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An old irrationality criterion, due to Brun since 1910, for a sequence of
rational numbers is shown to be essentially equivalent to the one for a series of
rational terms proved by Badea in 1993, and to one for an infinite product of ratio-
nal numbers. A similar criterion with certain inequality conditions of the classical
Brun’s criterion being reversed is also shown to be equivalent to a reversed form of
Badea’s 1993 irrationality criterion for series of rational terms. This is accomplished
on one hand by suitably modifying Brun’s criterion, and on the other hand by ex-
tending Badea’s criterion to series of quotients whose numerators and denominators
are rational numbers.

Applying these equivalences, interesting new proofs of identities involving
convergents of continued fractions are obtained and related irrationality criteria are
derived. Connections with other irrationality criteria are investigated with more

irrationality criteria for infinite products of rational numbers as applications.
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CHAPTER 1

INTRODUCTION

A real number is said to be rational if it can be written as a quotient of two
integers with nonzero denominator, and is called irrational otherwise. To determine
whether a real number is rational is in general not a trivial task. For example, that
V/2 is irrational can be concluded from the unique factorization theorem. For if
v/2 could be represented in the form a/b with ged(a,b) = 1, it would follow that
a’? = 2b%. Hence, a? is even, so is a. If a = 2c, then 4¢® = 2b,2¢? = b%, and b is
also even, contrary to the hypothesis that ged(a,b) = 1. Other examples include
e,m, v/5, etc. The irrational of e was proven by Euler in 1737 and the irrationality
of m was proven by Lambert in 1760.

There have been a number of rationality characterizations, e.g. [16], [25]. In
1910, Viggo Brun, [7], established the following classical irrationality criterion which
nowadays bears his name.

Brun’s criterion. Let {X,},>1 and {Y,,},>1 be two sequences of positive integers

satisfying X,, < X4 for all n > 1. Assume that L = lim, ., Y,/ X, € R, and
Yn Yn-{—l

Xn Xn+1

(n>1).

It
Yn+2 - Yn+1 < Yn+1 B Yn
Xn+2 - Xn+1 Xn+1 - Xn
for all large n, then L is irrational.

Brun, [7], using his criterion, showed the exponential series e = ) 1/n! to be

irrational by observing that the sequence of its n** partial sums {2 516 65 1326 }

is increasing, while the sequence of the quotients of numerator-differences by denominator-

3 11 49 261

118 06 - - } is decreasing. This criterion was later improved by

differences
Froda, [13], in 1963. Using Brun’s criterion, Badea, [1], in 1987 deduced the follow-
ing test for the irrationality of certain infinite series of rational numbers.

Badea’s criterion. Let {a,},>1 and {b,},>1 be two sequences of positive integers.

It

bnt1 bnt1
b, by,



holds for every large n, then the sum > | b, /a,, whenever convergent, is irrational.
Badea, [1], used this criterion to answer an old conjecture of Erdés and Gra-
ham, [11], about the irrationality of a series of reciprocals of Fibonacci and Lucas
numbers. Badea’s criterion has indeed been mentioned as an application in the 1910
paper of Brun, [7]. Later in 1993, Badea, [2], established an extension of his crite-
rion without using Brun’s criterion by modifying the inequality condition from two
consecutive terms to that of a block of terms.
Badea’s criterion II. Let {a,},>1 and {b,},>1 be two sequences of positive inte-

gers. For an increasing sequence N' = {n(k)},-, of positive integers, define
QA (k)+j

(k)
bo(k)+i
Sy = Sk(N) = Qn(k)+1 """ Qn(k+1), Ry = sz(N) = E Sk—(k))ﬂ )
j=1

where d(k) = n(k + 1) — n(k). Assume that ) >, b,/a, converges to a rational

number. If

Sk(Sk—1) +1 (1)

k
for all large k, then in (1) we have equality from some k onwards.

As another application of Brun’s criterion, Brun, [7], proved that the infinite
product of positive rational elements [[ ~, b,/a, converges to an irrational number

when b,, > a,, and
Apy1 — 1 bn bn+1 —1

a, — 1 an bp—1"
In particular, if {a, },>1 is a sequence of positive integers satisfying a, 11 > a2 for all
n > 1, then the infinite product [[)~, (1 + 1/a,) converges to an irrational number.
This is contained in a more general result about Cantor products, cf. [29].

There are several known conditions for an infinite convergent series of pos-
itive rational numbers to have an irrational sum. There are also results about the
irrationality of particular constants expressed as series of positive rationals (see [1],
2], [9], [11], [12], [15], [21], [32] and the references cited therein). In general, it is
difficult to obtain general irrationality criteria which are both sufficient and neces-
sary and to find one is an interesting problem. Surprisingly, in comparison, very
little attention has been paid to finding such sufficiency conditions in the case of
infinite products. One such sufficiency condition is attributed to Cantor (see [29]),

and some generalizations of this condition have also been obtained in [32].



There are other related results such as Tachiya, [34], proved that the infinite
product [];,(1 + mg/Ry), and Becker-Tépfer, [4], proved that the infinite series
> ey myi/ Ry, where {m;} is a sequence of algebraic numbers and { Ry} is a binary
recurrence, are both transcendental except for a few cases where they represent
algebraic numbers.

The objectives of this thesis are:

1. to gather general criteria for irrationality of sequences of rational terms, including
sequences of partial sums and partial products;

2. to search for possible relations among various irrationality criteria, including
those of Brun and Badea;

3. to find new irrationality criteria for infinite sums and infinite products deducible
from the relations found in the second objective;

4. to give applications of the criteria and relations so obtained including the iden-
tification of the kind of algebraic numbers arising from the work of Tachiya and

Becker-Topfer.



CHAPTER 2

REVIEW OF THE LITERATURE

The classical Brun’s irrationality criterion since 1910, [7], states that:

Theorem 2.1 Let {X,,} and {Y,,} be two sequences of positive integers satisfying
X, < Xyyq for all n > 1. Assume that L = lim,, . Y,,/X,, € R, and

Yn Yn+ 1

Xn XnJrl

(n>1).

If

Yn+2 - Yn+1 < Yn+1 - Yn
Xn+2 - Xn+1 Xn+1 - Xn

for all large n, then L is irrational.

Regarding the irrationality of infinite series, in 1957 Erdos, [10], posed the

following problem: let n; < ny < ... be a sequence of integers such that

. N
lim —— = o0.
k—oo MMNg * + * Ng—1

Show that )2, 1/ny is irrational. The problem was solved elementarily by many

people. In 1963, Erdés and Straus, [12], gave the following irrationality criterion.

Theorem 2.2 Let {n},>1 be an increasing sequence of positive integers such that

2

. n
lim — <1 and
k—oo Mgy

Ny

Nk+1

} is unbounded,

where N, denotes the least common multiple of nq,...,n;. Then the Ahmes series

Sor  1/ny is rational if and only if ngy; = ni —ny + 1 for all k& > ko, in which case

=1 1 1 1
Y —=— g + .
N M Nky—1 Mgy — 1

In 1984, Sandor, [32], extended the result of Erdos, [10], to:

Theorem 2.3 Let {a,},>1 and {b,}n>1 be two sequences of positive integers with

. (7% ..
lim sup =00 and liminf
n—oo Q109" an—lbn n—oo an—lbn

bn—lan -1



If £€=5%",by/a, < oo, then £ is an irrational number.

It is generally believed that series of rational terms with rapid convergence
should give rise to irrational sums. In 1987, Badea, [1], deduced the following test for

irrationality of certain infinite series of rational numbers by using Brun’s criterion.

Theorem 2.4 Let {a,},>1 and {b,},>1 be two sequences of positive integers. If

by bn
an+1>b—+1ai—b—+1an+1 (2)

holds for every large n, then " | b,/a,, whenever convergent, is irrational.

The converse of Theorem 2.4 is false in general, [6], as seen e.g. from the
exponential series Y 1/n! = e. Theorem 2.4 is best possible in the sense that
should the inequality condition (2) be replaced by an equality, the result fails as the
following example shows: for a given sequence {b, } of positive integers and a given
a positive integer t, define the sequence of positive integers {w, }, w, = w,(b,,t) by

wy =1+ tby and w1 = 1+t wy -+ - w, for n > 1. Then

bn-‘rl 2 bn+1

n = - ;7 Wp 17

Wp41 b w, b, Wy, +

and
b b by, 1 by, 1
I R . BN )
w1 Wo Wnp, t wn+1—1 t

Moreover, there is a problem, [24], which asks for conclusion when the in-
equality (2) becomes equality from certain point onward. This settled by noting

that (2) is equivalent to
bn anrl > bn

an—1 appr—1" a,

(3)
If equality holds in (3) for all n > m, then summing from n = m onwards and

nothing that b, /(a, — 1) — oo as n — oo, we have

= b, b
Za:am—f

n=m

rendering the infinite sum to be rational.

The result of Badea’s criterion (Theorem 2.4) has indeed been mentioned as

an application in the 1910 paper of Brun, [7].



Define the sequence of Fibonacci numbers {F},} by

Fo=0, Fi=1, Fpo=Fp1 +F, (n>0)
and the sequence of Lucas numbers {L,} by

Ly=2, Li=1, Lyyo=Ly1+L, (n>0).

