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ABSTRACT

A Hamiltonian walk in a connected graph G of order n is
a closed spanning walk of minimum length in G. For a cyclic '
ordering s : w1, w2, *++, Un, Unt = v of V(G), let d(s) =
3ot dvi,vit1), where d{v;,vi41) is the distance between v;
and v;1; for 1 € ¢ € n. The Hamiltonian number A(G) of G
is defined as A{G) = min {d(s}}, where the minimum is taken
over all cyclic orderings s of V(G). It was known that every
connected graph G of order n > 2 has Hamiltonian number at
most 2n — 2 and A{G) = 2n — 2 if and only if G is a tree. In
this work, we characterize all connected graph of order n with
Hamiltonian number 2n — 3 or 2n — 4. Also, we establish sharp
upper bounds for the Hamiltonian number of a connected graph.

Key Words: Hamiltonian walk, Hamiltonian number.

AMS Subject Classification: 05C12, 05C45

1 Introduction

In [8] Goodman and Hedetniemi introduced the concept of a Hamiltonian
wolk in a connected graph 7, defined as a closed spanning walk of minimum
length in . They denoted the length of a Hamiltonian walk in @ by h(G).




Therefore, for a connected graph G of order n > 3, it follows that A(G) =n
if and only if G is Hamiltonian. Hamiltonian walks were studied further by
T. Asano, T. Nishizeki, and T. Watanabe [1, 2, 7], J. C. Bermond [3], and
P. Vacek [9]. We refer to the book [6] for graph-theoretical notation and
terminclogies not described in this paper.

In [5] an alternative way to define the length h(G) of a Hamiltonian
walk in G was presented. A Hamiltonian graph G contains a spanmning
cycle C : v1,v2, -+ ,VUn,Unt1 = V1, where then v € BE(G) for 1 <
i < n. Thus Hamiltonian graphs of order n > 3 are those graphs for
which there is a cyclic ordering vy, vs,+** , U5, Up41 = v1 of V(G) such that
S, d{vs,vi) = n, where d{v;, vi1y) is the distance between v; and vy
for 1 < ¢ < n. For a connected graph G of order n > 3 and a cyclic ordering
501,32, ,Un, Unt1 = ¥1 Of V(G), the number d{s) is defined as

d(s) = d(vi, vis1)-
i=1

Therefore, d{s} > n for each cyclic ordering s of V(G). The Hamiltonion
number h(G) of G is defined in [5] by

A(G) = min {d(s)},

where the minimum is taken over all cyclic orderings s of V{GF). Tt was
shown in [5] that the Hamiltonian number of a connected graph G is, in
fact, the length of a Hamiltonian walk in G. To illustrate these concepts,
comgider the graph G = K 3 of Figure 1. For the cyclic orderings sy: vy, va,
U3, V4, Us, 1 and s9: vy, vz, s, Vg, ¥5, ¥y of V(G), we see that d(s;) = 8 and
--d(s3) = 6. Since G is a non-Hamiltonian graph of order 5 and d{s2) = 6, it
follows that h{(G) = 6.

Figure 1: A graph G with h{G) =6

The following results are known (see [4, 5, 8]).
Theorem A For every connected graph G of order n > 2,
n < h(G) < 20— 2.



Moreover,
(1) WG) =2n - 2 if end only if G is a free and
(2) for every pair n, k of integers with 3 <n < k < 2n — 2, there exists o
eonnected graph G of order n having h(G) = k.

Theorem B If G is o k-connected graph of order n > 2 having diameter
d, then

G) < 2n — EJ (2d—2)—2.

Theorem C Let G be a connected graph having blocks By, Ba, ..., By.
Then the union of the edges in o Hamiltonian walk for each of the blocks B;
forms o Hamiltonian walk for G and, conversely, the edges in a Hamiltonian
walk of G that belong to B; form a Hamiltonion welk in By,

The following is an immediate consequence of Theorem C.

