn /t for some M € Z. Equating the two values
of G gives (N — M)m = —(2k + 1)m/t which is not tenable because ¢ { (2k + 1), for
t > 2. Consequently, 2t is the least period.

(b) Assume that € is not a rational multiple of 7, say § = ¥- 27, where ¥ € R\ Q.
Writing

V=[] +¢,
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where [¢] denotes its integer part, and & := {¢} € (0,1) denotes its fractional part

which must be irrational, for n € Ny, we have
cos(nf + ) = cos(n2m + ) = cos(2ném + ) = cos ({né} 2m + ) .

Since ¢ is irrational, by the Dirichlet’s approximation theorem, see e.g.
Corollary 2.3.2, we know the set {{né}; k € N} is dense in [0,1]. Consequently,
the set {{n&}2m; n € N} is dense in [0, 27|, implying that the range of values of
cos ({n&}2m + B) (n € N) is dense in [—1,1]. O

When 6 is a rational multiple of &, the values in a period can be distinct or

otherwise as seen in the next example.

Example 1. Take § = s7/t = 27 /3, 8 = 0. The sequence

2nm
(Un)neN, = <cos (T))
neNy

is periodic of length 3 with each period being
cos(0) =1, cos(27/3) = —1/2, cos(4n/3) = —1/2,
showing that there are exactly 2 < 3 =t distinct sequence values.

Example 2. Take § = s7/t = 2n/3, 5 = w/2. The sequence

2
(U’n)nGNo s <COS (z B nﬂ_))
2 3 neNg

is periodic of length 3 with each period being

T T 27 V3 T A4r V3
Ccos <§> =0, cos <§ + ?) =5 s (5 + ?) =50

showing that there are exactly 3 =t distinct sequence values.

2.2 Linear combination of cosine functions

In this section, we consider a linear combination of cosine functions. Such

expression is always periodic as we now see.

Theorem 3.6 Let 0 = s1/t1,...,0q = sq/tq (sr,t, € N, ged(s,,t,.) = 1) be rational

numbers in the open interval (0, 1) and let a,., 3. be real numbers such that the purely
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periodic sequence

d
Uy = Z a, cos(2m0,.n + 3,.)

r=1

is not identically zero. Let T := l.c.m.(t1,...,tq). Then the least period of the

sequence (uy,) is a divisor of 7.

Proof. As seen in the proof of Theorem 3.5, the sequence

d
Uy = Zar CoS (27171‘? + @) (n € Np)
r=1 r

is purely periodic with a period 7" and the values in such a period correspond to

ne€{0,1,2,...,T — 1}, namely,

d d d

S, S
d "a,co8fr, > agcos (20 4B ), Y apcos (4r 45, )
TZloz s 7:10[ b(ﬂ'tr—l—ﬁ) 7:104 <7Ttr+6>

d
i Zar oS <2(T - 1)7rjl + ﬁr)
= L
O

From Theorem 3.6, there arises the natural question of determining when T
is the least period. A rather surprising fact that 7' is always the least period of such
sequence is now proved. To proceed further, let us note the following useful fact.

Since

7
Z exp(2imns, ft.) =0,
n=0

it follows that ZZ;& U, = 0.

Theorem 3.7 For r € {1,2,...,d}, let
Spfte (sp,t. €N ged(s,, t,) =1)

be rational numbers in the unit interval (0,1) and let «,.(# 0), 3, be real numbers.

If the purely periodic non-identically zero sequence (uy,)nen, is defined by

d
2Tns,
un:Zarcos< 7; —|—ﬁr>,
r=1 r

then its least period is equal to T := l.c.m.(tq, to, ..., tq).
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Proof. Let ¢ be the least period of (u,). Since ¢ | T, let T' = (L for some L € N.
We proceed to prove the theorem by induction on d.

The case d = 1 is contained in Part (a) of Theorem 3.5. Assume now that
d > 2 and that the theorem holds up to d — 1.

If t, | £ for every r € {1,2,...,d}, then ¢ =T and we are done.
Suppose then that not all of the t,’s divide £. If there are some ¢,’s that divide ¢ and
some t,’s that do not divide . Without loss of generality, assume that ¢ is divisible
by t1,ts, ..., tm, but not divisible by t,, 41, tmi2, - . ., tqg for some m € {1,2,...,d—1}.

For k, 7 € Ny, we have

L1 L-1 d M
uj—Zukgﬂ-—ZZarcos< T(k€+])+ﬂr>

F=0 &= r
—Zachos( P j—l—ﬁ,)
r=1
i
A Z o, Re (Z ( mrsr kf—{—j)%—@ﬁ,))

r=m+1 =
+a)

—LZar COS (

0. 1 —exp(2imlLs, /t,)
1 Z O Re (eXp ( + ﬁ’") — exp (2Z7T£ér/tr> )

r=m+1 d

=L Z @y COS ( ﬁr> :

Thus, u; = > " | a, cos (ztﬂ—sj + ﬂr>, which shows that u, has m < d—1 terms, the

induction hypothesis finishes this case.
If none of the t,’s divides ¢, the same argument as in the last steps shows

that u,, = 0, which is untenable. 0

We remark that the above proof can clearly be applied, with appropriate

adjustments, to certain other trigonometric functions and/or periodic functions.
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3 Results related to Subproblem II1

Let f : R — R be a nonzero purely periodic function with least period P. For
6 (# 0) and b both belonging to [0, P), the distribution of the values of f(nf+b) for
certain specific functions f, as n varies over the nonnegative integers Ny := NU {0},
has been of much interest recently. In the course of establishing the decidability
of the positivity problem for binary sequences, Halava, Harju and Hirvensalo have
shown that the inequality cos(nf+b) > 0 cannot hold for all n € Ny [Lemma 2.5]. In

above section, it is shown that the sequence (cos(nf + b)) takes infinitely many

n€ENg

positive and negative values.

Here, we derive similar information about the values of f(nf+0b) for general f.
First, when ¢ is a rational multiple of P, we show that the sequence (f(nf +0)),cn,
is purely periodic. When 6 is not a rational multiple of P and f is continuous,
through the use of a theorem of Dirichlet in Diophantine approximation, we show
that the set of values of f(nf + b) is dense in the range of f. Next, we deal with a
linear combination of f(nf + b)’s with rational 6. Let 0, = s1/t1,...,04 = s4/tq be

rational numbers, written in reduced fractions, in the open interval (0,1), and let

a; € R, b; € [0, P) be such that the purely periodic sequence (uy,),en, defined via

d

i=1
is not identically zero. When f is the cosine function, the least period of (uy)nen,
is shown in the above section to be equal to 7', the least common multiple of the
denominators of t1,...,t;. This is, however, not true in general as seen in the

following example.

Take f(x) = cos? z, a function with least period 7. The sequence

(f(mn/2) + f(xn/2 + 7/2)),en,

is constant and so is purely periodic of period 1 # 2 = l.c.m.(2,2). It is thus natural

to ask when the least period of (uy)nen, is equal to T. Under the condition

Tif(?Jrﬁ) =0, (26)

n=0
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forall 7 € N, 7 > 2 and all § € [0, P), we show that the least period of the sequence
(Un)nen, is exactly equal to T'. The same conclusion holds if

T

E_I:f(?+ﬁ)=0 (27)

forall7 € N, 7> 2,7 | T'and all 5 € [0, P). Note that (26) is a condition on f itself
whereas (27) depends on both the function f and the rational numbers 6y, 05, . .., 0,.