Badea, [1], used Theorem 2.4 to answer an old conjecture of Erdos and Graham (see
[11] pp. 64-65) that the sums > | 1/Fyniq and >~ 1/Lonyy are irrational. Later
in 1993, Badea [2] established an extension of his criterion (Theorem 2.4) without
using Brun’s criterion by modifying the inequality condition from two consecutive

terms to that of a block of terms.

Theorem 2.5 (Badea’s criterion II.) Let {a,},>1 and {b,},>1 be two sequences
of positive integers and N' = {n(k)},., an increasing sequence of positive integers.

Define
)
A (k)+j

d(k)

br(k) 4

Sk = Sk(N> = an(k)ﬂ cee an(k+1), Rk = Rk(N) == Z Sk%
7j=1

where d(k) = n(k + 1) — n(k). Assume that ) >, b,/a, converges to a rational

number. If

Sp(Sk—1)+1 (4)

for all large k, then in (4) we have equality from some k& onwards.
Specializing n(k) = k in Theorem 2.5, we have

Corollary 2.6 Let {ay,},>1 and {b,},>1 be two sequences of positive integers. As-

sume that »_ >  b,/a, converges to a rational number. If

by b
bj ai—b—zlanﬂ (5)

an+1 2

for every large n, then in (5) we have equality from some n onwards.

Badea, [2], used Corollary 2.6 to answer another problem of Erdos and Gra-
ham, [11], by showing that > >, 1/F,q is irrational when {n(k)} is a sequence of
positive integers satisfying n(k + 1) > 2n(k). Badea, [2], gave another corollary of

his main result which yields an irrationality criterion for alternating series as:



Corollary 2.7 Let {b,/a,} be a decreasing sequence of positive rationals such that

S (@ok—1a2k — 1)(bog+1a2k+2 — bogrooi1)
A2k4102k+2 = 1 + agp—_1a9; (6)
bag—1a2; — baog—1

for every k. If 32 (—1)""'b,/a, is rational, then in (6) we have equality for all
sufficiently large k.

Corollary 2.7 provides an improvement of an old result of Sierpinski which
says that: if a, 11 > an(a,+1), then Y >~ (=1)"*!/a,, is irrational. There is another
extension of this result due to Sandor, [33], who gave an irrationality assertion for
alternating series of the form » >° (—1)"*'b,/a,. Specializing b, = 1 for all n in

Corollary 2.7, we have

Corollary 2.8 If {a,},>1 is a sequence of integers satisfying

S Aok ak—1 — 1
A2k+1 = A2kQ2f—1————
A2k — A2k—1

for all sufficiently large k, then > >°  (—1)"*!/a,, is irrational.

In 1996 Hancl, [15], uses Brun’s criterion (Theorem 2.1) to prove an irra-

tionality result under inequality conditions opposite to (2). A particular case reads:

Theorem 2.9 Let {a,},>1 and {b,},>1 be two sequences of positive integers. If

bn by
(1) ap, >2 and  a,4q < b+1 a2 — bH a, + 1

(71) i1 (—Anbp_1 + 202 1by — ap_1by) >

bn+1anan—1<anan—1 - 2an—1 + 1) + 3bnai71 - 2anbn—1 - 2an—1bn + bn—l
for every large n, then the sum »_°  b,/a, is irrational.

In the direction of infinite products of rational terms, Brun gave the following

result.

Theorem 2.10 Let a,,b, € N when b, > a,, > 1 forn € N. If

Apy1 — 1 bn bn+1 —1
a, — 1 a, b,—1"

then the infinite product [~ b, /a,, whenever convergent, is an irrational number.



In particular, if {a, },>1 is a sequence of positive integers satisfying a, 1 > a?
for all n > 1, then the infinite product []>~, (14 1/a,) converges to an irrational
number. This is contained in a more general result about Cantor products which

we quote from [29].

Theorem 2.11 Each real number x > 1 can be represented uniquely as an infinite

product of the form

x:ﬁ(lﬁ), (7)

n=0
where a,,’s are positive integers not all equal to 1 and satisfy

Opt1 = ai. (8)

Moreover, the value in (7) is rational if and only if in (8) we have equality from some

n onwards.

In 1968, Oppenheim, [28], proved the following:

Theorem 2.12 Suppose that the positive integers a,, satisfy the conditions

2
n

lim sup < oo and lim sup a,, = .
n—oo Ap+1 n— oo

Then if [[°2, (1 + 1/a,), necessarily convergent, is rational, then there exists a

sequence of positive integers {c,} with the following properties

Cnlng1 = Cng1 = (@ + 1) (cp1ay —cn) >0, (n 2> ny), (9)
cn =0(an), 0<cp,<ap, (10)
: Cn . a?
lim sup = lim sup
n—oo Cn—1 n—oo (Ap+1

Conversely if (9) and (10) are satisfied, then the infinite product is rational since

1 o
11 (1+—):1+L
an —

n>no Cnoflano Cno

There are also other irrationality results for infinite products such as the one
in Lynch and Mycielski, [22], which states that [~ ,(1—1/a™) is irrational for a € Z
with |a| > 1 and another irrationality criterion due to Sdndor, Proposition 2 of [32],

which states that:



Theorem 2.13 Let {b,} be a sequence of primes with lim,, .., b, = co and let {a,}

be a sequence of positive integers satisfying
Gk > bogpr a2 (n,k €N). (11)

Then the infinite product [~ (1 + b,/a,) is irrational.

In 1986, Badea, [3], found some conditions for the value of the infinite product

to be irrational.

Theorem 2.14 Let {a,} and {b,} be two sequences of positive integers suct that

by, bpy1(b, — 1
Apt1 > b+1 ai + +1(b )an +1-— bn+1 (12)

holds for all large n. Then the value of the product [[>2, (1 + b,/a,) is an irrational

number.

More recently, A. Knopfmacher and J. Knopfmacher, [19], discovered the
following product representation of rational numbers as infinite product of the form

considered above.

Theorem 2.15 Let ¢; < ¢ < --- < ¢, be positive integers with ¢, > 2. If

Cp = b2 for m > r+ 1, where b = cicy - - - ¢, then

> 1 - 1
1 — 1+— ). 1
H( +CICQ"'C7L> b_]_H( +Clc2...cn) ( 3)

n=1 n=1

As evidenced earlier, a number of infinite series and infinite products men-
tioned above have terms which are elements belonging to sequences which satisfy
linear recurrence relations. There have appeared a great deal of irrationality results
for series and products of such elements. We mention here only two recent ones
which will be further investigated in later chapters.

Let {R,}»>0 be a sequence of integers satisfying a binary linear recurrence
defined by

Rnio=FEi1R,1 + EsR,, (E1,Ey €Z\{0}) (14)

where the initial values Ry, Ry are not all zero and A = E? +4F, > 0. Let py, po
with |p1| > |p2| be the distint real roots of the equation x* — Eyx + E; = 0. Then
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R, can be written as

where g1, g2 € Q(p1).
In 2007 Tachiya, Theorem 3 of [34], proved the following transcendence re-

sults about infinite products whose elements are related to a binary sequence.

Theorem 2.16 Let » > 2,¢ > 1 and d be integers and {R,,} a binary recurrence
given by (14) and (15). Let K be algebraic number field and {my}r>0 a sequence
in K satisfying my # Rekiq (k> 0) and log ||mg|| = o(r*). Then

oo

[T+ 5%

ke0 Rcrk +d

is algebraic if and only if at least one of the following conditions is satisfied:
(1) my = 0 for every large n.
(74) r = 2 and m,, = R, for every large n.

(i1i) r = 2, g1p% = gopd, and there exists a root of unity w such that m,, = g, p¢(w?" +

w™2") for every large n.

In 1994 Becker and Topfer, [4], characterized the algebraicity of infinite series

which are reciprocal sums of elements in a binary sequence.

Theorem 2.17 Let ¢, d, r be integers with » > 2,¢ > 1 and {R, } a binary recurrence
sequence defined above. Let {m,,} be a periodic sequence of algebraic numbers which

is not identically zero. Then

oo
>

n—0 Rc~r"+d

is algebraic if and only if {m,,} is a constant sequence, r = 2, |As| =1 and Ry = 0.



CHAPTER 3

EQUIVALENCES AND APPLICATIONS

In this chapter, we first show that Brun’s and Badea’s criteria are essentially
equivalent. To do so, we need to modify the original Brun’s criterion in the direction
of the conclusion of Badea’s 1993 criterion, and in Badea’s 1993 criterion, we raise
the complexity of rational terms b, /a, one level up to f,/«, with «,, 3, being
positive rational numbers. Applying this equivalences, interesting new proofs of
identities invilving convergents of continued fractions are obtained. Then we deduce
connections with some other irrationality criteria for infinite series and identify the
result of Becker-T6pfersome of these exceptional cases which are algebraic but not
rational. In the second, Brun’s criterion for sequences of rational numbers is shown
to be equivalent to a useful irrationality criterion for infinite product of rational
numbers. There are several applications of this equivalence and connections with
other irrationality results about infinite products. The final section is investigated
what conclusion can be obtained should only one of the two inequality of Brun’s

criterion be reversed.
3.1 Equivalences of Brun and Badea
3.1.1 Modifying Brun’s Criterion

Our modification of the original Brun’s criterion in the direction of the con-

clusion of Badea’s 1993 criterion reads:

Theorem 3.1 (Brun’s criterion IT) Let {X,,},>1 and {Y,},>1 be two sequences
of positive integers with X,, < X,,;; for all n > 1. Assume that L = lim, ., Y,,/X,

is rational and
Yn+1

Xn+1

% < (n>1). (16)

If

Yn+1 - Yn > Yn+2 - Yn+1
Xn+1 - Xn - n+2 Xn+1

for all large n, then in (17) we have equality from some n onwards.