Corollary 1.1 If G is a connected graph hoving blocks By, B, ..., By,
then

k
WG) = h(B:)
i=1

Theorem D Let G = Kp, ny,.n, be & complete k-partite graph of order

n=n1+ns+---+ng, whereny <ng < --- <ng. Then

(@) h{(G) =n if and only if ny+ng+ -+ ng-1 > ng. In this case, G és
Hamiltonian, end

(b)) R(GYy=2np ifn1 +ne+- -+ ne—1 <N

In this work, we characterize all connected graph of order n with Hamil-
tonian number 2r—3 or 2n-4 in Sections 2 and 3, respectively. In Section 4
we present two upper bounds for the Hamiltonian number of a connected
graph in terms of (1) its order and clique number and (2) its order and
connectivity. Since every Hamiltonian graph G of order n has h(G) = n,
we will only consider connected graphs that are not Hamiltonian in this
paper. :

2 Graphs of Order n with Hamiltonian Num-
ber 2n-3

We have seen in Theorem A that every connected graph G of order n > 2
has Hamiltonian number at most 2n— 2 and A(G) = 2n—2if and only if &



i a tree. In this section, we determine all connected graphs of order n > 3
with Hamiltonian number 2n — 3. In order to do this, we first present a
lemma, which is an immediate consequence of Theorem B.

Lemma 2.1 If G is o 2-connected graph of order n > 4 with diemeter
d > 2, then
hG)Y <2n—2d < 2n—A4.

The following is a consequence of Theorems A and and Lemma 2.1.

Cerollary 2.2 If G is a 2-connected graph of ordern > 4 ond T is o
sponning tree of G, then

A@) < h(T)-2.
Proof. By Theorem A, h{T) = 2n — 2. It then follows by Lemma 2.1 that
MG <2n-4=2n-2)-2=h(T) -2
as desired. [

Note that if G is a 2-connected graph of order n = 3 and T is a spanning
tree of G, then G = K3 and T = Py. Since h(K3) = 3 and A(Fs) =4, it
follows that h(G) = h(T) —1. This observation together with Corollary 2.2,
we have the following corcllary.

Corollary 2.3 If G is a 2-connected graph of order n > 3 and T ds a
spanning tree of G, then

h(G) < h(T) - 1.

A connected graph with exactly one cycle is called a unicyclic graph.
Let Ur be the set of all unicyclic graphs containing exactly one triangle.
Therefore, if G € Uy, then G is connected and contains exactly one cycle
that is a triangle. We now present a characterization of connected graphs
of order n > 3 with Hamiltonian number 2n — 3.

Theorem 2.4 Let G be o connected graph of order n > 3. Then
AG) = 2n — 3 if and only if G € Ur.

Proof. If n = 3, then G = C3 and A{C3) = 3 = 2-3 — 3. Thus we may
assume that n > 4. Let G € Ur be a unicyclic graph containing exactly
one triangle Cy. Thus G has n — 2 blocks, n — 3 of which are bridges and
one of which is C3. Thus (n — 2) blocks have Hamiltonian number 2 and
one block has Hamiltonian number 3. By Theorem C,

MG =n-3)-24+1-3=2n—-3.




For the converse, let G be connected graph of order n > 4 such that
MG) = 2n — 3. It then follows by Lemma 2.1 that G is not 2-connected
and so G has cut-vertices. Assume, to the contrary, that G ¢ Up. Let
By, Bs,--,B be blocks of &, where k > 2. Since G is not a tree by
Theorem A, it follows that G must contain some cycles and so |V(B,)| > 3
for some ¢ with 1 < i < k. For each i with 1 < < k, let T; be a spanning
tree of B;. Let T be the spanning tree of G with E(T) = Ui.;l E(T;). We
consider two cases.

Case 1. There is a block of G whose order is af least 4, say |V{(B)] > 4.
Notice that h(B1) < h(T1) — 2 by Corollary 2.2 and A(B;) < h(T:) for
2 <1 < k. Therefore,

&k k
ST R(B) < [W(T) - 2+ > WE)

i=1 =2

()

il

k
S AT -2=hT)-2=2n-1)-2=2n—-4,

which is a contradiction.

