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In this dissertation, we study the upper critical field, the lower critical field and the
critical magnetic field ratio of anisotropic magnetic superconductors by Ginzburg-Landau
theory both in one-band and two-band models. Firstly, the 1% and 2™ Ginzburg—Landau
equations of anisotropic magnetic superconductors are derived. Secondly, the upper
critical field, the lower critical field and the critical magnetic field ratio are calculated.
Thirdly, in one-band model, the effect of the Ginzburg—Landau parameter (K‘O ), magnetic
susceptibility ( ;() and magnetic-to-anisotropic parameter ratio (9) on the critical field
ratio are studied. We find that the value of critical field ratio increases with increasing «,
and @, and decreases with increasing.x . The highest and the lowest value of the critical
magnetic field ratio are foundirespectivelys in_théidiamagnetic and the ferromagnetic
superconductors. In twosband modek=the very high value of zero-temperature upper
critical field can be found in*the.riegative differential suseeptibility region. Finally, the
temperature-dependent upper «critical” field "is«investigated and applied to Fe-based
superconductors. The temperature-dependent-isyinvestigated, in 4 cases; linear GL theory,
non-linear GL theory, the Zhu et al. assumption and the Shahenko et al. assumption. The
numerical calculations “of ‘the upper critical magnetic field are compared to the
experimental data of Fe-based superconductors. The best”fit provide values of zero
temperatures upper critical*magnetic fields in/ the range42<71 Tesla with the non-linear
GL theory case. Moreover, “the upper critical magnetic, fields show the linear behavior
near critical temperature and non-linear behavior nearizero temperature.

Keywords: Ginzburg-Landau theory, upper critical fieldylower critical field, two-band
superconductors, Fe-based stperconductors
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CHAPTER 1
INTRODUCTION

1 Historical background

In 1908, Onnes (Buckel, 1991:1) found the way to liquefy helium and to reach
temperatures as low as 4K. In 1911, he discovered that below the temperature of the
order of 4K, Hg looses the resistivity. This discovery leads to realize a new state of
solid matter. When the critical field H, (T ) (or above) was applied, the normal proper-
-ties of the metal were recovered. Furthermore, a critical current J (7)) (or above)

could produce the same effect. He called the new phenomenon, superconductivity.
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Figure 1 The resistance of mercuryasampleé 4t the low temperatures. :Kittel.(1991:89).

Onnes recognized the importance of his discovery to the scientific community
as well as its commercial potential. An electrical conductor with no resistance could
carry current to any distance with no losses. In one of Onnes experiments he started a
current flowing through a loop of lead wire cooled to 4 K. A year later the current was
still flowing without significant current loss. Onnes found that the superconductor
exhibited what he called persistent currents, electric currents that continued to flow
without an electric potential driving them. Onnes had discovered superconductivity,
and was awarded the Nobel Prize in 1913.

In Onnes's time superconductors were simple metals like mercury, lead,
bismuth, etc. These elements become superconductors only at the very low
temperatures of liquid helium. During the 75 years that followed, great strides were
made in the understanding of how superconductors worked. Over that time, various
alloys were found that were superconductors at somewhat higher temperatures.
Unfortunately, none of these alloy superconductors worked at temperatures much



more than 23 K. Thus, liquid helium remained the only convenient refrigerant that
could be employed with these superconductors.

Then in 1986, Alex Muller and Georg Bednorz (Bednorz and Muller, 1986
:189) researchers at an IBM laboratory in Switzerland, discovered that ceramics from
a class of materials called perovskites were superconductors at a temperature of about
35 K. This event sparked great excitement in the world of physics, and earned the
Swiss scientists a Nobel Prize in 1987. As a result of this breakthrough, scientists
began to examine the various perovskite materials very carefully. In February of
1987, a perovskite ceramic material was found to be a superconductor at 90 K. This
was very significant because now it became possible to use liquid nitrogen as the
refrigerant. Since these material superconduct at a significantly higher temperature,
they are called high temperature superconductors.

There are several advantages in using liquid nitrogen instead of liquid helium.
Firstly, the 77 K temperature of liquid nitrogen is far easier to attain and maintain than
the chilly 4.2 K of liquid helium. Liquid nitrogen also has a much greater capacity to
keep things colder than liquid heliumsdoes. Most importantly, nitrogen constitutes
78% of the air we breathe, and thusunlike liquidthelium, for which there are only a
few limited sources. Moreover, it is telatively much.cheaper.

2 Basics properties
2.1 Heat capacity.
At zero tempéfatures the heat capacity of superconductors is zero and
when the temperature was, increases-the-heat-capacity is increasing in an exponential

form. The heat capacity . is_decreased immediately“at’ Critical temperatures that the
superconductor is in the normal state.
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Figure 2 The relationship between the heat capacity and temperature are shown.
Where C, is the heat capacity in superconducting state and C, is the heat capacity

in normal state.:Omar.(1975:503).

The existence of discontinuity of the heat capacity at critical temperature called the
specific heat jump, as shown in figure 2.



2.2 Isotope effect

The isotope effect is a phenomenon that critical temperature varies with
isotopes mass. In mercury, critical temperature has changed from 4.158 K to 4.168 K
while atomic mass changes from 199.5 to 203.4. From experiment of each isotopes
series, we have a relationship

M°T, = const. (L.1)
Where M is the isotope mass for the same element,
a 1s the isotope coefficient.

2.3 Superconductor in magnetic field

By 1933 Walther Meissner and R.Ochsenfeld(Omar.1975:500) discovered
that superconductors are more properties than a perfect conductor, they also have an
interesting magnetic property of excluding a magnetic field. A superconductor will
not allow a magnetic field to penetrate its interior. This effect called the Meissner
effect, causes a phenomenon that is a very.popular demonstration of superconduc-
tivity. The Meissner effect will occur only if the.magnetic field is relatively small. If
the magnetic fields are highenthan critieal magnetic field; the metal loses its supercon
-ductivity. ' -

ead

T>T TLT

< <

NORMAL

SUPERCONDUCTING

Figure 4 The relationship between critical magnetic field and temperature.:Ketterson ;

& Song.(1998:25).



2.4 The classification of superconductors

Superconductors can be classified according to their magnetism properties
as two types, called Type I superconductor and Type II superconductor.

poM

(a)

M

Y
g i

el c2
)
Figure 5 (a) Type I superconductor and (b) Type II superconductor.:Ketterson; &
Song.(1999:25).

When an external magnetic field is increasing until the critical magnetic ﬁeld(Hc),

Type I superconductors changes to a normal conductor immediately. For Type II
superconductors, they are mostly metal or non metal transitions with high resistivity
at normal phase. They have two critical field as lower critical field (Hcl) and upper

critical field (H,). During lower and upper critical field (H,, < H < H,, ), the sample
is in a mixed condition with non-uniform flux penetration. /,and H_, are called
respectively the lower and upper critical fields.



2.5 Iron-based superconductors

In February 2008, Hideo Hosono and co-workers reported the discovery of
26 K superconductivity in fluorine-doped LaOFeAs (Kamihara et.al.,2008:3296-
3297) marking the beginning of worldwide efforts to investigate this new family of
superconductors. Historically, the typically antagonistic relationship between super-
conductivity and magnetism has led researchers to avoid using magnetic elements-
ferromagnetic in particular - as potential building blocks of new superconducting
materials. Because elemental iron is strongly magnetic, the discovery of Fe-based
superconductors with high critical temperature was completely unexpected. This has
opened a new avenue of research driven by the fact that our fundamental understand-
ing of the origins of superconductivity needs significant improvement.

Figure 6 Crystal structure ofithe first iron-based superconductor.:Nakamura
et.al(2008:153) M ¥ & _ e 3T @

2.6 Two-band sup‘}:;rééndﬁctors ,

In solid-state physics, the electronic band strueture (or simply band structure)
of a solid describes those ranges of<energy an ,cljéctron'is “forbidden" or "allowed".
Band structure is derived from the___difﬁactibn of. thesquantum mechanical electron
waves in a periodic crystal latticewwith“a"spécifieserystal system and Bravais lattice.
The band structure of a material determines several characteristics, in particular, the
material's electronic and optical properties.

In superconductor, a band structure (energy band, energy gap or band gap) is
associated with binding energy of a cooper pair. To obtain the superconducting
condition, electrons near the Fermi surface form cooper pair. The energy requires to
do this is the binding energy of the pairing, or phonon interaction. This effect, the
binding energy manifests itself as an energy gap in the energy spectrum, centered at
the Fermi level (see Fig.7).
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Figure 7 Energy gap in the energy spectrum.:Fischer-Cripps.(2008:191).