(17)
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Proof. Suppose that L = a/b where a,b € N. From (16), we deduce that

Yn+1 - Yn Yn
- > . 18
Xn+1 - Xn Xn ( )

. Y, . 1-Y, . . . .. . .

Since {an:——xn} is a non-increasing sequence of positive rationals, it must converge
n n

to a limit. Invoking upon (18) we get

Y1 Y, Y,
lim — " S iy - ==

a
n—00 Xp41 — Xn T n—oo Xn b7

which implies, for all large n, that

aXn - an Z aXn—H - an—H > 0;

the last inequality being followed from };—Z < L. This gives us an infinite non-
increasing sequence of nonnegative integers. Thus, there is an N € N such that for
all n > N, we must have

. Yn 1 Yn a
R LS s o)

and the result follows. O]

There is also a criterion called here the reverse Brun’s criterion that
reversing the inequalities in (16) and (17) by changing ” <” to” >” and ” > " to

7 <7 respectively. Its proof is analogous and then omitted.

Theorem 3.2 Let {U,,},>1 and {V,,},,>1 be two sequences of positive integers such
that U, < U,y for all n > 1. Assume that L' = lim, ., V,,/U, is rational and

Vn Vn+ 1

Un UnJr 1

(n>1).

If
Vn—i—l - Vn < Vn+2 - Vn+1
Un+1 - Un - Un+2 - Un+1

for all large n, then in (19) we have equality from some n onwards.

(19)

3.1.2 An Extension of Badea’s Criterion

We start to re-state Badea’s criterion, [2], of 1993 and give a simplified proof.
To facilitate the writing, the following terminology will be kept fixed for the rest of
this chapter.
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o {a,}n>1, {Bn}tn>1 and {u, }n>1 three sequences of positive rational numbers;

e {v,}n>1 a sequence of rationals with v; > 0 and v, < 0 for all n > 2;

P, :=ajas---a, and Q,, := pypig - - - iy, for all n > 1;

A, = P”Z% and B,, := QnZ:—j for all n > 1;
j=1

j=1 17

N = {n(k)}r>1 an increasing sequence of positive integers;
e d(k) :=n(k+1)—n(k) forall k>1,

® S = 5k<N) = Qn(k)+1 """ On(k+1) (k‘ > 1)7 S0 = Q1 - Op(1);

(k>1), roz—so(é—i-H'—l—M).

aq Qn(1)

d(k)
6n(k)+j

=1 (k)45

[ ]

<
ol

|

<
Ed
—
2

I

V2]

Theorem 3.3 Assume that P, and A,, are both integral for all large n.

If > 0./, is a rational number, there is a sequence N such that s, > 1 and

Spe1 — 1 - sk(sk — 1)

Tkl Tk

(20)
for all sufficiently large k, then in (20) we have equality from some k onwards.

Proof. We assume that the conditions of the theorem are satisfied but the inequality
in (20) is strict for infinitely many values of k. Let Y °, 3,/ = p/q , where
p, ¢ €N, ged(p,q) = 1. Thus,

= lim == = lim Anie)
q_n*)OOPn _k—“X’Pn(k)

Now
n(k) 3 d(k) 3
n(k
Ank+1) = Pagrr) Z J + Z AER) SkAn k) + TR Pr)- (21)
an(k )47
: _ Anan)=Anm) ;
Defining vy, = P P and using (21), we get that
s — 1) Apgey + 7:Pp A, T
o = = ) Any £ Py _ Any 7 22)
Pn(k)(sk — 1) Pn(k) Sk — 1
and

Apet1) B Ay Angr+1) — SkAnw) _

Puisry  Pugy Pt Sk
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SO
Tk+1 Tk
Skr1— 1 sp(sp — 1)

V41 — Vg =

Together with (20) and our assumptions, we have v 1 < vy for all sufficiently large
k and vy 1 < vy, for infinitely many k. We express this by saying that {v;} is almost
strictly decreasing. Note that {A,,/P,} is an increasing sequence and thus %: < §,
i.e., for all large n, we have

pP, — qA, > 0. (23)

Since s, > 1 when £ is large enough, this together with (22) give v;, > ﬁ"—((:)). Thus,
the almost strictly decreasing of {v;} and the increasing of {A,,/P,} to p/q imply

that vy > p/q for all large k. Using this last relation and (23) we have

0 < pPokt1) — qAnt+1) < DPogky — qAne) (24)
for all large k. The relation (24) gives us an infinite non-increasing sequence of
positive integers and so pP,11) — ¢An+1) = PPak) — ¢Ank), which gives

P _ Anry) — Anr)
q  Pagyr) — Pai)

for all large k, contradicting the almost strictly decreasing of vy. O

Remark. The main idea of the proof given above, which does not make use of
Brun’s criterion, is similar to that of Badea [2], yet the steps around (22)-(23),
differ and substantially simplify those of Badea. Theorem 2.5 is a special case
where (6, = b, € N, a, = a, € N; in this situation the integrality of A, and P,
are automatic, while the requirement that s > 1 is immediate from the fact that

a, — oo because of the series convergence.
Specializing n(k) = k in Theorem 3.3, we have:

Corollary 3.4 Assume that P, and A, are both integral for all large n. If Y~ | 5, /v,

converges to a rational number, a,, > 1 and

Qpi1 — 1 S an(a, — 1)

BnJrl B ﬂn

for all large n, then equality occurs in (25) from some n onwards.

(25)
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As in the same case of the reverse Brun’s criterion, we also have a version of

the reverse Badea’s criterion as:

Theorem 3.5 Let > > v,/u, converge to a positive rational number. Assume

that @), and B,, are both integral and p, > 1 for all large n. If

Vn+1 2 Un
fint1 — 1 7 pn(ptn — 1)

(26)
for all large n, then in (26) we have equality from some n onwards.
3.1.3 Brun = Badea

Now, we are ready to show that Brun’s criterion II is essentially equivalent
to Badea’s criterion and the reverse Brun’s criterion is essentially equivalent to the

reverse Badea’s criterion. We do so by proving that
e Theorem 3.1 implies Theorem 3.3
e Corollary 3.4 implies Theorem 3.1

e Theorem 3.2 and Theorem 3.5 are equivalent.

Theorem 3.6 Theorem 3.1 implies Theorem 3.3.

Proof. From the two given sequences {«a,}, {3,} of positive rational numbers satis-
fying all the properties as stated in Theorem 3.3, we construct another two sequences

of positive integers {X,,}, {Y,} as follows:

X1=Oé1062"'04n(1), X2=041Oé2"'0&n(2)7 B Xk:a1a2"'an(k)7
n(1) (2) n(k)
_ Bi _ Bi _ Bi
Yl—Xlza—j, Yz—Xzza—j, Yk_XkZa—j_
7j=1 7j=1 7=1
Clearly,

Yip1 —Ya :ﬁ_i_ Tk
Xip1 — X Xi sp—1

Yirr = sk Yr + e Xy and

That Theorem 3.1 implies Theorem 3.3 follows immediately from the following set

of equivalences, for k sufficiently large:
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Xk
X >1 & Sp_1 = Qu—1)41" " Qni) > 1;
k—1
Y, Y. Tp— n(k— n
Y o Yior | "1 _ Po 1)+1+m+5(k)>0
X, Xi—1 Sk—1 Op(k—1)+1 An (k)
and
Yiio = Y; Y1 = Y, Y r Y r
k42 kel o Tkl Eog Tht Tl Yk Tk
KXio — Xpr1 — Xig1r — Xi Xir1 Spp1— 17 X osp—1
o Yip —ES " Tkl
Xirr Xp mosp—1 s —1
o e Tk Tk
Sk_Sk—l Sk+1—1
Tk41 Tk
= <
Sk+1 — 1~ Sk (Sk — 1)
which complete. O

Theorem 3.7 Corollary 3.4 implies Theorem 3.1.

Proof. From the two given sequences of positive integers {X,}, {Y,} satisfying
all the properties as stated in Theorem 3.1, note that the construction in the last
theorem is reversible, i.e., two corresponding sequences of positive rational numbers

{a,,} and {f,} can be constructed, namely,

X X"
(05} 1, Q2 X17 ’ @ Xn—l
61 15 52 Xl (X2 Xl) ) ’ ﬁ Xn—l (Xn Xn—l)

The two sequences {ay,},{,} are merely counter-parts of the previously defined
sequences {s,}, {r,}, respectively. Using this observation, that Corollary 3.4 implies
Theorem 3.1 follows immediately through the same set of equivalences as in the last

theorem. ]
Theorem 3.8 The reverse Brun’s criterion (Theorem 3.2) and the reverse Badea’s
criterion (Theorem 3.5) are equivalent.