Case 2. There is no block of G whose order is 4 or more. Thus every
cycle of G is a triangle. Since G ¢ U and G has no block of order 4 or more,
it follows that G must contain at least two edge-disjoint triangles. This
implies that G has at least two blocks of order 3, say |V(B1)| = |V{B.)| = 3.
Thus By = Cy and Bz = C3 and h(B;) = h(Bs) = 3. On the other hand,
hT1) = W(T,) = 4 by Theorem A and so k(B;) = A{Ty) — 1 for ¢ = 1,2.
Therefore,

k k
WMGY = I h(Bi) < [h(T1) — 1+ [R(T) - 1]+ Y A(T)

i=1 i—3

k
S MT)-2=hT)-2=2n-1)-2=2m -4,

i=1

which is a contradiction.

Therefore, G € Ur, as claimed. =

3 Graphs of Order n with Hamiltonian Num-
ber 2n-4

We have seen in Corollary 1.1 that the Hamiltonian number of a graph
is the sum of the Hamiltonian numbers of its blocks. Thus, the topic of

5




Hamiltonian walks can be restricted to 2-connected graphs. In this section,
we first present a characterization of 2-connected graphs of order n > 4
with Hamiltonian number 2n — 4.

Theorem 3.1 Let G be a 2-connected graph of order n > 4. Then
h(G) =2n—4 if and only if G € {K4,K2,nﬁ2,K2 +Fn_2}.

Proof. Observe that the only 2-connected graphs of order 4 are K, Cy =
K32, and K4—e = K2+ K, and each of these graphs is Hamiltonian. Hence
the Hamiltonian number of every 2-connected graph of order 4 is 4 and so
the result holds for n = 4. Thus we may assume that n > 5. By Theorem D,
ifG = K2,n—2 or G = Kg + En_g = K]_,l,n_2, then h(G) =2n-4. ThllS,
it remains to verify the converse. Let G be a 2-connected graph of order
n 2z 5 with h(G) = 2n — 4. If n = 5, then it can be verified that G = Ky 5
or G = Ky + K3. Thus, we may assume that n > 6. By Lemma 2.1,
diam(G) = 2. First, we make two observations.

(b1} The graph G contains no path of length 5 or more. For otherwise, let
P :v1,v3,- -, v be a path of length 5 in G. Define a cyclic ordering
s of V(G) by

§1U1,U2, 00, Vg, U7, U8y """y Up, U1,

where vz, vg, - -, 4y, is an arbitrary ordering of the vertices in V(G) —
V{(P). Since diam(G) = 2, it follows that

d(s) <5+2n—58)=9n—5<2n—4,
which is impossible.
(b2} By (b1), the graph G contains no cycle of length 5 or more.

Since & is 2-connected, every two vertices of & lie on a common cycle.
In particular, every two nonadjacent vertices lie on a 4-cycle by (b2). Since
(G} = 2n — 4, it follows that G is not complete and so @ contains two
nonadjacent vertices. Thus & contains a 4-cycle Cy : u,v,%,y, u such that
v and z are not adjacent in G (v and y may or may not be adjacent).
" Figure 2 shows the 4-cycle Cy in G, where the dish line indicates that u
and x are not adjacent in G.

Let W =V(G) —V(Cy) and so [W| = n —4 > 2. Since G is connected,
there exists w € W such that w is adjacent to some vertex in Cy. We
consider two cases, according to whether w is adjacent to a vertex in {u,x}
or to a vertex in {v,y}. Let

SW W1, We, -, Wn—y (1)



Figure 2: The 4-cycle Cy in G

be an arbitrary ordering of the vertices in W. Then w = w; for some ¢ with
1<i<n—4.

Case 1. w = w; is adjacent to u or z, say wyu € E(G). We claim in
this case that G = K3 ,_» whose partite sets are {u, s} and {v,y} UW.

We first show that W is an independent set in G. Using the ordering
sw described in {1}, we define a cyclic ordering s of V(G) by

gy, We, WU,V B Y, Wik, Wiyt Wh—yg, WL

Since d{w;, u) = d(u, v} = d(v, z) = d(z,y} = 1 and diam({G) = 2, it follows
that d(s) < 4+ 2(n — 4) = 2n — 4. Because h{G) = 2n — 4, we have
d(s) = 2n — 4. This implies that d(w;,wj1) =2for 1 < j <i~1and
i+1<j<n—05and dlwn_q,un) = 2. Since sy is an arbitrary ordering
of W, the distance between every two vertices of W is 2 in . Therefore,
W is an independent set in G.