The existence of two kinds of superconducting gaps in MgB, has been

suggested by several experiments (Bouquet, F. et al., 2002:257001, Tsuda, S. et al.,
2001:177006, Chen, X. K. et al.,2001:157002). In theoretical point to view, the two-
band Ginzburg-Landau theory can be applied to two-band superconductor. Firstly, we
consider the free energy (Doh, H.et al. 1999:5350-5353, Udomsamuthirun et.al.,
2006:62-66)

2
F | d(F S +H—} (1.2)

. W

2 | ¥ig) .
d +Ofi(T)‘//l-2+ﬂi—;”ia

W 0"
m [V_ ) ]%

F,= g(l//fz//Z’ + c.c.)+ = {{? + 2;7—14}//1 (? = %Z_A)% + c.c}.
i , 0 %

where F, =

Here F,is the free energy dénsjty of separate band.(i'= 1,29, *F}, 1s the free energy
density of interaction between'bands‘and H is external magnetic fields.

3 The purpose of the research
To study the lower critical magnetic field, the upper critical magnetic field and

the critical magnetic field ratio of anisotropic two-band magnetic superconductors by
Ginzburg-Landau theory.

4 The importance of the research

1. To describe the critical magnetic fields of magnetic superconductors by
Ginzburg-Landau theory.

2. To predict the zero-temperature upper critical field of Fe-based super-
conductors.



5 Scope of the research
1. To calculate the lower critical magnetic field, the upper critical magnetic
field and the critical magnetic field ratio of anisotropic two-band magnetic

superconductors by Ginzburg-Landau theory.

2. To compare our numerical calculation to the experimental results.




CHAPTER 2
LITERATURE REVIEW

Current successful theories in describing the superconductivity state are the
BCS theory (Bardeen, Cooper and Schrieffer. 1957: 1175 - 1204) and the Ginzburg-
Landau theory (Abrikosov;Paulter.1991:1-47). Each theory is different from the
concept however, they can describe superconductivity. There are advantages and
disadvantages to each, i.e., BCS theory can explain superconductivity of the material
that has low critical temperatures while the substance having a high critical
temperature, the result is not consistent with the experiments. Ginzburg-Landau
theory is able to describe superconductors with high critical temperature, but the
result consistent within the vicinity of critical temperature only. In addition, the
concept of starting either of these theories is different. The concept of the BCS theory
starts from the micro-level systems (microscopic) while the Ginzburg-Landau theory
begins to describe the system in the macro-level (macroscopic). These will be
discussed in further detail.

1 BCS theory

The theory that suecess in describing the general properties of low temperature
superconductors is the theory of the Bardeen, Cogper.‘and Schrieffer (BCS theory).
The key mechanism described by.this, theory that enables the normal conductor to
superconductors are the capture pairs of electrons. called“the. Cooper Pairs. When
electrons move into,the dattice, it interacts with-the crystal lattice structure and then
creates crystal lattice deforming as-shown: infigure 8. This ifiteraction is an electron -
lattice - electron interactioft;'which occurs when electron§meve through the group of
ions with positive charge on'the lattice. Electrons willlattract positive ions in the
surrounding areas and déform the, lattice around it Defisity of the positive ions
increases and then attracts “other,electrons:=As a result, “it seems that two electrons
effectively attract each other:. Pairmgof.electron“made it 10ss some energies. It causes
an energy gap at Fermi surfaceiin Superconductor#The superconductors that obey the
BCS theory are called s-wave superéenductors.

Figure 8 Deformation of the lattice when electrons move into the lattice and
interact with the lattice.:Buckel.(1991:31).



2 Ginzburg — Landau theory (GL theory)

Within the vicinity of the critical temperature (7. ), the order parameter is
assumed to be small and the free energy density can be expanded as

1
f.=f +a|1//|2 +5b|z//|4 o, (2.1)

where f, is the free energy density for superconducting state,
/. 1s the free energy density for normal state,
a and b are arbitrary functions.
The free energy is defined by F, = _[ drf,(7) and we can perform a variation

calculation with respect to ' as

aa::jw:aﬂ*aw*. (2.2)
oy
... Of. 2 .
From eq.(2.1) JF, =0 implies a—s* =0=ay + b|!//| w , we have two solutions
7
v =0 for normal state, (2.3)
and |l//|2 = —% for §upefc’onducting state. (2.4)

We must have |1//|2 >0 and, f, <, .80, wejconclude'that % <0and b >0

For the superconducting state solution, the free energy density 1s
J . A ]

a 2
= ; (2.5)

In order to includewspatial variations in vy ,.GL, theory included a term

. AY 1//‘2 (kinetic energy) in-the. frce energy density. Here m’is the effective

*

mass of the superconducting particles (actually &= 2m since these particles are
cooper pairs).

For a superconductor in an external magnetic field, some flux may penetrate
the sample. We can write the internal magnetic field (fz(?)) in term of an electro-

magnetic vector potential ;1(77 ) ash =V x A. In general, for a particle of charge ¢ in
2

a magnetic field the Hamiltonian is H :L —inv+9 4

. So, GL generalized the
2m c

term including spatial variations in y to read

* [_ 9+l 2.6)
2m c
Here, ¢ is the effective charge.
The free energy density is now
f=7 +0¢|1//|2 +lb|1//|4 4] | —inV+ S 4 |y +h—, (2.7)
2 2m c &

where the last term is the energy density of the magnetic field.
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In an experimental situation, we have an external magnetic field (I:I ) which

can be controlled while the internal field (ﬁ ) cannot be controlled. So it is convenient
to make a Legendre transformation to a new free energy density given by
h-H
g =fi——. (2.8)
47

where g_is the free energy density of superconducting state in terms of an external
magnetic field.

2.1 The 1% Ginzburg-Landau equation

From eq.(2.7) and eq.(2.8), we get the free energy density

* 2 5 - o
g_yzfn+a\y/\2+ib\t//\4+y/*% —inv+<- 4 1//+h——h a. (2.9)
2 2m c &7 4r
The free energy is
G, = [drg,. (2.10)
The variation of G , with respect to " is
8G, S drg 500,
p &5 SO0 :
og : R
From a—“ =0 and the diyvergence theotem.is
7

- [drvsP=$P-ds
where s is the closed surface enclosing the volume v, wehave

2
1 _ e -
— ||| —ihV +— A4
2m J.( c }/j

d7

*2

: . J‘df{—hzl//*vzl//—ihil//*v Ay Ay Vy +e—2A2|l//|2
2m ¢ c c

+ l*f{hzy/*§l//+1h—el//*flw]d§. (2.11)
2m c

s

From eq.(2.11), we can be rewritten as

2
1 _ e -
m —ihV+—A4
2m '[( jl//

dr
c

* 2 . *
l*jdf vl =itV + A |+ ’h*§ v (=ihV + S Ay |- ds .
2m < c 2m c

N

Using the surface condition as

ﬁ-(—ihﬁf—z}/xzo, (2.12)
C

for all points on the surface of the superconductor with normal vector 7,
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we then get the 1* Ginzburg-Landau equation

M 2
1*(—ihv+e—zj wtay+byl v =0 (2.13)
2m c

2.2 The 2" Ginzburg-Landau equation

Consider the variation of eq.(2.9) with respect to 4. Since the free energy
density is a function of A and its spatial derivatives (h =V x ;1), we need to consider

| og., og, 0(s4.)| _ . (2.14)
[ar aAi(SAiJrZa(aAij o | =0
8

We have three equations since i =1,2,3 (or x,y,z). The second term, after integrated
by parts, is

2m
(2.15)
We will consider the external magnetiefield-to-bé uniform that we have VxH =0.
From Maxwell’s equation the current density is given by j = i? xh.
Now, we get
. 2
==y )-S A 2.16)

2m'i mc
This is the 2" Ginzburg-Landau equation.
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3 Type I Superconductors

In general, high temperatures and high magnetic fields destroy the supercon-
ductivity. If the temperature is less than critical temperature and superconductors are
called type I superconductors the following relationship between the internal and
external fields is as figure9.

£
External field B, - —

Figure 9 The relationship between the internal and external fields.:Buckel.(1991: 115).

For external fields higher than Critical fields, we have the normal state which

is assumed to be nonmagnetic (Bl. =Z§’e). Forythe external fields less than critical

fields, we have the Meissner effect (B’i = 0). To determitie the eitical magnetic field
from GL theory, we write order parameter in the form of

w=|we?, ' (2.17)
where ¢ is the phase of order parameter. We get
e S 2E
SV =2y o (2.18)
Substituting eq.(2.18) into'€q.(2.16), the 2% Ginzburg-Landau equation is
= e*r ( hC = r 2
= (—*V¢+AJM | (2.19)
mc\ e

For a uniform external field H , we have 4 = H that give
(@* v¢+;1j|./,|2 0.
e
Since VxV@=0 and VxA=h=H #0, we must have y = 0(normal state).