Proof. Given two sequences {u,},{v,} satisfying all the properties as stated in

Theorem 3.5. By hypothesis, there exists N € N such that for all n > N we have
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Qn,Bn € Z , p, > 1 and the inequality (20) holds. Throwing away finitely many
terms at the beginning if necessary, without loss of generality, we may take N = 1.
We construct two sequences of positive integers {U,}, {V,.} as follows:

1

I/.
U1:Q1:,u1, V1:Bl:Q1 —];
— M

J
2

V.
Uy = Q2 = pipta, Vo= DBy = Q> —J',

= Mg
and in general,
Un:Qna Vn:Bn:Qn ﬁ
s M
so that
Vn = Vj
Un =1 Hj

Since v, < 0 for n > 2, the sequence {V,,/U, } is strictly decreasing and since ,, > 1,

we have U, < U,4;. Clearly,

1= Bt Yo 1 Vot o Upny1 — U, Un * fng1 — 1

Thus,

Vn+2 - vn—i—l > Vn+1 - Vn Vn42 Vn+1

> )
Unio = Uns1 = Up1 — Uy, Ptz — 1 7 g1 (pns1 — 1)

which, by the reverse Brun’s criterion (Theorem 3.2), implies the result of the reverse
Badea’s criterion (Theorem 3.5).

The other implication follows from the facts that the above construction is
reversible, i.e., given two sequences of positive integers {U, }, {V,}, two correspond-

ing sequences of rational numbers {u,} and {v,} can be constructed, namely,
M1:U1>O, =V, >0

and for n > 1,

Un Unt1 (Vi Va
Hnt1 = U:l >0 ) Unt1 = U;:l < = ) <0

and the above implications are all reversible. O
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3.1.4 Applications

Apart from the two equivalence proofs above, it is natural to ask whether
the consideration of series whose terms are quotients of rational numbers over ratio-
nal numbers (rather that integers over integers) is noteworthy and nontrivial. An
affirmative answer to this query is illustrated using some knowledge of continued
fractions. Take a positive irrational number v and write it as an infinite simple

continued fraction
v =leo;e1,€9,...], €0 >0, e, €N (i>1).

Let {h,/k,} be its corresponding sequence of convergents. It is well-known, see e.g.

Chapter X of [16], that h, and k,, satisfy the recurrences

h—l = 17 hO = €y, hn-i—? = 671—%—2hn-‘r1 + hn (n > _1)7 (27)

k’_l = O, k‘() = 1, kn+2 = €n+2kn+1 + k?n (TL Z —]_) (28)

We first prove some auxiliary results about numerators and denominators of

the convergents.
Lemma 1. Let n € N be fized. Define the sequence of positive integers {Ch,; },, via
Ch1=1, Cho=¢epnya, Cpi=e€n1iCpic1+Chia (i >3).

Then  hpyikn — huknsi = (—1)"C;  for alli € N,

Proof. From Theorems 150 and 151 of [16], we know that

hn—i—lkn - hnkn-l—l - (_1)717 hn+2kn - hnkn—‘rQ - (_1)n€n+27

showing that the assertion holds for ¢ = 1,2. Assume it holds up to i. Using (27),
(28) and the induction hypothesis, we get
hn+i+1kn - hnkn+i+1 = en+i+1<hn+ikn - hnknJrz) + (thriflkn - hnknJrifl)
= (—1)"enti41Cni + (=1)"Chi1

= (=1)"Chis1.

and complete the result. O
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Lemma 2. Let n,t € N. Then hn+2t — hn = 22:1 €n+2ihn2i—1'

Proof. This follows immediately from applying (27) successively. O

Lemma 3. Let [, m,n, be positive integers such that | > m > n.

hi—hm < hm—hn

1) If l,m,n are all even, then

ki—km ~ km—Fkn
2) If l,m,n are all odd, then klizm = Zmizn'

Proof. Consider the case when [, m,n are all even. Then | = 2r,m = 2s,n = 2t,

where r, s,t € N. By Lemma 2, it suffices to show

earhor_1 + -+ -+ easiohosy1  eashos—1 + -+ earpohor
earkor—1 4 -+ + €512k 41 €askas—1 + ... + earyakoriq

This is equivalent to
0> E E 62162j h21 1k2j 1~ hzg 1k 1 E E 62162] 02; 1,2(i—j)-
i=s+1 j=t+1 i=s+1j=t+1

The result now follows from Lemma 1. The other assertion is proved similarly. [

Remark. There is another proof of Lemma 3 using ideas from Farey fractions. For
a,b,c,d € N, observe that if 0 < # < £, then

g<a—i—c<£
b b+d d

(29)

By Theorem 152 of [16], the sequence {Zi”i} is strictly decreasing, so the recur-
rences (27) and (28) yield

h2n+4 - h2n+2 €2n+4h2n+3 €2n+2h2n+1 h2n+2 — hap,

Kona — koo Consshony1  Conpokontt  Konyo — Kon
Using this relation repeatedly for r,s,¢ € N when r > s > ¢ we get that

h2r - h2’r—2 h27‘—2 - h2'r—4 h2s - h25—2
< < /<
k2r - k2r—2 k2r—2 - k2r—4 k2s - k2s—2

h2t+4 - h2t+2 h2t+2 - h2t

k2t+4 - k2t+2 k2t+2 - k2t

Replacing the leftmost two quotients and the rightmost two quotients by their re-
spective middle quotient as in (29), while keeping all the remaining quotients as

before, we obtain

h27" - hQr—4 h27"—4 - h?r—6 h2t+6 - h2t+4 h2t+4 - h2t

k2r - k2r—4 k2r—4 - k2r—6 k2t+6 - k2t+4 k2t+4 - k2t



20

Now repeat the step of replacing the leftmost and rightmost quotients by their

s—t—2
2

r—s—2
2

times and times, respectively, to get

middle quotients and using (29) for
Lemma 3 part 1). The other part is similarly proved.

Theorem 3.9 Let v be an irrational number whose simple continued fraction is
v = leo;er,€2,...], € >0, e, €N (n>1).

Let {h,/k,} be its n'" convergent and f(n) a strictly increasing function of n € N.

If either f(n) € 2N or f(n) € 2N + 1 for all n € N, then

oo

NG Z Py Frm) = hy) Ky
k) Kg(ny Efn+1)

n=1

Proof. If f(n) € 2N for all n € N, we have to use the equivalence of the Brun’s and
Badea’s criteria (Theorem 3.6 and Theorem 3.7) take Y, = hywmy and k, = Bj).
Since the sequence {X,,} and {Y,,/X,} are strictly increasing and Lemma 3 part 1),
the sequence {(Y,,41 — Y3)/(Xpy1 — X)} is strictly decreasing. The two sequences
{Y,} and {X,} thus satisfy all the conditions of the Brun’s criterion II (Theorem
3.1). The two corresponding sequences of rationals {a,,} and {3,}, constructed as
in the proof of Theorem 3.6 and 3.7, are oy = kg(1y , f1 = hya) > 0, and for n > 1,

kroy 4 ., = Ky (hf<n+1> B hf(n)) S0
K (n) kimy \Kfm+1)  Erm)

Apt1 =

The equivalence of the Brun’s criterion II and Badea’s criterion yields the desired
result.

If f(n) € 2N +1 for all n € N, we have to use the equivalence of the reverse
Brun’s and Badea’s criteria (Theorem 3.8) instead, take V,, = hy,y and U, = kj().
Since the sequence {U,} is strictly increasing, while the sequence {V,, /U, } is strictly
decreasing and by Lemma 3 part 2), the sequence {(V,11 — Vi,)/(Upy1 — Un)} is
strictly increasing. The two sequences {V},} and {U,,} thus satisfy all the conditions
of reverse Brun’s criterion (Theorem 3.2). The two corresponding sequences of
rationals y1, and v,, constructed as in the proof of Theorem 3.8, are ji; = kg, 1 =

hyay > 0, and for n > 1,

ko) k1) (hf(n+1> hf(n)>
/,Ln+1 = and I/n+1 — - < O,
K p(n) Ky \Kpm+r) Ko
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where the last inequality follows from Lemma 1. The equivalence of the reverse

Brun’s criterion and reverse Badea’s criteria yields the desired result. O

Theorem 3.9 is a host of a good deal of identities about reciprocal sums. In
particular, it can be further applied to give interesting new proofs of identities about

the Fibonacci numbers. The following identities are easily verified

FZn = FnLn (30)

2,1 =F,+ L, (31)

(=1)"2F, = LyyFrin — LinsnFon (32)
5F%  if nis odd

Loy, +2 = (33)
L?  otherwise.

The elements of the corresponding two sequences {a, }n>1,{Fn}n>1 are gen-
erally rational. As an example, consider

1++5
2

= [1:1,1,1,..].

Its sequences of partial numerators and partial denominators are merely two shifted

Fibonacci sequences:
{hn}n>1 ={2,3,5,8,13,21, ...}, {kn}n>1 ={1,2,3,5,8,13,...}.