Next, we show that no vertex in W is adjacent to any vertex in {v,y}.
Assume, to the contrary, that there exists w’ € W such that w"'is adjacent
to at least one of » and y, say w'v € E(Q). If w' = w, then u, w,v, 2,7, u is
a §-cycle in G, which contradicts (b2). On the other hand, if w' # w, then
w',v,1,y,u,w 1s a path of length 6 in &, which contradicts (b1).

Since {i) W is an independent set in G, (ii) no vertex in W is adjacent
to any vertex in {v, y}, and (iii) G is 2-connected, every vertex in W must
be adjacent to both w and z. This implies that v and y are not adjacent;
for otherwise, (7 contains the 5-cycle w, w, y, v, z, w, which contradicts {b2).

Therefore, {u,2} and {v,y} UW are independent sets in G and every
vertex in {v,y} U W is adjacent to both » and z. This implies that G =
K ;2 whose partite sets are {u, 2} and {v,y} UW, as claimed.

Cuse 2. w = w; is adjacent fo v or y, say w;v € E(G). We claim in this
case that either G = K + K0, where V(K3) = {v,y} and V(K,—3) =
{u,2} UW or G = K3 ..o whose partite sets are {v,y} and {u,z} UW.

First we show W is an independent set in . Again, let sy be an
arbitrary ordering of the vertices in W as described in (1). We define a
cyclic ordering s of V(G) by



SIUn, Wy, Wi VU Y, T, Wi, Weg2, "+, Wn—g, W1

An argument similar to that in Case 1 shows that d(s) = 2n — 4 and the
distance between every two vertices of W is 2 in &, which implies that W
is an independent get in G. _

Next, we show that no vertex in W is adjacent to any vertex in {u, z}.
Agsume, to the contrary, that there exists w' € W such that w' is adjacent
to at least one of u and 2, say w'u € E{(@). f w' = w, then G contains the
5-cycle z,v, w,u, ¥, T, a contradiction. If w' # w, then G contains the path
w',u,y, %, v,w of length 6, a contradiction.

Again, since (i} W is an independent set in @, (i) no vertex in W is
adjacent to any vertex in {u,z}, and (jii} & is 2-connected, every vertex in
W must be adjacent to both v and y. If vy € E(G), then G = Ka + Kp_a,
where V(K5) = {»,y} and V(Kp—2) = {u,2} UW. On the other hand, if
vy & B(G), then G = K3 s whose partite sets are {v,y} and {u, 2} UW.

Therefore, G = K + K-z or G = K3 5, as claimed. n

Next, we present a characterization of connected graphs of order n > 5
containing cut-vertices whose Hamiltonian number is 2n — 4. In order to
do this, we first present a useful lemma.

Lemma 3.2 FLet G be o connected graph with k > 2 blocks By, Ba,---,Bg
such that each of the blocks By, Ba,---, By has order of least 3, where 1 <
i< p<k, and the k — p remaining blocks of G are Ko. Then

k—p=(m+p-1) —ZlV(Bi)l.

Proof. Let T; be a spanning tree of B; for 1 < ¢ < p and let T be the -
spanning tree of G with

P k
E(T) = (U E(n)) U ( U E(Bi)) :
i=1 i=p+1

Since |[E(TY =n~ 1, {E(T;)| = |V(Bi)| —1for 1 <i < p, and |B(B;)| =1
for p+ 1 < i <k, it follows that

T r

n—1=Y [V(B)| -1+ (k-p) = (Z IV(Be)I) —p+(k—p)
i=1 =1

and so we have the desired result. n

Let Gy be the set of connected graphs G of order n > 5 with cut-
vertices such that G contains exactly two blocks that are K3 and each of



the remaining blocks of G is Ky. Let Gy be the set of connected graphs
G of order n > 5 with cut-vertices such that G contains exactly one block
that is one of graphs in the set

S={Ki}U{Kap0,Ks+K; 2:4<r<n-1} (2)
and each of the remaining blocks of G is K.