In the last section, examples are given to illustrate the use of our main results.
3.1 A single function
We begin with some consequences of the two conditions (26) and (27).

Lemma 3.8 Let f: R — R be a nonzero purely periodic function with least period

Pandlet b e [0,P). If s,t € N, ged(s,t) =1, then
1 1
P Ps
Zf(—tﬁﬂ)): f(—tﬂljtb).
0

n=0 =
Proof. Since ged(s,t) = 1, the set {0,s,2s,...,s(t — 1)} is a complete residue

system modulo ¢. By the periodicity of f, it follows that

{f(b),f<];+b>,...,f<(t;tl)£+b)}
:{f(b),f($+b)7-'-’f<(t‘_#+b>}

for any s € N with ged(s,t) =1, and the result follows. O

We remark that if (26) holds for some fixed 7 = ¢ and fixed § = b, then
Lemma 3.8 and the periodicity of f together show that

kt—1

P
Zf(ﬂ+b)=0 (28)
n=0 ¢
for any k € N.

Lemma 3.9 Let f: R — R be a nonzero purely periodic function with least period

P, bel0,P)andt,T €N. If
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holds for some fixed ¢ > 2 and ¢ | T, then
T-1
P
Zf( f"+b)_o (29)
n=0

holds for all s € N with ged(s,t) = 1.

Proof. Let T'=tm (m € N). By the periodicity of f, we have

t—1

() B ()0

n=0
Lemma 3.8 thus implies that S0 f (Psn/t +b) = 0 where for s € N with
ged(s,t) = 1. The desired result follows at once by the preceding remark. O

Theorem 3.10 Let f : R — R be a nonzero purely periodic function with least
period P and let b € [0, P).

(a) If 0 = sP/t (s € Z, t € N, ged(s,t) = 1) is a rational multiple of P, then the

sequence (f(n0 +0)), oy, is purely periodic.

Moreover, if f satisfies the condition

Z f (a ™ ﬁ) (30)

forall 7 € N, 7 > 2 and all g € [0, P), and the sequence (f(nf + (3)) is not

identically zero, then its least period is equal to ¢.

(b) If 6 is not a rational multiple of P and f is continuous, then as n varies over

Ny, the set of values of f(nf + () is dense in the range of f.

Proof. (a) Let u, = f(nsP/t +b). For each k, m € Ny, since

the sequence (“n)neNO is purely periodic with period ¢.

Let £ be the least period of (uy),cy, and assume that £ <t, ¢t > 2. Being
the least period, it is easily checked that ¢ | ¢ and since ged(t/¢, s) = 1, the validity
of (30) implies that of (28) which in turn shows that

t—1 i—1 .
(k0 + kPs Ps
tug = D s = Zf( = > Zf(t/e e +b>:0
k=0

=0
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for any j € Ny. contradicting the fact that the sequence is nonzero.
(b) Assume now that 6 is not a rational multiple of P, and put § = vP so that
v € R\Q. Writing v = [v]+¢, where [v] denotes its integer part, and € := {v} € (0,1)

denotes its fractional part which must be irrational, for n € Ny we have
f(n@+0b)=f(nvP+b) = f(nEP +b) = f({n&}P + ).

Since £ is irrational, by Kronecker’s approximation theorem, Corollary 2.3, the set
{{n&}; n € Ny} is dense in [0,1]. Consequently, the set {{n}P +b; n € Ny}
is dense in the interval [b, P + b). By the continuity and periodicity of f, the set
{f({n&}P +b) ; n € Ny} is thus dense in the range of f. O

Regarding the result about least period in the last part of Theorem 3.10 (a),
apart from the condition (30), there are also other condition(s) ensuring the least

period being t. We give another one in the next theorem.

Theorem 3.11 Let f : R — R be a nonzero purely periodic function with least
period P, b € [0, P) and let s,t € N with ged(s,f) = 1. Assume that for each y in

the range of f, there are only finitely many, say x1,...,zg € [0, P) such

M) = v 1@ 2 1,47 8R) (31)

and that x; — x; is not a rational multiple of P for all i,j € {1,..., R}, ¢ # j. If the

sequence (f(nsP/t+ b)) is not identically zero, then it is purely periodic with

n€Np

least period equal to .

Proof. That the sequence is purely periodic with period t follows directly from
the proof of the first part of Theorem 3.10 (a). To show that ¢ is the least period,
suppose that its least period ¢'(€ N) is < ¢, ¢t > 2. Thus, f(t'sP/t +b) = f(b).

st’_ st n st!
t |t t [’

where [st’/t] denotes its integer part, and {st'/t} € (0,1) N Q denotes its fractional

({£)r0) -0

Writing

part, we obtain
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By hypothesis, let f take the value f(b) at = € {b = by,...,bg} C [0,P). Since
{st'/t} P+ b€ (0,2P), we deduce that

t/
{ST}Pere{bl,...,bR,P+bl....,P+bR},

which is a contradiction because {t's/t}P ¢ {0, P} and each b; — b; (i # j) is not a

rational multiple of P. O
3.2 Linear Combination of Functions

Our next theorem deals with a linear combination of f(nf+b)’s, generalizing

Theorem 3.10 (a).

Theorem 3.12 Let f : R — R be a nonzero purely periodic function with least
period P. Assume f satisfies the condition
T—1
Pn
f (T + 5) 0, (32)
n=0

forall7 e N7 >2and all 5 €[0,P). Ford e N, r € {1,2,...,d}, let

? (sr,tr € N, ged(s,,t,) =1)

be rational numbers in the unit interval (0,1), and let o, € R\{0}, b, € [0, P). If
the purely periodic, non-identically zero sequence (u, )nen, s defined by

d

Pns,
un:Zan< ;LS —!—b,,)7
=l 4

then its least period is equal to T := l.c.m.(ty, to, ..., tq).

Proof. Clearly, the sequence (u,) is purely periodic with period 7. Let ¢ be its
least period so that ¢ | T. We proceed to prove the theorem by induction on d. The
case d = 1 is contained in Theorem 3.10 (a). Assume now that d > 2 and that the
theorem holds up to d — 1.

If ¢, | ¢ for every r € {1,2,...,d}, then £ =T and we are done.

Suppose then that not all of the ¢,’s divide £. We treat first the case where
there are some t,’s that divide ¢ and some t,’s that do not divide ¢. Without

loss of generality, assume that ¢ is divisible by ti,ts,...,t,, but not divisible by
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tmat, tma2, - - -, tq for some m € {1,2,... d —1}. For k,j € Ny, we have

—1 T-1 d
Tuj = Ukt = Zzarf( )

’ﬂ

k=0 k=0 r=1
m T—1 d T—-1
Ps, Pr
:Zar2f< Sy+b)+ aer( > k€+])+b)
r=1 k=0 m+1 k=0
1

Il
~

m d T—
S o, f (if’ﬂm) Y aY (Pj

r=1 r=m+1 k=0 r

“(kl+7) + br) . (33)
In the second sum on the right hand side of the last expression, writing

Zf< ) Zf(Psrkf ) )

where ged(¢.,t.) =1, t. | T (as ¢, | T) and =, is equal to PfT"j + b, reduced mod P.

o

The condition (32) implies that (28) holds which in turn implies
T
Ps, kl,
f ( s it %") =40
0

Thus, (33) gives u; =Y ", o, f (iij 5 b,,l), which shows that (u;)._, has

J€No

m < d — 1 terms, the induction hypothesis finishes this case.
If none of the t¢,’s divides ¢, the same arguments as in the last steps show

that u,, = 0, which is untenable. O

Apart from (26), there are other sufficient conditions for the least period to

be T. We provide one in the next theorem.