On the other hand, if 4 = 0 then we can have  # 0 (superconducting state).
Thus, the free energy density can be written as
*
{— inv + < ZJ
C

where g, (H ) is the free energy density for the normal phase which

h h-H
H)= 1+ 242
g,(H) St e

2
1 1
R L i

: (2.20)
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2
In the normal phase (fz =H ) g, (H)=g, (0)—1;— and in the superconducting
p/a

phase (fz = O), g.(H)=g,(0). Gibbs free energy is constant in the superconducting

2

state that give g (0)=g,(H,)=g,(H,)=g,(0)- ];" . And for an infinite sample
T

2
with a uniform GL order parameter; g (0)=g,(0)- ;—b, we must have

g, (HL,): g, (HL,) for H = H_. Then, we get

Hf_ a’
8z 2b’
A4’
or H>=- f (2.21)

4 Type II Superconductors

For Type II Superconductors; the degree ‘of flux penetration is according to the
following diagram in figure 10. ' 1E

|
|
|
|
I
i
|
|
|
|

H
I H, M.y

Figure 10 Compare relationship between internal and external field of type I and type II
Superconductor.: Abrikosov; Paulter.(1991:18)

There are two critical magnetic field in type II superconductors, /,, and H ,.

We show the detail calculating process of these critical fields from GL theory in the
following topics.

For H > H _, , the sample is normal (ﬁ =H ), whilst for H < H

are complete Meissner effect (ﬁ = 0). In the intermediate state H,, < H < H

the samples
the

sample is in a mixed condition with non uniform flux penetration. /7, and H_, are

cl»?

c2?

called the lower and upper critical fields, respectively.
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4.1 Upper critical field

By considering the constant external fields in z-axis, we get

V- A=0,

VxA=Hz.
For external fields just below H ., , the internal fields will be slightly different from
external fields. We can write the vector potential as

A=4,+0d,
so that

h=H+VxH.
Since H is uniform,

Vxh=VxVxd&.

By using the o Ginzburg-Landau equation, we get
vxvx@a=_4’?;2("’cw+zj|w|2. (2.22)

s mec
In the 1¥ Ginzburg-Landau equation with ¥ < H,, the GL order parameter will be

*
\ €

very small. If we neglect allkthe term ﬁ)f order |l//|3 which is,very small, then we can

write

I | * 2 b
/ 1{—ihv+e—AJ W+dy 20 (2.23)
2m c A

This is the linearized GLequation. We can compare this equaﬁon to the Schrodinger
equation with a particle of'mass m"and charge — e “moying«in a magnetic field.

' I 2
If we choose H = Hz, thenthe eigenivalues of Hamiltortian of 1(_ ihV + egoJ
, FLE Yy 2m c

is in the form of

E=(n +%)ha), (2.24)

eH . . . .
where @ =——, is the energy levels corresponding to motion perpendicular to the

mc
magnetic field. Thus, we have
( ljhe*H
ld=| n+= |——,
2)mec

and

2m’c
e
(2n+1)he
In order to determine /7, , we must take the largest possible value of /7 . This means

that we must choose n = 0 which give the upper critical magnetic field as
2m’c

" he

al. (2.25)

c2

*
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4.2 Lower critical field
Consider H just above H_ , the flux penetration were uniform then y =0

everywhere. We consider a non uniform local flux penetration and keeping as much
as possible that we choose a flux line

The function /(7 ) has its maximum value at 7 = 0 and tends to zero for large r , as
shown in figurel 1.

h(r)

Figure 11 The relationship between h(? ) and r .: Abrikosov; Paulter.(1991:20)

A suitable choice of vector pofential 1S
A= A(r)é -

The internal field is

dr
and
W)= (ra(r)
rdr
Let

Then A(r)= i a,(n+1)r"" is finite as required.

n=1

So A(r)=

SN |-

j.r'h(r')dr .

For small value of r A(r) = %h(O )r )

Far from the flux line (r - oo) we have & =0,

1
w|:(£j2 and Z:—hfﬁqﬁ.
b e
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Integrating this expression around the circle ¢ with radius» — o, we have
§4-dl = —h—f§6¢-di .
e c
The left hand side is transformed via stokes theorem
§2-di:j?x2-d§:jﬁ-d§,

where s is a surface bounded by c. This quantity is the total flux (CI)) passing through
the surface as

@:jﬁ-dg_——3€v¢ dl .

The GL order parameter must be single valued. Thls means that the phase (¢) must

change by integral multiples of 27 in making a complete circuit, §§¢ -dl =2m .

Note that the integral cannot be transformed by the stokes’s theorem to give zero in
every case.

Now Alr )é———V¢

So, we must choose ¢ to depend only on 9 The most physically sensible choice is

¢=-0

27
Then D4 Jfvpldi=sldp =22
f c 0
h
and f : (2.26)
Here @ is the minimum flux that can pass through the superconductor and is
quantized.
The value of A(r) for » = 0.8
Ay y= vd®
e
The supercurrent is given by
FoC o)y e (El—Am k6, (227)
4 4z dr mele r

which j is in the direction of 6. This means that the flux line corresponds to a vortex

of supercurrent.

We set the following expression of the order parameter as
1

m{ﬁjzﬂr)e-fﬂ.

b
For r —» o, we get f(r)—)l.
From the 1* Ginzburg-Landau equation, if A= A(r)é and V-4 =0, then
n’ (—VZ 2ie" A(r) 0 "

+
he r 00 hc*

i A(r) }// +ay +bly| y=0. (2.28)
2m
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The magnetic flux is symmetry in plane, then

1o( oy) 10w
Vi ==——|r—=— |+— . 2.29
v r or (r or j r* 00 (229)

Substituting eq.(2.29) into eq.(2.28), we get

§1l£{ﬁiﬁnG.e*ﬂaff@ﬁ.ﬂﬁ+f@f=o, (2.30)

rdr dr r %

2

where &% = ——

— 1s the coherence length.
2m |a

The equation for the supercurrent is

el M0y e (el )]l oy,
T dr mc\e r
1

* 27 )2
where 4 = [m_czb] is the penetration depth,
4 e a| ™.
and dh(r) = _iz(hf = ¥ A(l”)]f (). (2.31)
g AL B e B © :

According to the cémpﬁcated form of €q.(2.30) and eq.(2.31). The equations
for f(r) and A(r)can besgenerally Solved by numerical methods. For small » and

f (r) = r, the solution for'sf(r) and h(r) generally resemble,in figure12.

h(r)
s

L(l\
0t A r—e

Figure 12 The solution for f(r)and A(r): Abrikosov; Paulter.(1991:22).

The Ginzburg — Landau parameter (x) is defined as
K:i:mfﬂij. (2.32)
& he 27
Considering the case of & >>1, we have 4 >> ¢ and the function f(r) is essentially

N | =

equal to unity except for a core region of radius &.
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From eq. (2.31) and rh(r =

2 (rA(r)), we get
dr

1i(r dh r)j =ih(r)f2(r)_i(§%_A(r)jM.

rdr dr A
Outside of the core region f (r) =1, we get

1d ( dh(r )j L0, (233)

rdr dr 22

The solutions of this equation are dependent on the modified Bessel function and can

o) e wf)

For the large value of 7, the modified Bessel function is

1
(5)= (2]
A r

be approximated by

and

From eq. (2.26) the tota @sn‘lg,th%ou h 1e ap ductor is
- -

1 "-'-ﬂ:ﬂ g™
| 2@@

core. Let

h K ! ! i !
e*c = .([rdrc KO(%) =c fjxdeO(x)= cx

0

with ¢’ = hf% .
We can find
hic 1 r
h(r)= e_*ﬂ_zK"(Ij . (2.34)

If vw= (| |J “and A= A(r)é , the free energy density is
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- " 2
W oh-H ld +lﬁ+h_zﬂ(l_e_/l(r)} ,
87  4rx b 2b 2m b\r hc
Setting f (r) =1, eq.(2.31) can be written as
he dh(r)

Z—Alr)=-2
e r (r) dr

For H = H? , we get

o (11)- 1~ L L(h(r)z + f(dh(’”)n _hr)H

2 b 8rx dr 47

The integration over all volume are recruited for free energy and required

0 2 ©
& =%J‘rdr(h(r)2 ¥ }3(‘”’(”)) }: I‘;cl J'rdrh(r)z %?

0

dr

0
The lower critical field is given by

(2.35)
We find
and j
0
From eq.(2.33), [ r
0
We get
(2.36)
By considering  — oo and A(r) o e *
For smallr, K, L . —lnL—]/ where y ~0.5772, we have dh_(r) = —h—fizl
A 24 dr e A r
or r% = —h—fiz that is
dr e A

¢ =11 i h(r).