Given two sequences of positive integers {Y,,} = {ho,} and {X,} = {k2,}, the
corresponding two sequences of numerators and denominators of the terms in the

infinite sum are:

5 13 34 1 1 1
=<2, =, —, —, ... = - —, ... .
{an}nZI { a2) 5 ) 137 }7 {ﬁn}nZl {37 47 257 1697 }

The a,,’s are generally rational but not integral because

kon B, Fy,,_
_ 2 _ 2n+1 —9 + 2n—2
k2n—2 F2n—l FQn—l

Qn

and the last fraction is positive, strictly less than 1. The same holds for

Bn _ (% . h2n2> an o 1 1

) = 72
k2n k2n72 k2n72 k2n—2 FQn—l
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It is exciting to note incidentally that we have discovered the following result.

Corollary 3.10 Let f(n) be a strictly increasing function of n € N. If either
f(n) € 2N or f(n) € 2N+ 1 for all n € N, then

f’: —1)/¢ Ff<n+1) ro) _ 14V5 Frae
Ff(n +1Ff (n+1)+ 2 Ff(l)—l—l

n=1

Proof. Take the golden number

&

1
i 1;1,1,1, ...

’y: 2 [?777

In its continued fraction expansion, the sequences of partial numerators and partial
denominators of the convergents h,, /k,, are merely two shifted Fibonacci sequences:

hpn = Fhio,kn = Foy1. From the well-known identity, see p.87 of [20],
Fn+1Fk71 - Fan = (_1)anfk+1 (1 < k < Tl),
we have

hint1) Kpmy = Pp) Kpnar) = Frmrny+e Frm+ — Frmy+2 Frman+

= (=) Fyui1)—fm)-

Substituting into Theorem 3.9 gives

Y

L+Vo _ Frapee | i (=)' Fri1)- s

2 Fron ~ Frmyr1Frmin

which is the result. O

Remarks.

1. In Corollary 3.10, putting f(n) = 2n — 2,2n — 1, we respectively get

= 1 VE—1 3—-5
;Fin - 2 ’ ZFZTL 2 .

— F2n+1 F2n+2

Summing and subtracting these two equations yield

1 — (="
FnFn+2 ;

o0

n=1
the former identity is equation (4) in [5], see also Identity 35 on page 442 of [20],
while the latter identity is a problem posed in [8].
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2. In Corollary 3.10, putting f(n) = 4n — j for j € {4,3,2,1}, we respectively get

- 1 5 1
Z - = £ — = (34)
“~ Fin3Fimyr 66
- 1 1 5
Z —_—=- = £ (35)
“~ FioFingy 2 6
G 1 5 1
Z S \/__ - (36)
~ Fin1Fipmes 63
- 1 7 5
_ T (37)
“~ FinFanys 18 6
Adding (34) and (36) yields
- 1 2v/5—3
> _ 25 : (38)
n—1 F2n71F2n+3 6
Adding (35) and (37) yields
[e.e] 1 o
_8-3v6 (30)
— FonFonia 9
Subtracting (34) and (36) yields
SSISIE
Fop1Fon43 6

Subtracting (35) and (37) yields

i (_1)n71 B 1
n=1 F2nF2n+4 9
Adding (38) and (39) yields

7

— FoFupa 187

which is equation (5) in [5], see also Identity 36 on page 442 of [20]. Subtracting
(39) and (38) yields

n+4 3

> " 25 2\/‘
W

3. In Corollary 3.10, putting f(n) = 2tn + j for t € N and j > —2¢, we have

= —1) [1+5 Forpjio
Z :( )(+2 - . >

— FQtn+]+1F2t(n+1)+]+1 Fo Foryjn
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Taking j =2m — 1 € {—2t,...,2t — 1} and adding zero term, we get

i :__1 1+\/3_F2t+2m+1>+ 1

F: 2tn+2mF 2u(n+1)+2m  Fau 2 Foryom FomFotyom
_ 1 Foitomt1 N Fy, 1+ V5
For \ Forpom Fop B om 2

"~ Fy 2F5,, Fotyom 2

1 ( Lo ﬁ)

Ty \ 26, 2

(using (32)),
which is the last equation on page 263 of [30].

4. In Corollary 3.10, putting f(n) = at™ + i for a,t € N and i > —at, we get

Z Fi—1yan  (—q)erH 14++5 Lyt ‘

lFat”+1+z+1 Fat+i+1

Taking t = 2,7 = —1, we get

e}

L P 1445 (40)
Fa2n+1 F2a 2 '

n=1

We can rewrite this as

i L P 11 1++5
Fpon  Fy  F, F, 2

_ 2F341 + 2L +2 — Fa — o5
B 2F,
 Lyg+2+42L, — F3,\/5
N 2Fy,
5F2 4+ 2L, — Fy/5

2Fy,
Lo+2—-F5

2F,

(using(30))

(using(31))

if a is odd

(using(33)),
otherwise

which is a result of Hoggatt and Bicknell [18]. In equation (40), taking a = 1 we get

i 1 3-5
Fonir 27

n=1

which was proposed as a problem by Millin [23] and solved by Good in [14], see also

many proofs in [17].
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We determine the nature of certain numbers in the exceptional case of the

result of Becker-Topfer, using Badea’s criterion.

Proposition 3.11 Let ¢ > 1,d be integers and { Ry} defined by (14) and (15) with
|As] = 1, Ry = 0. Let {my}r>1 be a sequence of positive integers. Assume that
my, is constant for all large k, g1 € R* and p¢ € R. If there is an € > 0 such that

g1 — gipl > €, then > 37 my/R,.or 44 represents a non-rational algebraic number.
Proof. Using Badea’s criterion, it suffices to show that
Reoeviig > R2 gy — Reoreiq + 1, (41)
for all large k. The equation (41) is equivalent to
gip5 T 4 gaps® T > (glp‘{'Qk*d - gzp§'2k+d>2 - (glpi'md + gzpé'zk”) +1,
ie.,
20192(p102)° >+ + 905> (gapd — 1) — (918 4 g0 41

2 d
g1 — 9gip1 > c2k 11 d
P1

Since the right-hand expression — 0 as k — oo, this requirement is fulfilled under

the stated hypothesis. O

Example 1. Let b € N and {7} }x>0 be a sequence of integers satisfying the bilinear

recurrence relation
To=0, Ty =1, Thyp =0T} +Ty.
Then Ty = b, T}, > 2 (k > 3) and

k k

T — 1 b+ Vb2 +4 n -1 b—vb2+4 (k€ N)
S/ 2 N 2 '

Taking A; = b, Ay = 1, d = 0 and assuming a; is constant for all large k in

Proposition 3.11, and noting ¢; = 1/vb0?+4, py = (b+vVb>+4)/2, 1 — g1p1 > 0,

we deduce ), -, ar/R.or are non-rational algebraic numbers for any ¢ € N.

A particular case involving the sequence of Fibonacci numbers is the well-
known result that ), ., 1/F.or is a non-rational algebraic number for any ¢ € N,

see in equation (40) or e.g. [18].



26
3.1.5 Connections with Other Irrational Results

Immediate from Corollary 3.4 are the following irrationality criteria, the first

of which is an extension of Theorem 2.4.

Theorem 3.12 Assume that Y, 3,/ converges, each a,, > 1 and P,, A, are
both integral for all large n. If

ﬁn+1 2 ﬁnJrl
Bn " Ba

for all sufficiently large n, then the sum ), 3, /c, is irrational.

Opy1 > oy + 1

Proof. Note first that

Since ay, > 1 and all terms are positive, we see that P, < P,.1, and {A,/P,} is an
increasing sequence. In the Brun’s criterion taking vy, = A,,z, = P,, we need only

check that
An+2 - AnJrl < An+1 - An

42
Pn+2_Pn+1 Pn+1_Pn ( )

for all large n. Now the inequality (42) is equivalent to

A A A A A A
<n_+2 — n+1> Pn+1Pn+2 + < Uan . _n) PnPn—l-l < ( Uann _n> PnPn—I-QJ

Pn+2 Pn+1 Pn+1 Pn Pn+2 Pn
and so
B2 B2
n—+ai+1 — P i 4 1 < Qo
671—&-1 5n+1
This conclusion follows immediately from Brun’s criterion. m

Theorem 3.13 Assume that P, and A, are both integral for all large n. If
Yo, Bn/cy, converges and there exists A > 0 such that s, > 1+ X and

Sk+1 — 1 _ Sk(Sk — 1)

Tk+1 Tk

(43)
for all sufficiently large k, then Y >° | 3,/a, is rational.

Proof. Since Y | B,/, converges, for every € > 0 there is a N, € N such that for

sufficiently large k, we have n(k 4 1) > n(k) > N, and Cauchy’s criterion yields



k+1) n(k n(k+1)
o )
n=n(k)+1 %n
ie.,
. T
lim — =0
k—oo S,

Suppose that (43) holds for j > ko where kg is sufficiently large. Then

i T Tj+1

Sj Sj — 1 Sj+1 — 1
Summing from kg to k, we get
k

T ko Tkt
Sj Sk — 1 Sk+1 — 1

By the condition s, > 1+ A and (45), we have as k — oo

0< _ThtL Tkl 1 Tre1 A+ 0
siir— L sk 1= = sk A
Hence,
o] ko—1
S B 3 rj Ty
Som s sk

is rational.

27

(44)

(45)

]

Remark. The extra requirement, s, > 1 4+ A, can be dropped if n(k) = k and

i, B € N for then sy = a1 > 2 by the convergence of the series.