Theorem 3.3 Let G be a connected graph of erder n > 5 with cut-vertices.
Then

MG) =20 —4 if and only if G € G U Gs.

Proof, Let By, By, -+, By, be the blocks of G, where k¥ > 2. First, we show
that if G € G; U Gs, then A((F) = 2n — 4. Let G € G U G2 and we consider
two cases, according to whether G € G, or G € Gs.

Case 1. G € Gi. Thus G has exactly two blocks that are K3 and the
remaining & — 2 blocks of 7 are K;. We may assume that B; and B, are
K3. By Lemma 3.2, k— 2 = (r+1) —6 = n— 5. Since A(K3) = 3, it follows
that

&
h(G) =) W(B)=2-3+(k—2)-2=6+2n—-5)=2n-4

i=1

Case 2. (& € Go. Thus G has exactly one block belonging to the set &
described in (2) and the remaining k — 1 blocks are Ky, say B1 € S.
If B; = Ky, then k — 1 = n — 4 by Lemma 3.2. Since h(K4) =4,

&
WG =3 h(B)=4+(k—1)-2=4+2(n—4) =20 -4
i=1
If By = Ky 42, then k — 1 =n —r by Lemma 3.2. Since h(Kar_2) =
2r — 4,

k
S B)=2r -4+ (k-1)-2

i=1

= (Zr—4H+(n—-r)-2=2n-4.

r(G)
Tt By = K3+ K;3, then k — 1 =n —r by Lemma 3.2. Since h{K> +
KT-,MQ) =2r — 4,

k
WMG) = Y h(Bi)=@r—4)+(k-1)-2
=1

= {Zr—4)+{n—r)-2=2n—4.



Therefore, if G € Gy U Ga, then h(G) = 2n — 4, as claimed.

For the converse, let G be a connected graph of order n > 5 with cut-
vertices such that h(G) = 2n 4. We show that G € G;UG,. Since G is not
a tree by Theorem A, it follows that & contains cycles and so G contains
at least one block of order 3 or more. First we verify the following claim.

Claim 1 The graph G has at most two blocks of order 3 or more.

Proof of Claim I. Assume, to the contrary, that G has three blocks of
order 3 or more, say B;, Bs, and Bj have order 3 or more. For each ¢ with
1 < <k, let T; be the spanning tree of B; and let T be the spanning tree
of G with E(T) = U, B(T3). Thus h(B;) < h(Ty) ~1for 1 <i < 3by
Corollary 2.3. Therefore,

k 3 [ k
SORBY <3 AT -1+ ) AT < (Z h(n)) -3
i=1 i=1 f=4 i=1

AMT)—3=(2n—2)—3=12n—5,

which is a contradiction. Thus, G has at most two blocks of order 3 or
more. This completes the proof of Claim 1.

h(G)

By Claim 1, either G contains exactly one block of order 3 or more or G
containg exactly two blocks of order 3 or more. We now verify the following
two claims.

Claim 2 If & has exactly one block of order 3 or more, then this block
belongs to S.

Proof of Claim 2. Suppose, without loss of generality, that B; has order
r > 3and B; = K, for 2 < i < k. Assume, to the contrary, that By ¢ S.
Since h(G) = 2n — 4, it follows by Theorem 2.4 that » > 4. Moreover,
the only non-separable graphs of order 4 are Ky, Ko 3, Ko -+ K2, cach of
which belongs to S. Since By € &, it follows that r > 5. By Theorem 3.1,
h(B1) < 2r — 5. Furthermore, k — 1 = n —r by lemma 3.2. Therefore,

I

k
S hBY<(2r -5+ (k-1)-2

=1

(Ir-8)+{m—r}-2=2n-35,

which is a contradiction. This completes the proof of Claim 2.

h{(G)

Claim 3 If G has exactly two blocks of order 3 or more, then these two
blocks are both Kj.