Theorem 3.13 Let f : R — R be a nonzero purely periodic function with least
period P. For d € N, r € {1,2,...,d}, let s./t, (s, t. € N, ged(s,,t,) = 1)
be rational numbers in the unit interval (0,1), «, € R\{0}, b. € [0,P) and

T :=lcm.(ty,tq,...,t4). Assume f satisfies the condition

T-1
Z (— + ﬁ) (35)
forall 7 € N, 7> 2 7| T and all § € [0, P). If the purely periodic, non-identically

zero sequence (U, )nen, is defined by

d

P
:Zarf( j3f+br),
r=1 r
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then its least period is equal to T

Proof. Proceed exactly as in the proof of Theorem 3.12 up to (34). Now use the
condition (35) and Lemma 3.9 to deduce that (29) holds which in turn gives

The same conclusion as at the end of the proof of Theorem 3.12 finishes the proof.

O
3.3 Examples

In this subsection, we work out some examples to illustrate the use and the
necessity of the conditions of our results. The first shows that analogous result in

above section is a special case when the condition (26) is fulfilled.

Example 1. Let d € N; p,po e R; A€ RT :={z € R; & > 0} and 71,7 €
[0,27/A). Consider f(z) = p; cos(Az + 1) + pa sin(Ax + 72) # 0, which is a periodic

continuous function with least period 27 /. Define the sequence (u,) by

d
2mns,
e =S S f (TM)
=31

r

n€Ng

where s,,t. € N, ¢, > 2, ged(s,,t,) =1, an € R\{0} (r=1,...,d), b, €1[0,27/))
and T := Leam.(t1,ta,...,ts). By Theorem 3.12, to see that the sequence (un),cy,
has least period T', we need only check that f satisfies the condition (26), i.e.,

T—1

2 2
Z{plcos(zﬂ—i—/\ﬂ#—%)—i—pgsin(?_W-f—)\ﬁ—l-’yl)}:() (36)

n=0
for all 7 > 2, and 8 € [0,27/)). Since
= 2nm = 2nm
Zcos (— +>\ﬁ+’yl> = Z?R{exp i (——i—)\ﬁ—l—’yl)} =0,
n=0 T n=0 T
and similarly, Z;;é sin (222 + A3 + ;) = 0, the condition (36) is verified.
Moreover, the function f in Example 1 satisfies the conditions of both The-

orems 3.10 and 3.11.

Our second example provides an uncountable class of well-behaved functions

satisfying the condition (27).
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Example 2. Let f : R — R be continuously differentiable and periodic with least

period P. Then, f possesses a Fourier series of the form

agp - 2mnx . 2m7x
f(x):;—i-n;(am(:os iz + by, sin Iz > (x € R). (37)

Define the sequence (uy,)nen, via

d
un:Za,,f<
r=1

where d,s,,t, € N, ¢, > 2, ged(s,,t,) = 1, a,. € R\ {0}, B, € [0,P). Let
T := l.cm.(ty,ts,...,tq). Consider the set, S, of such functions f for which their

Pns,
fs +BT>,

Fourier coefficients are subject to the conditions
ap = Gy, =by, =0 forallm | T, m € N.

For f € S, the condition (27) is fulfilled, and so Theorem 3.13 confirms that the

least period of the sequence (uy)nen, is 1.

The next illustration gives an example where the condition (26) does not

hold but the condition (27) does.

Example 3. Let A and P be positive real numbers and consider

;

1Az /P if 0<a<P/4,

f(z) = { —4Ax/P + 2A if P/4<z < 3P/4,

4Az/P —4A  if 3P/A<zx <P
\

The function f is continued throughout R by periodicity with least period P. For

ag,az € R\ {0} and by, by € [0, P), define the sequence (un)neN0 by
P 3P
Up = o f <7n + b1) +oof (Tn + b2) .

Since Y22_, f(Pn/3 + P/2) # 0, the function f does not satisfy the condition (26).
To verify whether the condition (27) holds, we need only prove that

3

> f(Pnjt+B)=0

n=0
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when t =2 ort =4 and 8 € [0, P). For t = 2, we have

i r(5en)=2(roer(50)) =0

n=

Applying this to the case t = 4, we obtain

(1) =+ (529) (4 5) (2 49) =

By Theorem 3.13, the least period of the sequence (un)neN0 is equal to
lem.(2,4) = 4.

Observe that the function f in Example 3 satisfies neither the condition (30)
of Theorem 3.10 (a) nor the finite value-attainment condition related to (31) of

Theorem 3.11.

Our final illustration provides an example of a wildly behaved non-continuous

function.
Example 4. Let

sin2wx  if xz € Q,
fla) =
0 if xeR\Q.

Clearly, f(x +1) = f(x) (xr € R). To show that 1 is the least period of f, we
first note that any irrational number v € R \ @ cannot be a period of f because if
we take z = 1/3 — 7, then f(z 4+ ) = sin27/3 # 0 = f(x). Next, let & € Q and
0 < a < 1 and suppose that f(x 4+ a) = f(z). Then, for each z € Q, we get

sin(2mx + 27a) = sin 27w, (38)

Taking z = 0, we must have a = 1/2. Substituting = 1/2 into (38) shows
sin2rx = 0 for each x € QQ, which is a contradiction. We conclude then that 1 is
the least period of f.

Consider the sequence (uy), ¢y, defined by

d
=Y af (&m) ,
tr
r=1
where s,,t, € N, t,. > 2, ged(s,,t,) =1, o, € R\ {0}, b, € [0,1). Let T :=

Lem.(ty,ts,...,t5). To see that the sequence (u,) has the least period T', we

neNg
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verify the condition (26), i.e., >)7_0 f(n/7+ ) = 0, for all 7 € N, 7 > 2, and all
B el0,1). If 8 € Q, then

71 T—1 T—1
;f <g +5) = gsin (%Tn —|—27rﬁ> = Z% <expz’ (%Tn —|—27r6>) = 0.

n=0

If 8 € R\ Q, then by the definition of f, each term f (n/7 + [3) is 0. Thus,

T—1
> fln/T+8) =0.
n=0
By Theorem 3.12, the least period of (u,)nen, is equal to T

This last example also gives us a function satisfying the condition (30) of

Theorem 3.10 (a) but does not satisfy the condition (31) of Theorem 3.11.

4 Results related to the main problem
4.1 Auxiliary Lemmas

In this subsection, we collect those auxiliary lemmas essential for the two

proofs of our main theorem.

Lemma 3.14 Let ¢, 0 € [—m,7) with 6 ¢ {—7,0}.

L. If 6 = sm/t is a rational multiple of @ where s, (> 0) € Z\{0}, ged(s,t) =1,
then as n varies over NU{0}, the function cos(¢ -+ nf) is periodic and takes at most
2t explicitly computable distinct values corresponding ton =0,1,...,2¢t — 1.