! 4 e r—0

fic

Since A(r) o K, (%j diverges forr — 0, we take ¢, = i—h(f) that is we cut off the

*

divergence at the core radius.
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We have

Sincex >>1, we get

Thus, the lower critical field is given by
17ac 1

H,~_-—
cl 2e /12

Ink. (2.37)

5 Relevant research of two-band anisotropic magnetic superconductors
In Junel998, Hampshire (1998: 1-11) proposed a free energy model for

magnetic superconductors by including the spatial variation and the nonlinear
magnetic response of the magnetic ions in-field as

1 1y
S(H.T)= 1, el 5 Aot ‘+E}(—iﬁv : 2edly[ +[HdB, (238)

where ] b ;
H, =2 M MM M and W, & 7
For small changioin B-ficld,a series inBwas introduced ;
o B4 1) g B M Y (6= Y, (B A,

The Gibbs’s free energy of magnetic superconducter became
2

I 1 e —~ B
gs(B,T)sz +a|V/|2 +Eﬁ|§”l4+%‘(_lhv_2914)//‘2+70+71+72g'

0

In December 1999, Doh et al.(1999: 5305 - 5353) proposed a free energy
model for multi-band superconductors fora group of compounds Ho;xDy,Ni B.C and

showed irregularities of upper critical field by Ginzburg-Landau Theory. The results
were also consistent with experiments.

In January 2001, Akimisu and Nagamatsu (2001: 63) reported that magnesium
diboride could show the properties as superconductors below 40 K. After providing
this information, there were a strong interest in the scientific community because the
magnesium diboride is a s-wave two-band superconductors with high critical
temperature.

In December 2001, Hass & Maki (2001:020502) proposed a model showing
anisotropic superconductor with ellipsoid shaped of Fermi surface as

1%2} (2:39)

Ak)= A(O)( —

where z =cos@,
6 is polar angle,
a' is anisotropic parameter between c-axis and ab-plane.
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They used this model to describe the thermodynamic properties of anisotropic
superconductors.

Figure 13 The energy band for anisotropic s-wave superconductors as Hass & Maki
model in momentum space.:Hass; & Maki(2001: 020502)

In January 2002, Askerzade, Gencer and Giiclii (Askerzade, Gencer and
Gli¢lii.2002: L13-L16) studied the temperature dependence of upper critical magnetic
field in magnesium diboride superconductors by.two band Ginzburg- Landau theory.
The equation of the upper critical magnetie field thatieould explain the experimental
results in vicinity of the critical tempetaturegis-showhiin figure14.

LI R T T T T R S
: ] exp. data Budko et al. [9]
16 = " fitting formula (17)
Fa e ®  exp. data Maller et al. [10]
14 E_ e —-— GL formula (10)
12 |
10 |

HaH, [T

8

Ll
0.6

0.0 0.2 0.4 0.8 1.0

Reduced Tempesrature, T/T-

"
3]

Figure 14 The upper critical magnetic field of two band superconductor that
comparison between experimental and theoretical results are shown.
: Askerzade, Gencer and Giiglii(2002: L13-L16)

They consider the two-band free energy density model that proposed by Doh
et al.(1999: 5350 - 5353).

H2
Flv.w]= Jd3r(ﬁ +f+ /s +8—j (2.40)
w

where
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2

W, 274 By
fi_4m,. (V / }//,- +a (Tl + 5y (2.41)
fo=elviv, vy e {W%’E}/A‘[V—%ﬂ% +(?—27’”2]w (m 2;";1}//;‘} (2.42)

Here, f, is the free energy density of the separate bands, f,, is the interaction term

between bands, m, denotes the effective mass of carriers, v/, is the order parameter

and|l//l.|2 is proportional to the density of carriers, the coefficient o, and g, are the
temperature-dependence and temperature-independence parameter. The coefficient
¢ and ¢, are the interband mixing of two order parameters and their gradients. The first

term in eq.(2.41) accounts for the kinetic energy of the carriers and the lasted term in
€q.(2.40) accounts for the energy stored in the local magnetic fields.

By taking the variation of free energy with respect to y/;
oF oF

- :0,_*:0:
6‘//1 5‘//2 a
we get AEr~
n (& x ) St FECLE,
_%(E_?j%-i_al(ﬂ% +ey; +81($—F}//2 =0
and

S S

7 (0 * <Y # )
_%(Q?I_ZJ%+%(T)%+g%2+g{$_l_2}//1:0'

That gave the upper critical magnetic field as

;
Neg= (e—co (46’ ~Be+c§ﬁ]a01 (2.43)
: (x—1)2 2 : x2 s 7m
th 4= An®, 4 =64 FILL pbl
" (x+1)2+ A alaz(x+1)2 2=
B 2(x—1)(a1x2—a2)+(al+a2)A1772+2Bl77,
(x+1)
=) gy 01T
x c
2
16x772[8j
a =1_—TC a =1_£ nzTcngﬂ/z
' 7172 o T, ’ e

Later in April of the same year, Askerzade,Gencer Giiclii and Kili¢ (2002:
L17-L20) proposed the relationship between temperature and the lower critical
magnetic field in magnesium diboride superconductors by two-band Ginzburg-
Landau theory. They used the same free energy (eq.(2.40)) to calculate lower critical
magnetic field. After variation of free energy with respect to vector potentials (2),

they found
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VXVXZ=2_7Z'|: n’ (T )[dqé] _2_”gj+in2(T)[%_2_”gJ

A @, | 4m, dar ¢, 4m, dar ¢,

+&,(m (T, (T))2 cos(, — &, )K@ —2—”} i (% _Z_H‘ZH }

dr ¢, dar @,
so that the upper critical magnetic field was

hy = B(T)n(T) (2.44)
with
2 5 ) ) 0’ +(2-7,-7,)0
B(T)=- - 2 - 1 e .
( ) wt D (‘9 +}((T Tcl) +ixne (T 761{53D(T—T62)+(T—Td)3
Here
2
D= Bi7; T =Tc1,c2 o2 ‘"™ __77:31Tc72m2 ’ 2_21’ O=1-1

Bori T T ,'-7/},11:1,2,’ e T

In January 2006, Udoméamﬁfhifﬁﬁ, Changjan, Kumvongsa and Yoksan
(2006:62-66) studied the, upper critical field (ch)of two-band superconductors by

two-band Ginzburg=Landau approach: The analytical formula including anisotropic
of order parameter and anisotropic of effective-mass were  »

4 (2 B
Ha="3 ;2(; £ m_’“J

(“’?2—1) (1 QK{ '42—1]
L (gE - 5

Sy , (2.45)
_ (22 + ?22 +2\/_K'j [22 + ?22 +2\/_K'J |
where Q= <f(k)f2( )> n’ — i

< )> < ( >2 ) 512 Ime, \/5 R <> denotes an average over

Fermi surface, f1( ) and fz(lé) are the anisotropic function of the first and second

band. The numerical calculation of upper critical field in ab-plane and c-axis were
comparing to the experimental data as shown in figurel5.
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Figure 15 The relationship of the upper critical magnetic field of single crystal
MgB, and the critical temperature, comparison between experimental and

theoretical results.: Udomsamuthirun etal.(2006:62-66)

In March 2008, Kamihara et al: (2008:3296-3297) reported the discovery of
26K superconductivity i fluorine-doped L.aQOFeAs: This discovery aroused great
interest in the scientific community” because it avas«the first time that noncuprate
superconductor showed high “eritical , temperature” with® very high upper critical
magnetic field. This matérial Showed a Very high:ifi’ upper eritical magnetic field
exceeded the capability of common high field measurement system.

In April 2008, Rensgt al. (2008:2215-2216) reportedsthe superconductivity in
iron-based oxyarsenide , SmfO-Fx]FeAs, with the (‘onset resistivity transition
temperature at 55 K and Meissner transition at 546, Ki«This compound has the same
crystal structure as LaOFeAS . withushrunk crystal dattices and becomes the
superconductor with the hlghest crltical temperature among all materials besides
copper oxides.

2.5
1 ——SmOy oFy 1 FeAs
] |

9.0 —O— SmOFeAs [‘

0.34

Resistivity p (mf2cm)
—
s

0.0 ;
45 55 65

L B B R S R B L B L B B R B B R
0 a0 100 150 200 250 300
Temperature (K)

Figure 16 The temperature dependence of resistivity for the undoped SmOFeAs and
the Sm[OgoF.1]FeAs superconductor.:Ren et al. (2008:2215-2216)
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In July 2008, Zhu et al.(2008:105001) synthesized the new iron-based
superconductor LaFeAsOgoFy;-5. The resistive transition curves under different
magnetic fields were measured, leading to the determination of the upper critical field

H_,(T)of this new superconductor. The value of H_,at zero temperatures was
estimated to be about 50 T roughly.

T T T T T T T
GL fitting of upper cirtical field |

sn -—
P - & the first drop of resistivity
50 -~ - o zero resistivity i
| ~, © thefirst point of diamagnetism |
—~ 40
- L
S
N 30
I

20




CHAPTER 3
RESEARCH METHODOLOGY

In this research, we study the lower critical field, the upper critical field, and
the critical magnetic field ratio of two-band anisotropic magnetic superconductors.

1 Critical magnetic field of one-band anisotropic magnetic superconductors
1.1 Upper critical field

According to the Ginzburg and Landau theory, the Helmholtz free energy
density of non-magnetic superconductors is of the form

S(H.T)= f, +aly[ +% Bl +ﬁ\(— inV —2edly| + [ H,dB (3.1)

Here, f, and f, are respectively the Helmholtz free energy density in the normal state
and superconducting state,

B is the net field in the superconductivity region,

v 1is the order parameter.and ([t//|2)is,proportional to the density of carriers,

m denotes the effective mass of thejcarriers, the coefficient « depends linearly
on the temperature, while eoefficient” S is independent of temperature.