For alternating series, using the technique of proof of Corollary 3.5 in [2], we

have the next two results.

Theorem 3.14 Let {3,/ }n>1 be a decreasing sequence of positive rational num-

bers whose numerators and denominators are also positive rational numbers.

an increasing sequence of positive integers N' = {n(k)}x>1, define

32(k) = 82(/€,N) = Qon(k)+1 " Q2an(k+1),

Go(k) (k’ N) ﬁ2n (k)+1 + ﬁZn(kH»S .. ﬁZn(kJrl
Oézn(k)+1 Aon(k)+3 a2n(k+1) v
Oé2n(k)+2 Qo (k)+4 a?n(k+ )

For
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Assume that so(k) > 1, Py := g -+ - g € N, Py Z?il(—l)jﬂﬁj/aj € N and

ssb+1) =1 Go(k+1) = Ge(k+1)
So(k+1) (s2(k) —1) — Go(k) — Ge(k) ’

(46)

for all sufficiently large k. If > °° (—1)""'3,/a, is rational, then in (46) we have

equality for all sufficiently large n.

Proof. Let
& - ﬁ?n—l ﬁ?n

: — — and C, := ag,q9,_1
On Qon—1 Qop

so that {D,,/C,} is a sequence of positive rationals whose numerators and denomi-

nators are also positive rationals. Observe that

Go(k) . Ge(k‘) _ (ﬂ2n(k)+1 . 6271(19)-&-2) bt <52n(k+1)—1 _ ﬁ?n(k—i—l))

Q2n(k)+1 Qon (k)42 Aon(k4+1)—1 Qo (k+1)

_ Do - Doy

Ch(k)+1 Cret1)

Sz(k) = Qon(k)+1 " " Qon(k+1) — Cn(k)—l—l T Cn(k+1)-

The condition (46) becomes

Do (kt1)+1 Do (k+2)
Cn(k+1)+1 T Cn(k+2) —1 > Cr(k+1)+1 Ch(k+2)
=~ ™D D )
Crtrr)+1 ** - Cogir2) (Cagiy+1 -+ Crgerry — 1) e SR L)
Cr(k)+1 Chr(k+1)

the result follows directly from Theorem 3.3 by considering the series > D,,/C,,. O

Theorem 3.15 Let {|v,,/u,|} be a strictly decreasing sequence and Bs,, Qs, be
both integral for all large n. Assume that > 2 (=1)""'v, /u, is a positive rational
number. If pg, 149, > 1 and

Hont+1ant2 — 1 < Hon—1ton (fan—1fton — 1)
Vonifont2 — Vontolont1 ~ Von—1fon — Vonlon—1

(47)
for all large n, then in (47) we have equality from certain n onwards.

Proof. Since

i(—l)”ﬂﬁ — i (’/2’“ _ ﬁ) _ i Vak—1fb2k — VokH2k—1
Hn

o oy \H2k—1 Mok —1 H2k—1H2k

and the sequence {|vy/fin|}n>2 is strictly decreasing, the last series has negative

terms except the first term. The result follows from the reverse Badea’s criterion. [



29

Related to Theorem 4.3 of Tijdeman and Yuan, [35], we have:

Theorem 3.16 Let P, and A, be both integral for all large n. Assume that

Sp—1
Pryre

the sequence { } is non-decreasing and s > 1 for all sufficiently large k. If

> | Bn/ay, is rational, then s’“*i is constant from some k onwards.

Prk)Tk
On the other hand, if

n

PS’“(;lk is constant and there exists A > 0 such that

sk > 1+ A from some k onwards, then 220:1 B/, is rational.

Proof. For k sufficiently large, since the sequence {;’Z—;}nk} is non-decreasing, from

5k+1—1>5k(sk—1) o Spy1 — 1 >sk—1

Th+1 Tk Porsn)Ter1 — PagT

Y

we deduce from Theorem 3.3 that if >~ 7 3,/«, is rational, then Ps’z—;ik is constant

from some k£ onwards. The converse is immediate from Theorem 3.13. OJ

Related to Theorem 4.1 and Corollary 4.1 (i) of Tijdeman-Yuan, [35], we

have:

Theorem 3.17 Let P, and A, be both integral for all large n. Assume that there

is a constant ¢ > 0 such that r, > ¢, s, > 1 for all large k, and

. Tkt1S r
lim sup P, k) ( MOk —k) <0.
k—o0 Sk4+1 Sk

If >, B,/ is rational, then

Sk+1 — 1 _ Sk(Sk — 1)
Tk+1 Tk

(48)
for all sufficiently large k.

Proof. Suppose S = > (,/an, = p/q with p,q € N. Assume that there exists K,
such that s, > 1 and Py, Angy € Z for all k > K. Put ¢, = z;ikﬂ r;/s;, we get
qP,(k+1)tx € Z. By the limsup condition and the series convergence, given € > 0,

there is K, such that

Tk4+1Sk T €
e A

Tk
and — <eg,
Sk4+1 Sk Pn(k) Sk

which implies s < €sgiq, for & > K.. For k > K = max{Ky, K.}, we have,

assuming that e < 1/2,
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Tk+1Sk Tk Tk42Sk Tk+1 Tk+3Sk Tk+2
sktk—tk_lz( -4y — |+
Sk+1 Sk Sk42 Sk+1 Sk+3 Sk+2
< (T’k+15k _ T_k) i Sk (Tk+28k+1 _ Tk+1)
T\ Sk+41 Sk Sk+1 Sk+2 Sk41

Sk Skt1 (Tk+38k+2 B Tk:+2) n

Sk+1 Sk+2 Sk+3 Sk+2
- € n € n e n < 2€
Puwry  Pagsry  Pagey2) = Py

Choose ¢ = 1/2g. We get that the integer qPuk+)te — qPuayte—1 < 1, which
implies that the sequence qP,41)t) is non-increasing of positive integers for k > K.

Then the sequence is ultimately constant, so spt, = t,_1 for k£ > K. Observe that

— Tk Tk+1 — _ _ Tk
ly = ST hence o = Spy1tr41 =t = X for £ > K. 0

Theorem 3.18 Let P,, A,, be both integral for all large n and the sequence {s;} a
non-decreasing. Assume that there is a constant ¢ > 0 such that r, > c and s > 1

for all large k£ and

Tht1Sk — T
limsup Py (—) <o.
k—o0 Sk

Then Y 7 | 3,/ is rational if and only if PSk(I:ﬂl”k is constant from some k onwards.

Proof. For all large k, since sgp1 > s > 1, we have % — k< %, and the

necessity part follows Theorem 3.17. The sufficiency part follows from the equiva-
lence in Theorem 3.16 and the proof of Theorem 3.13 noting that the presence of A

can be eliminated using the non-decreasing of {sy}. O

3.2 Equivalence of Brun’s Criterion and Infinite Products
3.2.1 Brun = Infinite Products

We begin with a modified form of Theorem 2.10:

Theorem 3.19 Let {a,},>1 and {p,}n>1 be two sequences of positive rational

numbers and set
Pyi=ajag - ap,  Qn = paply - iy

Assume that P,, @, are both integral for all large n and lim P, /@, is rational.



31

1) If a1 > pinyr > 1 forallm > 1 and

an(p — 1) < o, — 1 (49)
:un(:un—&-l - 1) Hn — 1

for all large n, then in (49) we have equality from some n onwards.

2) If ppy1 > apyg > 1forall n > 1 and

ap(ape — 1) > o, — 1 (50)
,un(:un—H - 1) Hn — 1

for all large n, then in (50) we have equality from some n onwards.

Proof. We only prove part 1), for that of part 2) is analogous. Since a1 > iy > 1
for all n > 1, we have

P, P,

o Lon
Qn QnJrl
Let N € N be such that P,,Q, € N and the inequality (49) holds for all n > N.

Qn < Qn+17

(n>1).

Multiplying (49) by cyaa -« - 1 /1o - -+ fpn—1, We get
P,y — P, < P,— P,
Qni1— @n — Qn— Qn
The conclusion follows from Theorem 3.1 by taking X,, = @Q,, Y,, = P, and shifting
indices beyond N. O

(n > N). (51)

We are now ready to establish the promised equivalence.

Theoem 3.20 Theorem 3.1 is equivalent to Theorem 3.19 part 1), and Theorem
3.2 is equivalent to Theorem 3.19 part 2).

Proof. We only give a proof for the first part as that of the second is similar. The
proof of Theorem 3.19 shows that Theorem 3.1 implies Theorem 3.19 part 1). We
proceed to show the other implication. Given two sequences {X,},{Y,} satisfying
all the properties as stated in Theorem 3.1, we construct two sequences {u,} and
{a,} of positive rational numbers as follows: 1 = X7, «a; =Y and

X Yy

Then P, =Y, and @, = X,,, we see that both are integral for each n € N. Since

Y, Y,
Sl s R
Xn Xn+1

X, < Xn+1,
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we get a1 > ppe1 > 1 (n>1). To deduce Theorem 3.1 from Theorem 3.19 part

1), it suffices to note the following equivalences

Yn+2 - Yn+1 S YnJrl - Yn Pn+2 - PnJrl S Pn+1 - Pn
Xn+2 - Xn+1 Xn+l - Xn Qn—i—? - Qn—i—l Qn—H - Qn
Opi1 (an+2 - 1) < Opq1 — 1
Hn+1 (PJTH-Z - 1) " M — 1

which complete. O

3.2.2 Applications

Corollary 3.21 Let {b,},>1 and {a,},>1 be two sequences of positive integers.