Proof of Claimn 3. Suppose, without loss of generality, that B; and Ba
have order 3 or more. Assume, to the contrary, that at least one of By

10



and B, is not K3, say By # Kj3. Since Kj is the only nonseparable graph
of order 3, it follows |V (By)| > 4. Since B; and By are two connected,
h(B;) < 2|V{B}| — 4 and h(B2) < 2|V(B2)| — 2 by Theorem 3.1 and
Theorem A. Moreover,

k—2=(n+1)—[V(B)| - [V(B)|

by Lemma 3.2. Therefore,

R(G)

k
S h(B:) < [2V(B1)| - 4+ 2V (B2)| — 3] + (k- 2) -2
=l

RiV(B)| +2[V(B2) — 7]+ 2[(n + 1) ~ [V (B1)] - [V(B2)l]
= 2n-25,

which is a contradiction. This completes the poof of Claim 3.

Tt then follows by Claims -3 that G € G1 U Gs. ]

4 TUpper Bounds for Hamiltonian numbers

In this section, we present two upper bounds for the Hamiltonian number
of a connected graph in terms of (1) its order and clique number and (2)
its order and connectivity.

The clique number w(G) of a graph G is the maximum order among the
complete subgraphs of the graph. Thus if G is a connected graph of order
n > 2, then w(G) = 2 if and only if G is a tree; while w(G) = n if and only
if G is complete. Next we present an upper bound for h(G) in terms of the
order and cligne number of a connected graph G.

Proposition 4.1 If G is ¢ nontrivial connected groph of order n hoving
cligue number w, then .
MG <2n—w.

Furthermore, for each integer w with 2 < w < n, there exists a connected
graph F of order n having cligue number w such that h(F) = 2n — w.

Proof. By Theorem A, the result is true if G is a complete graph or G is a
tree. Thus, we may assume that G is neither a complete graph nor a tree.
Let K, be a complete subgraphs of order w in G. Then 3 < w <n—1.
Furthermore, let T be a spanning tree of G and let G' be the spanning
subgraph of G with B(G") = E(X,)UE(T). Observethat &' is a connected
graph with n — w + 1 blocks such that exactly one block is K., and the
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remaining blocks are K. Let By, Ba,---, Ba_wt1 be the n —w + 1 blocks
of G', where B; = K,,. Then
w41
3" m(Bi) = h(K.) + (n — w)h(Kz)
i=1
= w+2h—w)=2n—w

Therefore, A{G} < R{G') = 2n —w.

If w = 2, then let F be any tree of order n > 2; while if w = n, then
let F' be the complete graph of order n. By Theorem A, h(F) =2n —w in
each case. Thus we may assume that 3 < & < n— 1. Now let F be the
graph obtained from K, and the path P : vy, vz, -+, Un—,, be joining vy to a
vertex in X,. Then exactly one block of F' is K, and the remaining blocks
of F are K. By the same argument above, we have h(F) = 2n — w. =

h(G")

Let £(G) be the conmectivity of a graph G. It is known that (&) < 6(G)
for every graph G. A graph G is k-connected if £(G) > k.

Proposition 4.2 Let G be a nontrivial k-connected graph of order n and
diameler d > 3. If G is not Hamiltonian, then h(G) < 2(n — k).

Proof. We have seen that the result is true for k = 1 or k& = 2. Thus, we
may assume that k > 3. Let d = diam(G) > 3. By Theorem B,

hG) < 2n — EJ (2d—2)—2.
I % is even, then
WG) < 2n—k(d—1)—2 < —2%k—2 < 2n— 2k;
while if &k is odd, then
ME)< - (k—1)(d—1)-2<2n—2(k~1) - 2=2n—2k.
In each case, h(G) < 2n — 2k for d > 3. =

The upper bound in Theorem 4.3 is sharp for integers & and n with
1 < k < n/2. For example, for k¥ = 1, let G be any tree T of order
n > 2. Then G is l-connected and h(G) = 2n — 2. For 2 < k < n/2,
let G = Kt n—p. Then G is E-connected. Since k < n — k, it follows by
Theorem D that A(G) = 2(n — k) = 2n — 2k.

Observe that if & is a non-Hamiltonian k-connected graph of order n
and diameter 2, then h{G) < 2n — k — 1. We conclude this paper with the
following conjecture.

Conjecture 4.3 Let G be a k-connected graph of order n and diameter
2. If G is not Hamiltonian, then h{G) < 2n — 2k.
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