The fourth term accounts for the kinetic energy of the carriers and the lasted
term accounts for the energy stored in the local magnetic fields.

Hampshire(Hampshire.1998:1) hadproposed the Gibbs’s fice energy of
magnetic superconductorn by assuming-that g (B,T ) =4y (B,T )— My HM

H = luﬁ—M ions > M =M g +Mo and Mg, = yH . Therefofe Gibbs free energy
density z)f magnetic superéonductors can. be written as
g,(B.T)=fy +aly| +%ﬂlwl4 +2Lm|(—ih.\7 =24l +{(BEmM ,«m)i—B —(B— M )M
“ 0 3.2)
For small change in B-field, a series in B'was introduced
2
ot 1B g = [ (B M )5 (B MM, (B MM,

Here y,,7, and y, are coefficient parameters. We can get the y, by differentiating
above equation twice and taking M to be small that

dM d?

dgns N ,U() de [(B o IUOMions )Mions]’

and y, =1 for non-magnetic superconductors. The coefficient parameter y, depends

7, =1—p,

on the gradient of field and y, =0 for the uniform applied field. Finally, we can write
the Gibbs’s free energy of magnetic superconductor as

2 Ly Ly e P B’
gS(B,T)sz+a|t//| +Eﬂ|1//| +E‘(—th—2eA)//‘ +70+71+72Z (3.3)

0
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When the magnetic superconductors place in magnetic field, there are the field
produced by ions (x,M,,, ), the applied field (z,H ) and the field produced by the

carriers (u,M ) which provide the relationship between fields as

B=uH+puM, +pM,, (3.4)
M, =zH, (T)+(H-M -H,) (3.5)

So that
B=p(y -2, +u,(1+ 7 NH+M,) (3.6)

M .
where the differential susceptibility ( ;(') is [u] and susceptibility ( ;() is
T,H=H

oH
(Mions j
H T,H=H

By comparing Ginzburg-Landau theory to BCS theory (Fetter & Walecka,
1995:471), we can get

=H.,

€2

l//NAA,

where A is the gap function fromBCS thé'i)ry;
w is the order parameter'from'GL theory.
The anisotropic gap function can be written as

AleT)= plEAer)

where f (lg) is the anisotropi¢ifiinction.
Similarity, we can write anisotfopic.order parameter

wlf )= 7Y Ty (3.7)

The anisotropy gap function was proposéd by Haas and Maki(Haas and Maki.

2
2001:020502): f(0) = lﬂfﬂ and by Posazhennikova et al.( Posazhennikova
+a

1

J1+acos® @

parameter. In case of the symmetry order parameter f (lg): 1.

et al.2003:577): f(0)= , here @ is the polar angle and «a is anisotropy

Minimising g, of eq.(3.3) with respect to w* and A4, here we use anisotropic

order parameter in eq.(3.7), they lead to the 1* and 2™ Ginzburg-Landau equations,
which now include the effect of anisotropic function and magnetic ions as

m//< f2(1€)> + % ,B|l//|21//< f4(/€)> + ﬁ(— inv — 262[)21//< f2(1€)> -0 (3.8)

Bt i, [‘%(w*?w—m*)—% (6. 6o
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Where VxM_ =J_ is the supercurrent density and <...> is an averaged over Fermi
surface. By eq.(3.8) and eq.(3.9) can be reduced to the isotropic magnetic super-
conductors by setting <> toland y, =0.

An expression for upper critical field can be found from the linearized 1%
Ginzburg-Landau equation

aly|’ +ﬁ(—ih§—2@2)zl//:0. (3.10)

Where the vector potential is taken as

A= 0|z = )., + 1,1+ 2/ NE + 0, )e0).
For a particle of mass m and charge e moving in a magnetic field B =V x 4, near the
upper critical field (H,) then H — H_,and M — 0, we get

A=puH, (1+y)xj and B= ,uOHCz(lJr;()lé. (3.11)
From
Ho = Egs
where H = %(— ihV — 2e21)2 y the eigenvalue of this Hamiltonian are £ = (n + %jha)
m ' o
with @ = B .
m ;

For the case of linearized"1™ Gihzburg-Landau equation (equ(3.11))
;4 ot riok & 2

m
2|0:|m

2+ ne(tty) -

To determine the upper criticalifield, we:musttake thetlargest possible value of

magnetic field (n=0) > - '

or o Wi

¥ '2|a|ﬁa ‘
gy 96870 3.12
Hottey he(l - Z) ( )
2 n’ : 27h
From coherence length & (T )= —— and magnetic flux quantum¢ = =—
2m|a| e
we get
¢ /uoch(Z :OvT)
H ., = = 3.13
W) (1+2) o

where p,H , ( y =0T ) is upper critical magnetic field of non-magnetic
superconductor.
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1.2 Lower critical field

Consider the magnetic field just above lower critical field (B,,). If the flux
penetration is uniform, then we would have y =0 everywhere. So, we consider a
non-uniform flux penetration keeping as much symmetry as possible. For lower
critical field’s calculation, we choose a flux line in cylindrical coordinate B = B(r)z?,
where B(r) has its maximum value at the core and tends to zero at large radial. A
vector potential in cylindrical coordinate is chosen as

A=y = 2 7+ 1, (4 2 NH + M P = 4(r)6. (3.14)

From the solution for the wave function l//(T ) provided by

T)=|y(T)e”, (3.15)

where ¢ is the phase of order parameter and by wsing the relevant Maxwell’s

T S re ey )

equation, j =—V x B (for the magnetostatic case? aa—D =0)and 2™ Ginzburg-Landau
Ho | W1 E Ta

equation in uniform field, thé veetor potential-and magnetic flux quantum

are A = 2£§¢ and ® = i , the equation for the vector potential takes the form
e e 4

§X§XE:_#L) m:|3a| VXA)<f ( )> 72}:;’) .467;1|;|B <f2(l€)> (3.16)

Let our sample has a surface perpendicular to the x-axis and the external magnetic
field is B = B,Z, so the internal hagneticlfield should be the form b = b(x)z . Then,

27 (%
. 1 .
the London equation is of the form%(zx) —?b(x) =0. Here A is the London
X
penetration depth of anisotropic magnetic superconductors
1

{ 72(1+7()mﬂ }2 (317)
Jiel

Ho 43 )<f

The lower critical field can be obtained as

B, = Inx. 3.18
cl 4612 ( )
Where x is Ginzburg-Landau parameter, x = 4 . The lower critical field eq.(3.18) is

the same form of Abrikosov(Abrikosov.1957:1174) but it has the difference in x that
depend on A (eq.(3.17)).
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1.3 Critical magnetic field ratio

We introduce a dimensionless parameter, the critical magnetic field ratio ()
as
B,
=—££ 3.19
'y (3.19)

Substitution eq.(3.13) and eq.(3.18) in eq.(3.19), we get

40k;
=— 0 3.20
(1 + ;()ln Ory ( )

In case k¥ >>1, the approximation critical magnetic field ratio is

20k,

(1+Z)(\/§K0_1).

. . . . A
Here, «, is the isotropic non-magneti¢ Ginzburg-Landau parameter, x, =—> and
] 0

(3.21)

~
~

1+7') . ; . PR :
0= %TZT) is the magnetic-to-anisotropic parameterratio. For the pure super-
f\k R j

()

conductors that is the isotropi€ non-magnetic supereonductors, eq.(3.20) can be
2

reduced to 7 = 2K, that agreed withithe Ginzburg-Landau felation.
Ko ‘ '

2 Critical magnetic field*of two-band anisotropic magnetic superconductors
2.1 Upper critical field

The free energy of an anisotropic two-band*magnetic superconductors can be
obtained as

Bz
FSC[WI’WZ]:IdSFfS‘C:Id3r(ﬁ+ﬁ+ 12+7/0+713+722 ] (3.22)

Hy
with

finn =iV =2ed [ (2 E)+ al (2@ sl (£6) 629

£.(6)).

f2(1€)> + & {(zi‘ﬁ - 2621)//1* (— ihV — 262[)//2 + c.c.}<f1 (/:t)
(3.24)

fi, = 5(1//1*1//2 +c.c.)<f1 (k)
Minimizing F_ of Eq.(7) with respect to v, (i =1,2) and A, the 1* and 2™ GL

equations including the anisotropic function and magnetic ions can be found as
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(77(k)

(— ihV — 2@21)2 v, +q, <f12 (]€)>l//1 + <f14 (]€)>(l//1*l//1 )//

2m, (3.25)
+ o AL v - o A Y- 9 -263f v, =0
</;2;(]2€)>( iV — 2eA v, +a, <f22 (k)>l//2 + 4, <f2 ( )>(l//;l//2>// (3.26)

wel k) @, - e (4 ) E)-mv 264y, =0
(71 “]%w(nx < ()>

B p, 2m,

()

2m,

T 2ieh(‘//1*? W™ A% ‘//1*)+ 8e* Ay y,
+ 6‘1<fl (k)fz (k)>|:+2i€h(w’;§ ‘//1'_ '//16 W;)"‘ 8¢2 4 l//;l/lj

and

[ZZeh V/IV% ¥V, )+8e A|‘//l| ]

bieh(y:5 v, w7y )8 dyt]  G27)

where Vx M =J_ is the supercurrent density and:<.+> denotes an average over

Ferrn1 surface An expression for upper critical field can be found from the linearize
1** Ginzburg-Landau equation

A TIRRRIEN, () VT Ol e )92

2m,

D9y o PRI €)Y —2637 o,

2m,

where the vector potential is taken as 4 = [,uo (x- 2 )H o X+ 1y 1+ \H+M,, )x]} .