1) Ifa; > 1, [T°2,(1 +b,/ay) is rational and

-1 -1
G =1 ( ) (n>1) (52)
bn+1 bn

then in (52) we have equality from some n onwards.

2) If a, >b,+1 (n>1), [[0Z,(1 —b,/ay) is rational and

n=1

—1 -1
AR (ay, — by) (a" ) (n>1), (53)
bn—l—l bn

then in (53) we have equality from some n onwards.

3) If a; > 1 and

—1 —1
Ont1 — - > (ay, + by) (&" ) (54)
bn—i—l bn

for infinitely many n, then [[ 2, (14b,/a,) converges to an irrational number.

4) Ifa, >b,+1 (n>1) and

Gt =1 ) (“”_1) (55)

bn—l—l bn

for infinitely many n, then [[~,(1—b,/a,) converges to an irrational number.

Proof. To prove part 1), first note that the inequalities a; > 1 and (52) show that
all a, > 1. Let M,, = (a, —1)/b, > 0. Using the condition (52) recursively yields
M, 1 > 3"M; which shows that

b, 1
< .
Ap41 3”M1
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It implies by induction that the infinite product is convergent. The result thus
follows from Theorem 3.19 part 1) by taking a, = a, + b,, fn = ap.
To prove part 2), using the inequalities a, > b, + 1 and (53), we deduce as

before that
b, 1
o
anyr 2"M,y

implying the product convergence and the result again follows from Theorem 3.19
part 2) by taking a,, = a,, — by, fn = ay.
For parts 3) and 4) are immediate consequences of Parts 1) and 2), respec-

tively. O]

Note that the second half of Theorem 2.11 follows from Corollary 3.21 part
1) by setting b, = 1,a, = ¢q,. We see that the inequality (54) is equivalent to the
inequality (12) of Badea [3].

The next application may be regarded as a partial answer to the final remarks
on page 44 of [19] which ask for simple cases where the digits satisfy explicit formulae
of products representing rational numbers in the open interval (0, 1). This is in fact
an analogue of Corollary 3.21 providing an irrationality criterion for products with

values in the open interval (0,1).

Corollary 3.22 Let {a,},>1 be a sequence of the positive integers with a; > 1. If
Uns1 — 1> (an —1)° (n>1), (56)

then the infinite product [[°~,(1 — 1/a,) represents a rational number if and only

if we have equality from some n onwards in (56).

Proof. The product convergence and the necessity part follow immediately from
Corollary 3.21 part 2) by taking b, = 1 and shifting index n if necessary. As to the
sufficiency, we observe that (56) is equivalent to the condition (8) in Theorem 2.11.

Since
1 1

PR P

an—1

[[2, (14 (a,—1)"") converges to a rational number and so does [[°2,(1—-1/a,). O
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There are also other irrationality results for infinite products of the shape
considered in Corollary 3.22, such as the one in [22] which states that [[>2,(1—a™")
is irrational for a € Z with |a| > 1.

Finally, in connection with Tachiya’s result mentioned in the introduction,
we derive a sufficient condition for irrationality, which will be used to determine the

algebraicity of an exceptional case in Theorem 3 of [34].

Proposition 3.23 Let ¢ > 1 and d be integers and {Ry} a binary recurrence
sequence of positive integers defined by (14) and (15). Let {my}r>1 be a sequence

of positive integers with logmy = 0(2%). Assume there is an € > 0 such that

c<q-mBgseR  (h21) (57)

for infinite many k.
L If Rocyq > 1, then []2, (1 + my/R.or,4) converges to irrational.

IL If Rogx g > my + 1, then [[;, (1 — my/Re.ox4) converges to irrational.

Proof. 1. Put by, = my, ar = Re.qry4 in Corollary 3.21 part 3). Then a1 = Rocyq > 1

and the assertion follows at once if we can show that

Mik41

Reor+1y g > (Regiaqg — 1) (Regipqg +my) + 1 (58)

for infinite many k. Since Ry = gi1pF + gop5, we get that the equation (58), after

rearanging, is equivalent to

c-2k+14 g
g mk+1g2pd L — gap5 my1h(k)
1= 1F1 c2kt14q c2ktl4qd
m i M

for infinite many k, where

¢! o2* c:2k c-2k L
hk) = gt " (92/)22 - 1) + <g2p22 T4 mk) (91p12 o gaps” t 1) :

Since |po/p1| < 1, |pi> > |pip2] = |A2] > 1 and logmy, = o(2F), the right-hand
expression — 0 as k — 0o. By the hypothesis (57), this last condition holds.
The proof of II is similar. O

Immediate from Proposition 3.23 is the next corollary which show that prod-
ucts of two particular forms in the exceptional case of Tachiya’s result are non-

rational algebraic numbers.
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Corollary 3.24 Let ¢ > 1 and d be integers. Let {Ry} be a binary recurrence
sequence of positive integers defined by (14) and (15) with |As] = 1,91 € RT and
p‘f € R. Let {my}r>1 be a sequence of positive integers such that my = Ry for all
large k.
I. Assume that Ro.iq > 1. If

1-— glpf > 0, (59)

then the infinite product [[,—, (1 + mg/R.or,q) is a non-rational algebraic number.
II. Assume that Reoryg > my + 1 and my # Roovq (K > 1). If (59) holds, then

the infinite product [[,-, (1 — my/R.or,4) is a non-rational algebraic number.

A typical example of Corollary 3.24 is the sequence of generalized Fibonacci
numbers.
Example 2. Taking {7}} as in Example 1, c € N, 4 =b, Ay =1, d =1 and
my = 1 for all k in Corollary 3.24, we deduce [, (1 +1/7. ;) is non-rational
algebraic numbers.

In particular [[,~, (1 £ 1/F.oc ) and [[,~, (1 £ 1/F. ¢ 5) are non-rational

algebraic numbers.
3.2.3 Connections with Other Results

We give connections of our irrationality criterion for infinite products estab-
lished in the previous section with two other results of Sandor,[32], and A. Knopf-
macher and J. Knopfmacher,[19], respectively.

As another application of Corollary 3.21, we derive two extensions of an

irrationality criterion due to Sandor, see Theorem 2.13 in chapter 2.

Corollary 3.25 Let {b,} and {a,} be two sequences of positive integers such that
An+1 Z bn+1 ai (’n/ € N) . (60)

1) If all b, > 1, then the infinite product [[ 2, (1 +b,/a,) converges to an irrational
number.
2) If a; > 1, then the infinite product [~ ,(1 — b,/a,) converges to an irrational

number.
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Proof. Without loss of generality, in 1) we may assume that a; > 1 for (60) and
b, > 1 show that a, > 1 for all n > 2, and we need merely shift the index n. Now
a; > 1 and (60) show that a,; > 22". In addition, the condition (60) yields

(=

n+1 < j;

— 2
An+1 an

which implies that the two infinite products in 1) and 2) both converge. To prove

part 1), from (60), we have

A1 2 bn+1 a,i > bn+1 (ai — 1) + 1= bn+1(an — 1)(an + 1) + 1

> byg1(a, — 1) (% + 1) +1.

This last relation is equivalent to (54) and the conclusion follows from Corollary
3.21 part 3).
To prove part 2), note first that (60) gives a,, > b, + 1 for all n > 2 and that

bn
ng1 = bpgral, > bugi(an — 1)% + by > b+1 (an —bn)(an —1) + 1.

n

This last relation is equivalent to (54) and the result follows at once from Corollary

3.21 part 4). O

, . . . k
Remark. Sdndor’s conditions in [32] are lim, .o b, = 00 and a4 > byip a2,

where n, k € N, which are much too strong compared to our Corollary 3.25 part 1).

Next,we give a converse, with an extra condition, of Proposition 4.1 in [19],

see Theorem 2.15 in chapter 2.
Corollary 3.26 Let {c,},>1 be a sequence of positive integers. Assume that

1 >2, Cpy1 >0 c, (nEN). (61)
If [I2,(1+1/cica---cy) is rational, then there exists k& € N such that

2n7k71

c, =d (n>k+1),

where d = cicy -+ - ¢y,.
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Proof. The product clearly converges due to the conditions in (61). Taking b, =
1,a, = ¢1co- - ¢, in Corollary 3.21 part 1), the condition (52) is equivalent to the
condition (61) and we deduce that there exists k& € N such that

Cny1 =102+ Cp (N> k).

Repeated use of this relation yields the desired result. O]
A counterpart of Corollary 3.26 for an infinite product with terms smaller
than 1 is:

Corollary 3.27 Let {c,},>1 be a sequence of positive integers. Assume that
¢1>2, Chp1>cica ¢, (n€N). (62)

Then [[02,(1 — (cica--- ¢, + 1)71) converges to a rational number if and only if

there exists k£ € N such that
¢, =d " (n>k+1),
where d = cjcp -+ - ¢,.