II. If € is not a rational multiple of 7, then as n varies over NU{0}, the range of
values of cos(y + nf) is dense in [—1, 1].

III. The function cos(¢p+nd) takes both positive and negative values for infinitely
many n € NU{0}.

Proof. Part I is contained in the statement and proof of Lemma 2.9 (a), part II is

Lemma 2.9 (b), and part III is Propositions 3.3 and 3.4. O

The results in the next lemma are shapes of sequence elements that have
already been shown to be decidable; those proved for second order recurrence se-
quences from Section 4 of Chapter 2 are in Part I, and those proved for third order

recurrence sequences from Section 5 of Chapter 2 are in Part II.
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Lemma 3.15 The Positivity Problem for the following forms of sequence elements
are decidable.
Part L.
(HHH1) w, = AN} + B\ (A, B €R; A\, s € R\{0}),
(HHH2) w, =(A+ Bn)\" (A, BeR; A€ R\{0}),
(HHH3) u, = A\"+ A\* (A€ C; Ae C\R).
Part II.
LT1) wu, = AN} + BA} + C\} (A, B,C € R; A\, My, A3 € R\{0}),
) up=(A+Bn+Cn?)\" (A, B,C eR; A € R\{0}),
LT3) w, = AN+ (B+Cn))\} (A, B,C € R; A\, s € R\{0}),
) Up=AXN'+ BAp+ BN (AeR; )\ €R\{0}; B€C; )\ € C\R).

4.2 First (elementary) Proof of the Main Theorem

The first proof of our main theorem is long yet purely elementary. For cases
whose proofs also appear in the second proof, we merely refer to the details provided

in the second proof.

We subdivide the proof into two cases depending on whether the character-

istic polynomial Char(z) has only real roots.
Case 1. Proof of the Main Theorem when Char(z) has only real roots.
In this case, the general term of the sequence is

U, = Pi(n)A] + P(n)Ay + -+ + P, (), (n >0, m <4),
where A1, o, ..., A\, are distinct nonzero real numbers and
P(n)=A;1+Aian+---+ Ai’ginérl eRn] (LeN;i=1,2....m; Ay #0),
with /1 + 0y 4+ --- + £, = 4. We have two possibilities to consider.

1.1 There are two roots \;,\; (4,7 € {1,2,...,m; ¢ # j) such that
[Ail = (Al

For a detailed proof, see Subcase 1.1 in the next subsection.
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1.2 All roots have different absolute values.

Without loss of generality, assume |Aj| > [Ag| > -+ > |A,|. Here,
un = AP {P1(n) + Po(n)(Aa/M)" + -+ + Po(n) (A /A1)"} (0 2 0).

We treat two subcases depending on the sign of ;.

L )\1 < 0.
Since sign(Py(n) + Py(n)(Ae/A)" + -+ + Pp(n)(Am/A1)") = sign(Ay,,) when n is
large enough and sign(A}) oscillates, the sequence (u,) is nonnegative only when

Ay, = 0, which contradicts the definition of A;, =0

.)\1>O.

For a detailed proof, see Subcase 1.2 in the next subsection.
Case 2. Proof of the Main Theorem when Char(z) has non-real roots.
2.1 C(Zlilzggg).

In this case, the general term of the sequence is
u R A" + AN @B +|BXE (vhe G, (39)

where A,B € C and )\1,)\2 & C\R Let \y = ‘)\1|€i91, oy — ‘)\2‘67:92, A= |A‘€i4‘01
and B = |Ble'¥? where 01,64, 01,92 € [—m, 7], 01,02 ¢ {—m,0} so that

un, = 2 {|A\1]"|A| cos(p1 + nby) + |B||A2|" cos(pa + nbs)} .

Without loss of generality, we need only treat two possibilities |[A;| > [X2| and
A1l = |zl

Here,

up = 2|\ [" {|A| cos(pr + nbh) + | Bl ([A2/ M

)" cos(pa +nby)}.

Thus, (u,) is nonnegative if and only if

|A| cos(p1 + nby) + | B| (JA2]/|A\1])" cos(p2 + nby) > 0. (40)
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By Lemma 3.14, |A| cos(¢1 + nb;) takes some fixed positive and negative values for

infinitely many n provided A # 0, and since
| B] (IA2/A1])" cos(ip2 + nba2) — 0 (n — o0),

the requirement (40) holds if and only if A = 0, and thus u,, = BA} + BA} (n > 0),
which is of the form (HHH3) in Lemma 3.15.

2.1.2 |\ | = [Ao-

Here,
u, = 2|\ |" {|A] cos(yp1 + nby) + | B| cos(ps + nba)} .

Notice that the arguments used in the preceding sub-case do not work here. This
is the first situation where our analysis has to get back to the shape of the roots of
the characteristic polynomial. Tracing back to the proofs of Theorems 3.1 and 3.2,
we see that the case C(21212225) occurs in Case I: D > 0, with two distinct complex
conjugate pairs, which are labeled 1.1.1.2, [.1.2, [.2.1.2 and [.2.2. Using the notation

of Theorem 3.1, the corresponding information is as follows:

1112 8 = 0, a®> ~ 4y > 0 and o > 0. We have o1 = %(D + Q)i, xo =
two nonzero real numbers. The roots of the characteristic polynomial, denoted for
unambiguity by \, are \; = g %(D + Q)i Ao = o %(D + O)i = il, A3 =

T+ %(D — Q)i, Iy = T %(D — Q)i = —§\3. Combining with the condition and
notation of our on-going case, we get

~ ~ 2 1 2 1

AP =R = (2) +70+02 = (2) +70-92 =00 =0,

which is a contradiction and we are done in this case.

1123 =0, a® —4y < 0. We have z; = (v 4+ i), zy = 3(—v' — Qi) =

|

T, X3 = %(U/_Q?Z) =T1, Ty = %<_U/+®Z) = —I. Then 5\1 = (zz1 +
(-5 -5 = (F+5)-Fi=h = (2-%5)+%i=2

with the condition and notation of our on-going case, we get

7\ 2 2 I\ 2 2
S22 o v OV (e Y M
AP = ] @(4“) +(2) _(4 2) +(2)

/
“12“ —0 (W #0) = a; = 0.
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ThUS, 5\1:%/+%Z, 5\2:—%— 22—5\1

SIS

1212 3+#0, a® —4y >0 and a > 0. We have

(u' +10) € C\R, 2y =71, 23 = —21, &y = —T1

N —

I =

yielding % + %’ + i% =\ = 5\2, T—5— i% = )3 = 3\4. Combining with the

condition and notation of our on-going case, we get

7\ 2 2 N\ 2 2
S22 o v OV (o w N
Al = ) @(4”) +(2) _(4 2) +(2)

/
@%:0 (u' #0) <= a; = 0.

1.2.2 8 # 0, a® = 4y < 0. The roots of p(x + a;/4) are of the same shape

as those in the subcase 1.2.1.2.