Substitute A in the above equation, we get

M(;’—z—}” S RS PRV T e

(3.28)

M(j_l_},, el o o Y - o

(3.29)
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h2
462(11’[0(1 _Z,)chx_i_ ﬂO(l + Z,)(H +Msc)x).

where [} =

Substitute eq.(3.28) and eq.(3.29) with the eigen function y oc e 2 corresponding to a

ax? bx?

lowest energy state, i.e. y, = Ae_T and y, = ﬂze_T , We get

_ M(_ all - ax?]- %2}//1 oy (T) f12(1€)>% + €<f1(’€)

™ A

A~

fz(k)>(— b1 —bxz]—);—ij/z -0, (3.30)

+1%,( £k)

i

These two equations can be _ in th s1r%glef*
<ﬁ22("2>h2 (et 2l
(g + hzg{— all - a b1 - bxz)——jj +a,(T) £ (k)>
0
- (332)
v,| |0

By solving secular equation, we get
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{Mﬁ}hza ralr) i) +xz[<ff<'€>>h2 i <ff<'€>>h2f]]x

.
{g@q(ze)f <é>>-glahz<ﬁ<ze>ﬁ<fe>>-xz["*ﬂ<ﬁ,@fz<’€>>-hzaa«ﬁ(ze)ﬁ(ze)ﬂ]x

{g@@)ﬁ(}e»-glbh«ﬁ(ze)ﬁ(;e»-xz[““@ )t 2@)@]

Let

and

he’ (1 + ;()2 (Lz - 4ngj,uéHfz + he(l +x T + 4€gIQj,uOH02
m

m
+ (o (T, (T)-Q5%)=0. (3.35)
From quadratic equation Ax> + Bx+C =0, x=— B 232 —44cC where A4,B and
C are constant, we can rewrite in form
1
pesfs- )
xX= Y (3.36)

4 ) ) )
Let % << 1 and from binomial series as

n(n—1) a" x4 n(n—1)(n-2) a3

(a+x)' =a" +na""'x+
2! 3!

+...,
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we get
1
44C 2 1(44C
1- ) . 3.37
) 63
Substitute eq.(3.37) in eq.(3.36), one obtains
C
W= 3.38
X 2 (3.38)
and O=_B.C (3.39)
A B

We choose solution as eq.(3.39), then the upper critical magnetic field of two-band
anisotropic magnetic superconductors is

((al(T)+ a,(T)) N 4%19)

e @0

he(l+ Z{lz - 483(2) he(l + ;()((a‘ (7)+a,(T) + 4&91(2)
m m

Eq.(3.40) can be reduced to one=band case if the parameter of the second band and
coupling term are set to be zero. .

. (3.40)

2.2 Lower critical field

Consider the uniform applied magnetic field just above lower critical field,
there are the fluxes penetration the superconductors. For the lower critical field’s
calculation that keeping, assmuch symmetry as possible, we choose a flux line in

cylindrical coordinate. B'="B(x)2. where B(r) has its maximum value at the core and

tends to zero at large radial.”As vector potential in/Cylindrieal coordinate is chosen in
the same manner of upper critical field’s-calculation as

A=y (1 - 7 )Hoslclon 2 X 5ot 2 T HOEA(r)6 G341)

The solution of the order parameters in this form ,(T') and ,(T) are provided by
V/l(T): |‘//1(T]ei¢l and V/z(T):|‘//2(T]ei¢2 )

where ¢ and ¢, are the phases of the order parameters. By Maxwell’s equation,

= 1 & = . . .
J =—V x B for the magnetostatic case; 88_D =0 and 2™ Ginzburg-Landau equation
Hy 4

in uniform field, the vector potential is

gz_wﬁqg +w,V e, +wy (Vg +Wz)_ (3.42)

Wy

2z . . . 2e
Here, ® = — is the magnetic flux quantum with w, = —;(Wl +w, +2w,) and
Wy
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W :—<L(]€)>4eh - ’
Cm A1)

[a&ﬁ@%wm]

2

(26, 7{_ e 7206) + (1), (l€)>9)J
‘ p.( 1) ’

2m,

i 00 z[“2<ff<;e>>+s<f1<;e>ﬁ<;e>>ef,

wy =, #lE)s (1€)>4eh

= = = 1 a E ; / , X n~ n~ * *
VXVXb=_]/ (1+ E AR ‘/EJ “ B fl(k)fz(k)>8€2(1//ll//2+(//21//1)]
2 ¥ ' % .

| : p—— ' e (3.43)
Let our sample has a , pendi o the x-ax | ¢ external magnetic
field be B = B,Z, and the internal magnetic field-be of b =b(x)2. Then, the
London equation is of th is the anisotropic
magnetic London penetrat

-2=—[ .t +£w} (3.44)

r+x)ln
The lower critical field can be obtained as
1+ y')h
B, = nlry)h, (3.45)

e, A’

. . A .
Here, x is the Ginzburg-Landau parameter; x =—, ¢ is coherence length where

_(RE (m
5= 2m1|a1| - 2m2|a2| b __m'
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We find that our lower critical field, eq.(3.45) has the similar form to
Abrikosov but there is the difference in London penetration depth and coherence
length. Moreover our results show the anisotropy and magnetic parameters depen-
dence.

2.3 Critical magnetic field ratio

Substitute eq.(3.44) and eq.(3.53) in eq.(3.24), we get the critical magnetic
field ratio of two-band anisotropic magnetic superconductors as

M Inx,
— ) , 3.46
g {(1+;{) InO«k, }70 ( )

where 7, 1s the anisotropic non-magnetic superconductors that y, = 1, =1,
y=x'=0 and

- 8Acm {al ta, +aAmes Q. aa, -Q¢? } (3.47)

Chllnk, | 1-4m’elQuiina, +a, +4mes, Q|
Here, ®” =y, (1+ ") is the magnetic parameter, ‘Kguis.the anisotropic non-magnetic

) A : ; ; .

Ginzburg-Landau parameter; &, = =+ where' 4] ‘and &, is the penetration depth and
h 7 ;

coherence length of an aniSotrepic. non-magnetic supetconductors, respectively.

As a result, the upper critical field equation can be simplified as

v |
Bc2:|: a2 | i|770'Bc1 ‘ (3.48)

(4 7) InOk,

3 Temperature-dependence upper critical-lmagneticfield

To investigate the temperatuze dependence ‘on the upper critical magnetic field
of two-band superconductor, especially.in Fe-based superconductors, we consider the
temperature dependent on eq.(3.46). In GL-theory, the temperature-dependence
parameter occur in & and ¢ thatare in £ and 4. In case 1, we modify the tempera-
ture -dependence parameter on & and ¢ by adding the constant, which in our assump
-tion, there are 2 kinds in this case, i.e. linear and non-linear GL theory. In case 2, we
use the Zhu et al. assumption (Zhu et al.2008:105001) of the temperature- dependence
ona , and in case 3, we use the Shanenko et al. assumption (Shanenko et al.
2011:047005). So there are 4 cases of the temperature dependence on « and ¢, and on
upper critical magnetic field.

Casel. Modified GL theory: there are 2 cases of consideration.

Case 1.1) Linear GL theory

. . T
In GL theory, « is proportional to 1 —¢ ora = 1—¢ where t = —, the

c

coherence length & is found to be &7 El or & ElLt (Fetter & Walecka,
a —
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1995:433). For one-band calculation, B,, =« , so we find that B_,(¢) = B.,(0)1-1),
where B_,(0)and B(¢) are the zero temperature and temperature-dependent upper

critical magnetic field, respectively. However, the equation o = 1—¢ 1is the approxi-

mation equation in the vicinity of critical temperature. To extend the validity of this
equation, we make the assumption thata = 1—at, then we get

B, (t)=B.,(0)1-at), (3.49)
where a is an arbitrary constant that can be fit out from the experimental data.

Case 1.2) Non-linear GL theory.

Because the temperature-dependent of upper critical field in experimental

. . 1
result are in the form of ¢*. Then, we make the assumption that £> = — and
a

2

o The second order terms are foundiin BCS’s upper critical magnetic field.
+a

We then get
B (0= B, (0 +ar’) (3.50)

Case 2.The Zhu et al jassumption.