Proof. The necessity proof proceeds much like the one in Corollary 3.26 but we take
here b, =1, a, = cico--- ¢, + 1 and appeal instead to the results of Corollary 3.21

part 2). The sufficiency follows from (13). O

3.3 Remarks of Brun’s Criterion

We allude to a natural question of what conclusion can be obtained should
only one of the two inequalities from (16) and (17) be reversed. We begin with
the case where the inequality (17) is reversed while the inequality (16) remains the

same.

Theorem 3.28 Let {z,},>1 and {y,}n,>1 be two sequences of positive integers
satisfying z, < x,y1 and

Yn Yn+1
— < >1). 63
Pl (n>1) (63)
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Assume that S = lim,, .o y,/z, € Q. If

Yn+2 — Yn+1 Z Yn+1 — Un (64)
Tn42 — Tn41 Tn41 — Tn

Yn+1—"Yn
In+1—Tn

for all large n, then lim,, ., exists and is equal to S.

Proof. Let S = a/b, where a,b € N. From (63) we have

LTp41 — Tn L

We first claim that the sequence {z::i—:zz} is bounded above. Suppose not. Then

using (64) and (65), there is N; € N such that for all n > Ny,

Yn+2 — Ynt1 > Yn+1 — Yn > a s (66)
Tn4+2 — Tn41 Tn4+1 — Tn b
This together with (63) yield
ar, — by, > axni1 — bYny1 = aTpiz — bYynio >0 (n > Ny)

showing that {ax, — by, },>1 is non-increasing sequence of positive integers and so

is ultimately constant. Thus, there is Ny € N for which
ATy — byn = ATp41 — byn—l-l = QTp42 — byn+2 (TL 2 N2 Z N1)7

ie.,

Yn+1 — Yn a
— == > N.
Tpr1 — Tp b <n o 2)

contradicting the fact that the sequence {if"i—:fc"} is not bounded above. The

Yn+1—Yn
Tn+4+1—Tn

sequence { }, being non-decreasing and bounded above, converges to a limit
S’ > 0. Taking the limit as n — oo in (65), we deduce that S’ > S. There are then
two possible cases to consider.

Case I: There is N € N such that m—:gg > S.
Embarking upon (64), we deduce that (66) holds for all n > N. Following the steps
in the proof of the preceding claim, we deduce that m—:gz = ¢ for all large n,
which yields S’ = S.

Case II: The relation i’zi—:zz < S holds for all n.

In this case, we have S < S’ = lim,,_.» ﬁ—:i" < S, as desired. O
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Using a similar proof, the result with the inequality (16) reveresd and the

inequality (17) remaining the same reads:

Theorem 3.29 Let {z,},>1 and {y,}n,>1 be two sequences of positive integers
satisfying x, < x,.1 and

In o Inid g > 1),
Tn Tn41

Assume that T' = lim,, . y,/x, € Q. If

Yn+2 — YUn+1 < Yn+1 — Yn

Tn42 — Tn41 o Tn4+1 — Tn

Yn+1—Yn

exists and is equal to 7T'.
Tnt+1—Tn

for all large n, then lim,,

The next two examples show that the two possible cases in the proof of

Theorem 3.28 do actually exist.

Example 3. Let z, =2", y, =2"—1 (n >1). Then

Yn 2" —1 2n+1 —1 Yn+1 . Yn
T, =2"< 2" =g, = < = , 9= lim —=1
T on on+1 Tt n—oo T,
and
Ynil Z0n _q (5 > 1),
Tpt1 — Tp
Example 4. Let z,, = 3", y, =3" —2" (n >1). Then
Yn 2" 2n+1 Yn+1 . Yn
T, =3"<3" =g, L=1-—c<1- ,S=lim 2 =1
o 3n 3L g noo T,
and

Yor1 —Yn _ (3127 — (30 —2m)
= <1 >1).
Tnt1 — Tn 3n+1 — 3" (n o )

Note also that unlike the Brun’s and reverse Brun’s criteria, in Theorems 3.28
and 3.29 only the convergence not the being ultimately constant of the sequence
of quotients of differences can be drawn which in turn indicates that no useful

irrationality criteria can be extracted.



CHAPTER 4

SUMMARY AND OPEN PROBLEMS

The research work contained in this dissertation deals with results arising
from the Brun’s irrationality criterion. In Section 4.1, a summary of our main results
are gathered. A list of some open problems related to the findings is presented in

Section 4.2.
4.1 Summary

The results obtained are separated into three parts. In the first part, the
classical irrationality criterion for a sequence of rational numbers due to Brun in
1910 is shown to be essentially equivalent to the one for a series of rational terms
proved by Badea in 1993. There are also versions of Brun’s and Badea’s criteria with
main inequalities pointing in the opposite direction, referred to as reverse Brun’s
and Badea’s criteria whose proof are analogous and both results are shown to be
equivalent. Applying this equivalence, several applications, namely, to continued
fractions, to determine the algebraicity of infinite sums are given. Main results in
this part are:

1. Let {X,} and {Y,,} be two sequences of positive integers with X, < X, ;.
Yn+1 - Yn
Xn+1 - Xn
large n if at least one of the following conditions is satisfied:

Assume that L = lim,_. Y,,/X,, is rational. Then is constant for all

Y, Y, Yo — Vs Yoo =Y,
(i) — L and 2 p L for all n > 1.
Xn Xn+l Xn+l - Xn n+2 — n+1
.. Yn Yn+1 Yn+1 - Yn Yn+2 - Yn+1
i) — and < for all n > 1.
( ) Xn Xn+1 Xn+1 - Xn - n+2 = Xn+1 -

2. Let {an}, {Bn} and {u,} be three sequences of positive rational numbers and

{vn} a sequence of rationals with 14 > 0 and v, < 0 for all n > 2. Assume that

n ' n »
Pn:a1a2 """ Qp, Qn:ﬁ1ﬁ2"'ﬁna An:PnZ%a Bn:Qn L
j=1 7

= 1

are both integral for all large n.
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(i) If >0, Bn/a, converges to a rational number and

Qpy1 — 1 S an(a, — 1)

Brns1 B

for all large n, then in (%) we have equality from some n onwards.

(i) If >, vn/pn converges to a positive rational number and

Hn+1 — 1 < :un<lu”n — 1) <**)
Un+1 Un

for all large n, then in (x%) we have equality from some n onwards.

3. Let v be a positive irrational number whose simple continued fraction is
v = leo;er,€2,...], € >0, e, €N (n>1).

Let {h,/k,} be its n" convergents and f(n) a strictly increasing function of n € N.
If either f(n) € 2N or f(n) € 2N+ 1 for all n € N, then

oo

T hymt) Kpm) = Py) Kpman) y hy)

Ky ki) kray

n=1

In particular,

f: (=D Fynin-o) _ 1+V5  Fraye
Frmy+1Ffnt1)+1 2 Frays’

n=1

where F), is n* the Fibonacci number.

In the second part, we show that an irrational criterion of Brun for sequences
of rational numbers is equivalent to one for product of rational numbers. Moreover,
there are also equivalent criterion with the main inequality conditions being reversed.
Using this equivalence, more irrationality criteria for infinite products of rational
numbers are derived.

Let {a,} and {b,} be two sequences of positive integers.
(1) If T2, (1 £ b,/ay) is rational and

a, — 1

bn

et — 1
Sl = 2 S (ay £ by)

-~ (n>1), ( * *)
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then in (x % %) we have equality from some n onwards.
(i) If
pyp — 1 a, — 1

bn

for infinitely many n, then [[,~,(1£b,/a,) converges to an irrational number.

> (an, £ by,)
bn+1

From above result, we derived some extensions of irrationality criteria of
infinite products due to Sandor [32] and the Knopfmacher [19], and analyzed the
infinite products in the exceptional case of the result of Tachiya, [34], which are
algebraic but not rational.

The final part, a natural question that should only one of two main inequal-
ities (16) and (17) of Brun’s criterion II be kept, what kind of conclusion can be
extracted. It is shown that the sequence of the quotients of differences converges
but not necessarily ultimately constant and so no useful irrationality criteria can be
derived.

Let {x,} and {y,} be two sequences of positive integers satisfying z, < 1.
Assume that S = lim,, . y,/z, is rational. Then lim,_. . z::i—:gz = S if at least
one of the following conditions is satisfied:

(i) If the sequence {y,/x,} is a strictly increasing for all n > 1 and the sequence

{(WYns1 — Yn)/(®ni1 — 2,)} is non-decreasing for all large n.

(ii) If the sequence {y,/x,} is a strictly decreasing for all n > 1 and the sequence

{(Yns1 — yn)/(xpns1 — x,)} is non-increasing for all large n.
4.2 Open Problems

Two open problems which may be taken as further studies are:

1. In the Brun’s irrationality criterion, there are two main conditions. The
first one is the monotonicity of the sequence of rational numbers involved and the
second is the monotonicity of the quotients of the numerator-differences by those
of the denominator-differences. The first condition is quite natural and is generally
compulsory. A natural open question is whether there are other variations for the
second condition, such as being the monotonicity of the quotients of numerator-sums

by denominator-sums.



43

2. Referring to the two results of Becker-T6pfer and Tachiya, what we have
done in this thesis is to determine the irrationality of certain exceptional cases where

the numbers are algebraic. There are some other cases that similar questions can

be asked.
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