Collecting together all possibilities in 1.1.1.2, 1.1.2, [.2.1.2 and 1.2.2, the two roots in

(39) can only be of the form \y = —A; € C\ R, and the general term of the sequence
in (39) is thus of the form u, = AN + AX? + B(=\)" + B(=\1)", i.e., for k > 0,

uge = (A + B GF LA PR, g | = - PPFLEE (A _ B2
Both g and ug1 are of the form (HHH3) and so are decidable by Lemma 3.15.
2.2 C(2%7%).
In this case, the general term of the sequence is
u, = (A+ Bn)\! + (A + Bn)A! (n >0),

where A, B € C and \; € C\R. Let A\; = |\|e?, A = |A]e*¥', B = |B|e*? where
9, Y1, P2 € [_77-77()’ 0 7é {_71-70}‘ ThUS,

up, = 2|\ |" {|A] cos(¢1 + nb) + n|B| cos(p2 +nb)} .
Then the sequence (u,) is nonnegative if and only if for all n,

|A| cos(y1 + nb) + n|B| cos(ps + nd) > 0. (41)
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Since sign(|A| cos(p1 +nb) +n|B| cos(ps +nb)) = sign(cos(p2+nf)) when n is large
enough, provided Bcos(ps + nf) # 0. By Lemma 3.15, cos(ps + nf) takes some
positive and some negative values for infinitely many n € N. Thus, (41) holds only

when B = 0, and so u,, = A} + AN}, which is of the form (HHH3) in Lemma 3.15.
2.3 C(r2z22).
In this case, the general term of the sequence is
u, = (A+ Bn)\! + CNy + CNy (n > 0),

where A, B, A\ (# 0) € R, C € C and A\3 € C\R. Let A3 = |\3]e?’, C = |Cle
where 6, p € [—m,7), 0 ¢ {—m,0} so that

Un, = (A +Bn)AT +2|C|| 23] cos(p.+ nb).

We subdivide into three sub-cases depending on the absolute values of |A\;| and |As].

2.3.1 M| = As-

There are two further possibilities.

2.3.1(1) \; < 0.
Here,

up, = [M|"{(=1)"(A+ Bn) + 2|C|cos(¢ + nd)} (n > 0).

Since (—1)"(A + Bn) + 2|C| cos(p +nb) — £oo (n — oo) according as n is even
or odd provided B # 0, the sequence (u,) is nonnegative only when B = 0 and so

U, = AN? + CA\} + C), which is of the form (LT4) in Lemma 3.15.

2.3.1(2) A > 0.

For a detailed proof, see Subcase 1 of C(r?2z) in the next subsection.

Rewrite the general term of the sequence as
up = AT {A+ Bn + 2|C|(|A3]/A1)" cos(p +nb)} (n>0).

We consider two possibilities corresponding to the signs of ;.
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2.3.2(1) A\, < 0.
Since sign(A + Bn + 2|C|(|As]/A1)" cos(¢ + nb)) = sign(B) when n is large enough
provided B # 0, and sign(A}) oscillates, the sequence (u,,) is nonnegative only when

B =0, and 50 u, = A\ + C\} + C\}, which is of the form (LT4) in Lemma 3.15.

2.3.2(2) A > 0.

For detailed proof, see subcase 2 of C'(r{zz) in next subsection.

2.3.3 | M| < |As).

Rewrite the general term of the sequence as
un, = [A3|" {(A+ Bn)(A1/|A3])" + 2|C| cos(¢p + nd)} (n > 0).

Observe that (A + Bn)(A1/|As])" — 0 (n — o0). By Lemma 3.14, cos(p + nf) takes
some fixed positive and some fixed negative values for infinitely many n. Thus, the
sequence (u,) is nonnegative only when C' = 0, yielding u,, = (A + Bn)A}, which is

of the form (HHH2) in Lemma 3.15.
2.4 C(r17r222).
In this case, the general term of the sequence is
Uy, = AN + B} + C\s + CA§ (n >0),

where A, B € R, C' € C, A1, )\, € R\{0} and X3 € C\ R.
Let A3 = |A\3]e?, C' = |C|e* where 0, p € [=7,7), 0 & {—7,0} so that

Up = AN} + BAY + 2|C||A3]" cos(p + nb).

We split our consideration into three possibilities.

1. The three X’s have the same absolute values, i.e., |\| = |Aa| = |A3].
2. There are two \;’s having the same absolute value, i.e., |A1| = [Aa] or [A1]| = |As]
or [Ag| = |As].

3. All three roots Ay, Ay and A3 have different absolute values.

For a detailed proof, see Subcase 1, of C(rirezZ) in the next subsection.
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2.4.2 |)\1| = |)\2| or |)\1| = |)\3| or |/\2| = |)\3|
We need only treat the first two cases as the third is similar to the second.
2.4.2(1) |A\i| = |Ae).
For a detailed prooof, see Subcase 3.1, of C(r;r922) in the next subsection.
2.4.2(2) | M| =|As)-

Here,

U, = AN} 4 2|C| cos(p + nb)|\|" + BAy (n > 0).
We subdivide into two further sub-cases depending on whether |A;| > |Aof.

2.4.2(2.1) M| > [al-

We consider two possibilities corresponding to the sign of ;.

.>\1<0.

Rewrite the general term of the sequence as
un, = |M|"{(=1)"A + 2|C| cos(p + nB) + B(A2/|M])"} (n > 0).
The sequence (u,) is nonnegative if and only if for all £ € NU{0} we must have

—2|C| cos(p + 2k8) — B(Az/|M1|)** < A <2|Ccos(p + (2k+ 1)0) + B(Ao/|Ae]) !

(42)
Since B(A\2/|A\1|)" — 0(n — o0), and by Lemma 3.14 as k varies over NU{0}, both
cos(p + 2k0) and cos(p + (2k + 1)0) take some fixed positive and negative values
infinitely often, the relations (42) hold only when A = C' = 0. Thus, u, = BA}, and

so is nonnegative only when B > 0 and Ay > 0.

.A1>0.

For a detailed proof, see Subcase 3.3 in C(r17222) in the next subsection.

2.4.2(2.2) [Mi| < Aol

We consider two possibilities corresponding to the sign of \s.

.A2<0.

Here,

U = Ay {AN/A2)" 4 2|C|(|A1]/A2)" cos(¢ + nb) + B}, (n > 0).
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Observe that A(A1/A2)™ + 2|C|(|A1]/A2)" cos(p +nb) + B — B (n — o0), provided
B # 0. Since \j oscillates between +|\y|, then the sequence (u,) is nonnegative
only when B = 0, and so u, = AA} + CA} + CA}, which is of the form (LT4) in
Lemma 3.15.

.)\2>0.

For a detailed proof, see Subcase 3.2 in C(ry722%) in the next subsection.
2.4.3 All three roots )\, \» and \;3 have different absolute values.

Without loss of generality, assume |A;| > |A2|. Here,
Up, = AT (A4 B(Aa/A1)") + 2|Cl|A3|" cos(p +nb) (n > 0).
We subdivide into two further sub-cases depending on whether |A\;| > |As].

Rewrite the general term of the sequence as
U, = AT{A + B(XAa/A1)" + 2|C|(|A3] /A1) cos(p +nd)} (n >0).

We consider two possibilities corresponding to the sign of ;.

o )\ <0.
Since sign(A + B(A2/A1)" + 2|C|(|As]/A1)" cos(e + nb)) = sign(A) when n is large
enough provided A # 0, and sign(A}') oscillates the sequence (u,,) is nonnegative
only when A = 0 and so u, = BAj + C\j + C\}, which is of the form (LT4) in
Lemma 3.15.

.)\1>0.