2

Zhu et al. (Zhu et,al,2008:105001) make-the assumptidn that o =

1+
, 1+¢7 W : : '
&= > . They claimed that this relation can-be used, for“all of the temperature
—t

range. For one-band calculations Zhu et aly(Zhu ‘ct'al,2008:105001) found that

2 :
B_,(t)=B_,(0) 1 — t2 . In two-band 'medel (€q.(3.40))'and Udomsamuthirun et.al
+t
2
(Udomsamuthirun et.al 2006:62), we have & — L and £ El, then & =—— and
a g I+¢
2
&= i t2 . Our two-band upper critical magnetic field is
+1
1-¢°
B,(1)=B,(0)—. (3.51)

I+1¢

This is the same form of the one-band model.

Case 3.The Shanenko et al. assumption.

Shanenko et al. (Shanenko et al. 2011:047005) derived the extended GL-
formalism for two-band superconductor that improved the validity of GL theory

below 7. They showeda = (1-1) + %(1 —1)*. To find B_,(T) that valid close
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to 7 =0, we make the assumption that a = p(1-1¢) + % (1-¢)* and

e=pl-0)+ %(1 —1t)*, where p,q are the constant. The critical magnetic field ratio

is the temperature-independent parameter and we can find the temperature-dependent
upper critical magnetic field as

Bo(0)= B, (0){p-0)+3 (-0}, (3.52)

In the next chapter, we will compare our numerical calculation with experimental data
of Fe-based superconductors.




CHAPTER 4
RESEARCH RESULTS

The research carried out in chapter 3 is to calculate the critical magnetic field
of one-band and two-band anisotropic magnetic superconductors analytically. In this
chapter, we would like to obtain the numerical result from them and then compare to
the experimental data.

1 Critical magnetic field ratio results
1.1 One-band superconductors

In one-band calculation, we find the upper critical magnetic field of one-band
_ ¢ :/uoch(Z:O:T)_ The
278%(1+ 1) (1+2)
lower critical magnetic field of one-band anisotropic magnetic superconductors is
h

2{2

anisotropic magnetic superconductors as y,H,,

B, =

2 Inx . According to thesescritical magnetic fields, we have the critical
e

magnetic field ratio of one-band_anisotropic. magnetic superconductors as

| Ry ;
g 0 3.20
’7 (1+ Z)ln@z(g ( )

All parameters are the same as in chapter 3.

The effect of &, x “and @ on the critical magnetic field ratio (7) for anisotro-
-pic one-band superconduétoré are shown 1n figure L8 Here, we use the x, = 57, and
K, = 118 that are Ginzburg“Landau parameter of Y123 (Hao et al.1991: 2884) and
Hg1223 (Mun-Seog Kim et al. 1995:691) superconductors, respectively. There are
three cases in figure 18: the non-magnetic*stiperconductors case ( ¥ = 0), the diamag-
-netic case ( ¥ < O) and ferromagnetic case ( > 0). The 7 must be positive so that the
value of y, is between 0 and 1. The € represents the ratio of magnetic parameter to

anisotropic parameter; & = 1, 8 > 1, € < 1 are the isotropic non-magnetic case, the
highly anisotropic case and highly magnetic case, respectively. Figure 18 shows that
the value of critical field ratio does increase with increasing in ¥ and €. The value of
critical field ratio does decrease with increasing y . The highest value of critical field

ratio is found in the diamagnetic superconductors ( ¥ < 0) with highly anisotropy and
the lowest value is found in the ferromagnetic superconductor ( y > 0) with highly
magnetism.
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Figure 18 The critical magnetic field ratib ;zéréus the mégnetic susceptibility of the
One-band anisotropi€ magnetic superconductors.

1.2 Two-band superconductor

The upper critical magnetic field of two-band anisotropie magnetic
superconductors are :

((al(T);Olz(T)) +48€1.Q-j-+ i ; (al(T)az(T)—ng)

hell + ;()(12 - 4559) he(1+ ;()((“‘ )+ a(T) 48«9@) |
m m

IUOHCZ =-

The lower critical magnetic field of two-band anisotropic magnetic superconductors is

1+ ' )h . . : .
= Mlnx. We obtain the critical magnetic field ratio of two-band
8eu, A
. . . Ho Ink,
anisotropic magnetic superconductors as 77 = : n,- We use above
1+ IOk,

equation to investigate the critical magnetic field of Fe-base superconductors (two-
band magnetic superconductor). After taking the numerical calculation on above
equation, we show these results in figure 19-20. All parameters used are shown in the
inset. Figure 19 shows that the higher value of critical magnetic field ratio may be
found in superconductor with diamagnetism ( y < 0). However, the Fe-base super-

conductors show the antiferromagntism and paramagnetism that y ~ 0, we think that

40
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the differential susceptibility ( )(’) may affect to this property. So the critical magnetic
field ratio versus the differential susceptibility (') is investigated and shown in
figure 20. The higher value of critical magnetic field ratio can be found in the
negative differential susceptibility region ( x' < 0). Then, we can conclude that the
very high upper critical magnetic field of Fe-base superconductor ( y = 0) can be
found in the negative differential susceptibility region.
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To investigate th ﬁvatu’r‘eﬂqtg‘pﬂ %dﬁ_l}tflg per critical magnetic field of two
band superconductor, esy ly @ ﬁase'a superconduetors, we modify eq.(3.46) to
be the temperature-dependent equati in-4 cases. Yy

I ITT L

Casel. Modify GL theory
Case 1.1) Linear GL theory
B,(t)=B,0)1-at), (3.49)

where a is an arbitrary constant that can be fit out from the experimental data.

Case 1.2) Non-linear GL theory

B,,(t)= B, (0)(1+at*) (3.50)
Case 2.The Zhu et al. assumption

2

B.,(1)=B,, (@il—jz (3.51)
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Case 3.The Shanenko et al. assumption
B, (#) =Bcz(0){p(1—t)+%(1—t)2} (3.52)

We compare our numerical calculations to the experimental data of
LaO, F, , FeAs (Yamamoto et.al. 2008:252501), Fe, ,sTe,.sSe, s ( Kidaet.al. 2010:

074706), and Ba(Fe,,Co,, )As,(Yamamoto et.al. 2009: 062511) as shown in Figure
21. The B_, of c-axis and ab-plane is fitted separately with case 1.1, 1.2 and case 2.

The best fit values of zero temperature upper critical magnetic fields are summarized
in Table 1.

LaO_ _ F . FeAs

0.89' 0.11
100
—- - Case2,60T
80 e et T Reg W ----- Case 2,35 T
——- case 1.142T
~ -~ - case 1.2,33T
—--- case1.2,50T
P | —-— case1.1,71T
= | O BC of c-axis
m° : Bczof ab-plane
40
20




44
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— Case 2,51T
—-— Case 1.2,43T
60 ——— Case 1.247T
N BT Case 1.1,55T
RN —-— Case1.1,58T
R ] Bc2 of c-axis
B'32 of ab-plane

40

BT

20

80

Case 2,67T
————— Case 1.1,80T
Case 1.1,54T
Case 1.2,38T
Case 1.2,54T
Case 2,45T
Bc2 of ab-plane
Bczof c-axis
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40

B.(T)
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20 AN \EI:
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Figure 21. Comparing of the theoretical curves from Case 1.1, 1.2 and 2

to the experimental data of B, in c-axis and in ab-plane:(a) LaO, F, ,, FeAs,
(b) Fe, ,sTe, 4sSe, s and (c) Ba(FeO.9 Co,, )As2 . The inset display the case of
calculation and the fit of zero-temperature upper critical magnetic field Bcz(O).
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Table 1 The best fit values of zero temperature upper critical magnetic fields
B,,(0) of samples of interested.

Samples Direction B,,(0) Tesla Best fit with case
ab-plane
71 1.1
LaO, F, | FeAs
craxis 42 11
ab-plane
47 1.2
FeyysTe)g55€,5 i
craxis 43 1.2
ab-plane
54 1.2
Ba(F €,0C0o,, )As2
c-axis 45 5
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From eq.(3.51) (case 2) and eq.(3.52) (case 3), we calculate the temperature-
dependence upper critical field showing in figure 22. These curves are constraint with

Bc2(T = O) :1 andBc2(T = T'c)
BcZ (O) BcZ (0)
region that 0 <7 <7, and the case 2 can be included in case 3 depending on the

parameters p and g . The experimenter can use eq.( 3.51) and eq.( 3.52) to predict

the zero-temperature upper critical field of the Fe-based superconductors and the
other two-band superconductors.

the experimental data that =0. We consider in the

1.00

—-— Eq.(25),p=3/2,9=-1
————— Eq.(25),p=1/2,9=1

0.75

0.50

B,(1)/B_,(0)

0.25
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CHAPTERS
CONCLUSIONS DISCUSSION AND SUGGESTION

In this research, we study the critical magnetic field of magnetic
superconductors, by using the two-band anisotropic Ginzburg-Landau theory.
Research’s results are summarized as follows.

1 Conclusions

In one-band calculation, the upper critical field, the lower critical field and the
critical magnetic field ratio of anisotropic magnetic superconductors are calculated by
Ginzburg—Landau theory analytically. The effects of the Ginzburg—Landau parameter,
magnetic susceptibility and magnetic-to-anisotropic parameter ratio on the critical
field ratio are considered. We find that the value of critical field ratio increases with
increasing Ginzburg-Landau parameter and magnetic-to-anisotropic parameter ratio
decreases with increasing magnetic susceptibility. The highest and the lowest value of
critical field ratio are found in the diamagnetic superconductors and the ferromagnetic
superconductors, respectively.

Based on two-band  affisotrepi¢l/Ginzburg:Landau theory, we calculate
analytically the upper and lower.ctitical field and‘the eritical field ratio. The effect of
the Ginzburg—Landau parametcts magnetic susceptibility and magnetic to anisotropic
parameter ratio on the critical field ratio is considered. Although there are many
parameters in two-band ‘model, our results‘look 'simple.* The ‘arbitrary constants are
grouped; temperature-dependent—ands nonwtemperature-dependent. We make the
assumption that they eah Séparated into temperature-dépendent and non-dependent
parts.

We apply our calculation. to ‘Fe=based supcrconductors that are two-band
superconductors. We find that the*veryshigh wvalue of ‘eritical magnetic field ratio of
Fe-base superconductors can be “found in the, negative differential susceptibility
region. The temperature-dependentiupper. critical magnetic field of our two-band
model looks the same as of the one band GL model. The temperature behaviors of the
upper critical magnetic field are also studied. The very high value zero- temperature
upper critical magnetic fields can be estimated from the experimental data and our
temperature-dependent upper critical field equation.

2 Discussion

We calculate one-band and two-band GL theory and apply to magnetic
superconductors. In conventional GL theory, they propose the model for one-band s-
wave non- magnetic superconductors. Hampshire (Hampshire. 1998: 1-11) extend GL
model to describe the one-band magnetic superconductors. However, there are many
two-band superconductors found today; MgB, and Fe-based superconductors.

Especially, Fe-based superconductor is the two-band magnetic superconductors. In
this research, we extend the GL theory to describe the two-band magnetic supercon-
ductors. We also add the anisotropic parameter in our model. Our model can describe
anisotropic two-band magnetic superconductors.
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We show the effect of x;,, y and 6 on the critical magnetic field ratio (77) for

anisotropic one-band magnetic superconductors. We use x, = 57, and x, = 118 that

are Ginzburg-Landau parameter of Y123 (Z. Hao et al.1991: 2884) and Hgl223
(Mun-Seog Kim et al. 1995:691) superconductors, respectively. Figure 18 shows that
the value of critical field ratio does increase with increasing in ¥ and €. The value of
critical field ratio does decrease with increasing in y . The highest value of critical
field ratio is found in the diamagnetic superconductors ( ¥ < 0) with highly aniso-
tropy and the lowest value is found in the ferromagnetic superconductor ( y > 0) with
highly magnetism.

The higher value of critical magnetic field ratio of anisotropic two-band
magnetic superconductors may be found in superconductor with diamagnetism
(x <0) as shown in figure 19. The critical magnetic field ratio versus the differential
susceptibility ( ;(') is investigated and shown in figure 20. The higher value of critical
magnetic ratio can be found in the negative differential susceptibility region ( y' < O).

Then, we can conclude that the very high upper critical magnetic field of Fe-base
superconductor ( ¥ = 0) can be found in the negative differential susceptibility region.

We compared our, numerical+‘caleulations) to” the. experimental data of
LaO, 4 F,, FeAs (Yamamoto “et.al: 2008:252501), . Fe 4 T€, .s8¢, ;s (Kida et.al. 2010:

074706), and Ba(FeyyCa,,)As;(Yamamotoset.al. 2009:252501). The upper critical

field of c-axis and ab-plane is fitted.separately with cases'l.1¥ 1.2 and case 2. The best
fit value of zero temperatus® upper critical magnetic fieldsare summarized in Table 1
that the upper critical field ofie-axis are 42-45| Tesla and the upper critical field of ab-
plane are 47-71 Tesla. The best fit.model of all materials 4s/the case 1.2: non-linear
GL theory. The Case 1.2 can'fit. wellvon-Fe, Tey iSe s /and Ba(Fe,,Co,, )As, as

show in figure 21(b) and'21(e).” In LaOy & Fy\i[ eAs, material (figure 21(a)), there are

less experimental data than the others; and thefi thesbest fit curve is the linear model.
If we ignore the curve fit of LaO, . F, Ffeds material, the upper critical field of c-

axis are 43-45 Tesla and the upper critical field of ab-plane are 47-54 Tesla that are in
the range of Zhu et al. report (Zhu et al.2008:105001).

3 Suggestion

1. In our calculation, we consider Fe-based superconductors that are the two-
band superconductors. There are many experiments claim that there are more than
two-band in these materials but the dominate properties is two-band superconductors.
However, the more than two-band model must be considered to improve the result of
calculation.

2. The temperature-dependent parameter “« ” is the assumption in our model.
To complete the calculation, the exact calculation of “« ” should be done.

3. More experimental data is needed in order to make a decision on the
validity of our temperature-dependent model.
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Appendix A
The 1* Ginzburg-Landau equation
From eq.(2.7) and eq.(2.8), we get the free energy density
AL 2.9)

The free energy is
G, = [drg,. (2.10)

The variation of G, with respect to " is

= Id? 5‘5; Sy’ .

og,

From — =0, let consider
oy

2

%2

-vl//+ec—2A2|l//|2:|.(A.1)

where s is the closed

face eﬁgl‘@\smg the , where fis scalar

quantity and P,Q are ve tor tity. y

Coi) 3%/

then

Let f =y and O =V, we get
J.dfl//*vzl//-l-jdfvl//-vl//* :<§l//*vl//-d§ (A.2)

Let f =y and O = Ay , we get
Jdrt//V Al//+IdrAl// V' §1// Ay -ds (A.3)

Substitution eq.(A. 2) and eq.(A.3) in (A 1), we have

2

(—th+—j dar
2m’
(a1 in Ay - in Ay VS Ll
2m c c c
e hzy/*WHm—ew*Zy/]dg. @.11)
2m 5| c
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From

* 2 . * .k *
(_,-me_z] IR IS
C

[
9
[

we can be rewritten as
1 _ e -
— ||| —iAV+— A4

2m '[ [ c ]l//

2 . *
= l*jd? e Ay 7% +i*§ t//*(—ih§+e—;1)t// -ds
2m c 2m c

Using the surface condition as

2

dr

ﬁ-(—ih§+e—;1}//=0, (2.12)
C

for all points on the surface of the superconductor with normal vector 7 .
Then, we get the 1¥ Ginzburg-Landau equation

(2.13)
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Appendix B
The 2" Ginzburg-Landau equation

Consider the variation of eq.(2.9) with respect to 4. Since the free energy
density is a function of 4 and its spatial derivatives (ﬁ =V x Z), we need to consider

[ar| 2854+ 3 08, 004)| _ . (2.14)
o4, - a(aAij i
oi

We have three equations since i =1,2,3 (or x,y,z). The second term, after integrated
by parts, is

(B.1)
and
From
og 1 (. oy e .oy e 2
= ——| ih— —ih—y —+2—A4 B.2
04, 2m cl// Oi cl// Oi c? |W|J (B-2)
and
-~ L 0A 0A
hovxdzi P S|, (04 04 ) 404 04 ) (B.3)
oy Oz 0z Ox ox Oy
we get

WoORh-H 1 |(o4, 4, 2+ oA, oA\ (o4, o4, ’
87 4r  8x|\ dy Oz 0z Ox ox Oy

0A 0A
1 [(on oA, (oa oA, (34, a4y),
47|\ oy Oz 0z ox ) " ox oY
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Then
8;; _0s
1%)
ox
A
{anJ A
oy
2
a(an]_ ﬂ_(y Hy)
Oz
and

Then, the other compone

(B.4)
Ul /
Rewritten eq.(B.2) and eq.(B.4) in vector form as

1 e - . e e e’ o Il = (- &

ih— —ih—y Vy+2—A4 =——Vx\h—-H

2m*( c Wy ¢V TV T 4 J A7 ( )

1 — - — e*h * = * e*z A 2

-—Vx\h-H)=—+y Vy - +— . 2.15
4r ( ) 2mi(w v !//Vl//) chlWi ( )

We will consider the external magnetic field to be uniform that we have Vx H =0.
From Maxwell’s equation the current density is given by j = fv xh.

Now, we get

*

%2
e
*

FEELLN ALY v B W (2.16)

2m'i mc
This is the 2™ Ginzburg-Landau equation.
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