For a detailed proof, see Subcase 2 in C(r17922) in the next subsection.

2.4.3(2) || < |As).

Rewrite the general term of the sequence as
un = [As]" {(A+ B(Aa/M)") (Ar/|As])" + 2|C| cos(p +n0)} (n = 0).

Observe that (A + B(A2/A1)")(A1/|As])" — 0 (n — o0). Next, by Lemma 3.14,

cos(p+nh) takes some fixed positive and some fixed negative values infinitely often.
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Thus, the sequence (u,,) is nonnegative only when C' = 0 yielding u,, = AA} + B},
which is of the form (HHH1) in Lemma 3.15. O

4.3 Non-elementary Proof of the Main Theorem

Again, we subdivide the proof into two cases depending on whether the

characteristic polynomial Char(z) has only real roots.
Case 1: Char(z) has only real roots.

In this case, the general term of the sequence is
Up, = Pi(n)A] + Bo(n)Ag + -+ + P ()X, (n >0, m <4),
where A, Ao, ..., \,, are distinct nonzero real numbers and
Pi(n) = Aiy +Ajgn 4 -+ A 0T eRp] (GEN; i=1,2,...,m; Ay, #0),
with 01 + 0y + - - - +/,, = 4. We have two possibilities to consider.

1.1 There are two roots A, A\; (4,7 € {1,2,...,m; i@ # j) such that
Al = Azl

Without loss of generality, let the two roots be Ay > 0 and Ay = —\;. Here,
up = {P1(n) + (—1)"B(n)}A} + B3(0)A3 + - - -+ Pu(n)A;, (n = 0),

ie,  up =(P(2k) £ P 2E)AE £ P(2K)AF 4 - - + P, (2k) N2,
Uppr1 =(P1(2k + 1) — Py(2k + 1))A2F + Py(2k + 1)AFFH 4.
+ P (2k + DAL (k> 0).
The sequence (u,) is nonnegative if and only if both the sequences (ug) and (ugg41)
are nonnegative. The two sequences (ug) and (ugy,1) are decidable as they satisfy

recurrence relations of lower order, i.e., they must be one of the forms stated in

Lemma 3.15.
1.2 All roots have different absolute values.

By Theorem 2.11, we need only treat the case where there is a positive dominating

root, say, Ay > 0.
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Without loss of generality, assume Ay > [Ao| > -+ > |\,;,|. Here,
un = AT {P1(n) + Po(n)(A2/M)" + -+ Pu(n)(Am/A1)"} (0 2 0),
and so (u,) is nonnegative if and only if

Pi(n)+ Pa(n)(A/A)" 4+ -+ Pn(n)(Apn/A)" >0 forall n>0.

o If Ay, <0, then
Pi(n) 4+ Py(n) (Ao /A1) 4 -+ - + Pyn(n) (A /A1)" <0
for all sufficiently large n, and so this case is untenable.
o If Ay, > 0, since
Pi(n) + Po(n)(A2/A)" + -+ - + Pu(n) (A /M)" —.00 (n — 00),
there is an explicitly computable least My € NU{0} such that
Pi(n)+ Py(n) A/ A1)" + - -+ Pp(n)(An/M)" >0 forall n > M,

and so the sequence (u,) is nonnegative if and only if My = 0.
Case 2: Char(z) has non-real roots.

The possible shapes of the four roots are

1. two complex conjugate pairs, either distinct or identical,

denoted by C(21212222);

2. two identical real numbers and one complex conjugate pair,

denoted by C(r222);

3. two distinct real numbers and one complex conjugate pair,

denoted by C(rre2Z2).

The first possibility C(z1212222) is decidable by Theorem 2.11 as Char(z) has no

positive dominating roots. The remaining two possible cases are now treated.
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2.1 C(r?z2).
In this case, the general term of the sequence is
u, = (A+ Bn)X! + CX\y + CAy (n > 0),

where A, B, \i(# 0) € R, C € C, \y € C\R and the bar denotes complex conju-
gate. Let \y = |\o|e?, C' = |C|e* where 0, € [—7,7), 6 ¢ {—7,0} so that

up = (A+ Bn)AT + 2|C||A2|" cos(p + nb).

By Theorem 2.11, we need only treat the case where there is a positive dominating

root, say, A\; > 0. There are two possibilities.

2.1.1 A\ = |Agl-
Write
Up = A\T{A+ Bn + 2|C|cos(p.+nb)} (n>0).

The sequence (u,) is nonnegative if and only if

A'> —Bn — 2|C|cos(p +nfd) for all n >0. (43)

o If B <0, then (43) cannot be fulfilled.
e If B =0, then u, = A\} + C\% + CA3, which is of the form (LT4).

o If B > 0, then —Bn — 2|C|cos(¢ + nf) — —oco (n — o0). Thus, there
exists an explicitly computable Ny € N depending on B, C, ¢, 6 such that

rga}{c : {=Bn —2|C|cos(p +nb)} = —BNy — 2|C| cos(p + Nob).
neNU{0

Consequently, the sequence (u,,) is nonnegative if and only if
A > —BNy — 2|C|cos(p + Nob).
2.1.2 A\, > |\l

Rewrite the general term of the sequence as

up = AT {A + Bn + 2|C|(|A2] /A1)" cos(p +nb)} (n>0).
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Since sign(A + Bn + 2|C|(|A2] /A1) cos(p + nB)) = sign(B) when n is sufficiently
large provided B # 0, for the sequence (u,,) to be nonnegative we must have B > 0

and

A > —Bn = 2|C|(|A2]/A1)" cos(p +nb) (n>0).

By Lemma 3.14, there is a least integer N, € NU{0} such that cos(¢ + N.0) < 0.
Since ([A2|/A1)™ — 0 (n — o0), there is an Ny, > N, such that for all n > Ny, we
have

—2|C[(|A2/A1)" cos(p +nd) < =2|C(|A2]/A1)™* cos(p + N1b).

Consequently, the sequence (u,,) is nonnegative if and only if

B >0 and A > max{—Bn —2|C|(|X2|/A1)" cos(p+nb); N <n < Ny}

2.2 Case C(ryr222).
In this case, the general term of the sequence is
Uy, = ANIFRBASF CAGE CAF (n > 0),

where A, B € R, C € C, A\, A\, € R\{0} and \3 € C\R.
Let \3 = |\s]e??, C =|C|e’” where 0, ¢ € [—7,7), 8 ¢ {—m, 0} so that

Up = AN +BXG £ 2|C||As]" cos(p + nb).

By Theorem 2.11, we need only decide the situation where Char(z) has a positive
dominating root, say, A\; > 0 and so A; > max{|Az], |3}

There are three possibilities.
1. The three X’s have the same absolute value, i.e., Ay = |A2| = |A3].
2. All three roots A1, Ay and A3 have different absolute values.

3. There are exactly two A;’s having the same absolute value,

i.e, )\1 = |/\2| or )\1 = ‘)\3‘ or |>\2| = |)\3|
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2.2.1 A = |No| = |Ag).

Here, 0 < A\; = —A\y = |A3]. The sequence term is of the form
Uy = {A+ (=1)"BIN! + O\ + CAs" (n >0),
ie., Uy ={A+ BINF + CN2F + C X7,
g1 ={A — BINFT L 0N L O (k> 0).

The two sequences (ugx) and (uggi1) are decidable because they are of the form

(LT4).

2.2.2 All three roots A\, Ay and )3 have different absolute values.

Rewrite the general term of the sequence as
up = N {A+ B2/ )" +2|C|(|As] /A1) cos(p +nb)} (n > 0).
The sequence (u,) is nonnegative if and only if

A+ B(Aa/A1)™ +2|CI(|As]/A1)" cos(¢p +nb) > 0 (n > 0). (44)

o If A =0, then u, = BX} + CA% + C\%, which is of the form (LT4).

o If A <0, then

A+ B(Ao/A1)" + 2|C|(JAs] /A1) cos(p + nb) — A< 0 (n — ),
showing that (44) cannot be fulfilled.

e If A > 0, then there is an explicitly computable least integer Ny € NU{0}
such that (44) holds for all n > Ny. Consequently, in this case the sequence (u,) is

nonnegative if and only if Ny = 0.
2.2.3 A\ = |Xg] or Ay = |A3] or Ay = |A5].
2.2.3(1) A\ = |A2| = =X > |A3]. Here,
Up = {A+ (=1)"BIA\! + CXi + CXs" (n >0),

iLe., Uge = {A+ BINF + OA%F + OA,

Uspyr = {A — BIAFHL L OAZFHL L XM (k> 0).
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The two sequences (ugy) and (ugy1) are both decidable because they are of the form

(LT4).

2.2.3(2) A\ > [\ = [A3] > 0.

o If Ay > 0, then |A3] = |2 = A2, and so

up, = A {A+ (B+2]|C|cos(p+nb)) (Aa/\)"}. (45)
Since (B + 2|C|cos(p + nb)) (A2/A1)" — 0 (n — o0), either
— (B +2|C|cos(p +nb)) (A2/A1)" <0 forall n>0
or there is an explicit N; € NU{0} such that
0< gk {—= (B +2|C|cos(p+nb)) (A2/A1)"}
= — (B +2|C| cos(p + N8)) (Aa/A)™M.

The sequence (u,) is thus nonnegative if and only if

A > max {0, — (B + 2|C| cos(¢ + N18)) Ao/ A1)V }.

o If \y < 0, then |>\3| = \)\2‘ = —/\2, and so
Uup = AN} + {(—=1)"B + 2 |C| cos(p + nd)} | As]|" .
The two subsequences corresponding to even and odd subscripts, i.e,

U, = ANF 4+ {B +2|C| cos(p + 2k0)} |As|** (k> 0),

Uppy1 = AN L LB+ 2|C cos(p + (2k + 1)O)} [Xs|* ™ (k> 0)
are of the form (45) and so similar arguments show that both are decidable.

22.3(3) Al = ’)\3’ > |)\2‘ > 0.
Write
up = AT {A +2|C|cos(p +nb) + B(Aa/A1)"}.

The sequence (u,) is nonnegative if and only if

A > —=2|C|cos(p +nb) — B(Aa/A)" (n>0). (46)
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e If 4 is a rational multiple of 7, say, § = s/t where s, ¢t ( > 0) € Z\{0}
and ged(s,t) = 1. By Lemma 3.14, cos(¢ + nf) is periodic and takes at most 2t
distinet explicit (positive and negative) values at n € {0,1,...,2t — 1}(mod 2t);
among these values, let ¢; be the least (negative).

Since —B(A2/A\1)" — 0 (n — 00), (46) holds if and only if

—92¢,|C| i “B=0"or “B>0,\ >0,
max ,—o.1 Qt_l{_2 |O| COS(QO -+ TLQ) — B(/\Q/)\l)n} otherwise.

A

e If A is not a rational multiple of 7, rewrite the terms of the sequence as
un = |Ao|" { (A +2[C] cos(e +nb)) (Ar/ [Aa])" + B(A2/ [A2])"} -

The sequence (u,,) is nonnegative if and only if
{A+2|Cleos( +nb)} (Ar/ [A2])" + B(A2/ [A2])" 20 (n = 0). (47)

If C =0, then u,, = AN} + B}y which is of the form (HHH1). Assume henceforth
that C' > 0.

(a) If A < 0, since the values of cos(p + n#) are dense in the closed
interval [—1,1] and (A\/|A2])* — o0 (n — o0), there is an explicitly computable

N, € NU{0} such that

[A+2|C o8 + Nub)FOu /2el)™ + BOW/ )™ <0,
and so (47) cannot be fulfilled.

(b) If 0 < A <2|C], let 2|C] — A=A > 0 so that

{A+2|Clcos(p +n0)} (\/ [X2])" + B (A2/ [A2])” (48)
= {2101 (1 + cos(p +nb)) — A} (M/ [Aa])" + B (A2/ [X2])".

Taking a subsequence (ny) for which cos(¢ + ni) — —1 (k — 00), the left-hand

expression in (48) tends to —oo as k — oo, showing that (47) cannot be fulfilled.
(c) If A>2|C|>0,let 6 = A—2]|C| > 0. Since

{A+2|Clcos(p +nb)} (/| A])" + B(A2/ [A2])"
> 0(A1/ X)) + B(A2/ [A2])" — 00 (n — o0),
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there is an explicitly computable least Ny € NU{0}, depending on A, B,C, ¢, 0,
A1, Ao such that

{A+2|Clcos(p +nb)} (Ar/ [Xa])" + B(Ao/ [X2])" = 0
for all n > Ny. Consequently, (47) holds if and only if Ny = 0.
(d) If A=2|C|, then (47) becomes

2[CH{1 + cos(p +nb)} (Ai/ [A2])" + B(Ao/ [X])" 2 0 (n = 0). (49)
We pause to prove two important claims.
Claim 1. There is at most one integer Ny € NU{0} such that

L+ cos(p -+ Nob)-= 0. (50)
Proof of Claim 1. If there were two distinct such integers Ny and N{, then there
would exist two integers ko, k(, such that
@ + Nob = (2ko + V), o+ Ny = (2ky+ 1)7.

Subtracting the two equations, we find that € is a multiple of &, which is a contra-

diction. n
Claim 2. If (n;) € NU{0} is an increasing sequence of positive integers such that
14 cos(p+ngd) =0 (k— 00),

then
2[C1{1 + cos(p +nxb) } (M/ |Xa])™ + B(Aa/ [Ao])™ — 00 (k — 00).
Proof of Claim 2. By Claim 1, we know that from a certain £ onward all the
values of 1 + cos( + nif) are nonzero. Since the function
2[C1{1 + cos(p + 20)} (A1/ [A2])" £ B(Aa/ [Aa])*

is differentiable up to arbitrary orders, the desired result follows from a number of

well-known theorems in real analysis, such as L.” Hopital’s rule. O
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Returning to (47), if there is an Ny € NU{0} such that (50) holds, which
must be unique by Claim 1, then for (47) to hold we must have B(Ay/|Ao|)™ >
0. Moreover, using Claim 2 and the fact that for n large enough, the values of

1 + cos(p + n#) are positive and bounded by 1, we deduce that
21C1{1 + cos(p +nb)} (M/ [Xa])" + B(A2/ [Aa])" = 00 (0 — ).

Thus, there is an explicitly computable least integer N; € NU{0}, depending on
B,C,p, 0,1, Ay, such that

21C {1+ cos(p +nb)} (A1/ [A2])™* + B(Aa/ [X2)" > 0 for all n > Nj.

Using all the obtained information, we conclude that (47) holds if and only



CHAPTER 4

SUMMARY AND OPEN PROBLEMS

The research work contained in this dissertation deals with The Positivity
Problem. We summarize our results in Section 1. In Section 2, some open problems

are listed.

1 Summary

This section summarizes our work in this dissertation. The results can be
divided into four parts. In the first part, we find all possible shapes of the roots of
a fourth degree polynomial with integer coefficients, and proceed to determine the

positivity by case analysis.

In the second part, for 0,5 € [—m,7) and 6 ¢ {—7,0}, we show that as n

runs through the nonnegative integers the nonzero sequence (cos(nf + f3)):
1. takes infinitely many positive and negative values ;

2. if @ = s/t is a rational multiple of 7, the sequence is purely periodic with

least period equal to ¢ when s is even and equal to 2¢ when s is odd;

3. if  is not a rational multiple of 7, the range of values of the sequence is

dense in the unit interval (0, 1).

Any sequence of the form (Zf a,.cos (2nms, /t,.) + ﬁr>, with rational s, /t,
belonging to the unit interval (0, 1), is shown to be purely periodic with least period

equal to the least common multiple of ¢y, ..., %4, as given below:

1. Let 6,0 € [—m,7) and 6 ¢ {—n,0}. There are infinitely many n € Ny
such that cos(nf + ) < 0.

2. Let 0,5 € [—m,7) and 0 ¢ {—m,0}.
(i) The relation cos(né + ) < 0 cannot hold for all n € Ny.

(ii) There are infinitely many n € Ny such that cos(nf + 3) > 0.
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3. Let 0,3 € [—m,m) with 0 ¢ {—m,0}.

(a) If 0 = sw/t (s € Z, t € N, ged(s,t) = 1) is a rational multiple of 7, then

the sequence (cos(nfl + 3)),,cy, is purely periodic.

Moreover, if s is even, then the least period of the sequence (cos(nf + 5))neNO

is t, while if s is odd, then its least period is 2t.

(b) If 6 is not a rational multiple of 7, then as n varies over Ny the range

of values of cos(nf + 3) is dense in [—1,1].

4. Let 6y = s1/t1,...,04 = saftq (s, t. € N, ged(s,,t,) = 1) be rational
numbers in the open interval (0, 1), and let «,, 3, be real numbers such that the
purely periodic sequence u, = Zle a,. cos(2m6,n + B,) is not identically zero. Let

T :=l.cm.(t1,...,tq). Then the least period of the sequence (u,) is a divisor of T

5. For r € {1,2,...,d}, let s./t, (sq,t. € Ny ged(sy,t.) = 1) be rational
numbers in the unit interval (0, 1), and let «..(s 0), 3, be real numbers. If the purely

periodic, non-identically zero sequence (u,)nen, is defined by

d
21ns,
unZarcos< . —|—ﬁr>,
a—1 L

then its least period is equal to T':= l.c.m.(ty, %2, ..., tq).

In the third part, let f: R — R be a nonzero purely periodic function with
least period P. For 0(# 0) and b both in the interval [0, P), we show that when n
runs through the nonnegative integers, the nonzero sequence (f(nf + b)) is purely
periodic if @ is a rational multiple of P. While if 8 is not a rational multiple of P
and f is continuous, the sequence (f(nf + b)) is dense in the range of f. Moreover,
under appropriate conditions, a sequence of the form (Zle a,f (Pns,/t, + bT))
with rationals s,./t, is shown to be purely periodic with least period being the least

common multiple of ¢1,... %, as given below:

1. Let f: R — R be a nonzero purely periodic function with least period P
and let b € [0, P). If s,t € N, ged(s,t) =1, then

Z_:f<¥+b>= y f(?m).
0

n=0 n=
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2. Let f: R — R be a nonzero purely periodic function with least period
P, be|0,P)and t, T € N. If ZZ;& f (% + b) = 0 holds for some fixed ¢ > 2 and
t| T, then 370 f (£52 4+ b) = 0 holds for all s € N with ged(s,t) = 1.

3. Let f: R — R be a nonzero purely periodic function with least period P
and let b € [0, P).

(a) If 0 = sP/t (s € Z, t € N, ged(s,t) = 1) is a rational multiple of P,

then the sequence (f(nf +0)), oy, is purely periodic.
Moreover, if f satisfies the condition Z;;éf (% + B) =0, for all 7 € N,
7> 2 and all § € [0, P), and the sequence (f(nf + 3)) is not identically zero, then

its least period is equal to .

(b) If 6 is not a rational multiple of P and f is continuous, then as n varies

over Ny, the set of values of f(nf + ) is dense in the range of f.

4. Let f : R — R be a nonzero purely periodic function with least period
P, b€ [0,P) and let s,t € N with ged(s,t) = 1. Assume that for each y in the range
of f, there are only finitely many, say zi,...,zr € [0, P) such that f(z;) =y (i =
1,..., R) and that x; —z; is not a rational multiple of P for all 4, j € {1,..., R}, i #
j- Ifthe sequence (f (nsP/t + b)), oy, is not identically sero, then it is purely periodic
with least period equal to .

5. Let f : R — R be a nonzero purely periodic function with least period P.
Assume f satisfies the condition Z;;é (% + ﬁ) =0, for all 7 € N, 7 > 2 and all
B €0,P). Ford e N, r e {1,2,...,d}, let s./t, (s,t, € N, ged(s,,t.) = 1) be
rational numbers in the unit interval (0,1), and let o, € R\{0}, b, € [0, P). If the
purely periodic, non-identically zero sequence (uy,)nen, is defined by

d

Pns,
unzzarf< ?8 +b7") >
r=1 r

then its least period is equal to T := l.c.m.(tq, Lo, . .., tq).

6. Let f : R — R be a nonzero purely periodic function with least pe-
riod P. For d € N, r € {1,2,...,d}, let s,./t, (s;,t, € N, ged(s,,t.) = 1)
be rational numbers in the unit interval (0,1), «, € R\{0}, b € [0,P) and
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T :=lcm.(ty,ts,...,t5). Assume f satisfies the condition

Sr(2s) =0 51)

n=0
forall 7 € N, 7> 2 7| T and all § € [0, P). If the purely periodic, non-identically

zero sequence (U, )nen, is defined by

d Pnes,
Up = Z arf t + br )
r=1 r

then its least period is equal to T'.

In the final part, we show that the problem of determining whether each
element of a sequence satisfying a fourth order linear recurrence with integer coef-
ficients is nonnegative, referred to as the Positivity Problem for fourth order linear

recurrence sequence, is decidable.

2 Open Problems

It seems natural to ask whether our two proofs of the fourth order Positivity
problem are applicable to proving the general case. Should this be so, the general
positivity problem would be solved, which in turns implies that a long unsolved
conjecture of Skolem would be settled. Though, a good deal of the above analysis,
such as the case where all roots of Char(z) are real, does indeed work in the general
situation, in the case of fifth order recurrence, there are instances, such as combi-
nations of cosine values with the presence of more irrational multiples, which we
are not yet able to settle their decidability. It is believed that the attack via case
analysis is the right approach. With appropriate reduction processes, the number of
cases to be considered should then be reduced to be a manageable task and crucial

results in Diophantine approximation should prove to be vital.
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