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EXTREMAL PROBLEM ON GRAPH PARAMETERS

ABSTRACT: Let J be a class of graphs or subgraphs of a graph. If there is
a fixed type of transformation of a member of J into another, then this will
provide a definition of a graph transformation on J. Equivalently, a graph
transformation may be defined as a relation p from J to J. In other words,
p CJxJ. Let p be a graph transformation on J. We can define the p-graph
having J as its vertex set and there is an edge between two vertices G and H
if (G, H) € p. If p is an irreflexive and symmetric, then the p-graph is simple.
Thus the p-graph arises from graphs in at least two different ways:

1. from a class of graphs, or

2. from a class of subgraphs of a fixed graph.

Harary(1983) introduced a graph transformation and called it an edge
exchange as follows: Let G be a connected graph of order n > 3. The tree
graph, T(G), of G is defined by specifying V(T(G)) to be the set of all dis-
tinct spanning trees of G, and two vertices 77,75 € V(T(G)) are adjacent in
T(G) if and only if T and T3 have exactly n — 2 edges in common. This is an
example of an undirected p-graph.

Let G be a graph. For the distinct vertices a, b, ¢, and d in V(G), let
ab and cd be edges in G, given that ac and bd are not edges in G. Define
Geolabied)  simply written G, to be the graph obtained from G by deleting
the edges ab and cd and adding the edges ac and bd.

The transformation o(a, b; ¢, d) is called a switching operation.

Let d be a graphic degree sequence. Let R(d) and CR(d) be the sets of
realizations and connected realizations of d, respectively. Since o is a degree
preserving transformation, it is reasonable to define ¥(d) as a relation on R(d)
as (G,H) € ¥(d) if G 2 H and there is a switching o on G such that H = G°.
It is easy to see that o(a,b;c,d) is well-defined on G if and only if o(a,c; b, d)
is well-defined on G°(@%¢9), Thus the £(d)-graph is simple. The ¥(d)-graph
was proved to be connected by Taylor in 1981. One year later, it was also
proved by Taylor that the subgraph of ¥(d)-graph induced by CR(d) is con-
nected.



For positive integers m and m with 0 < m < (}), let G(m, n) and CG(m, n)
be the sets of all graphs and connected graphs, respectively, of order n and
size m. Let G € G(m,n) with e € E(G) and f ¢ E(G). Define G*&f) to
be a graph with V(G®f)) = V(G) and E(GH®f)) = E(G — e+ f). A trans-
formation t(e, f) is called a jumping transformation. Now let T(m,n) be
a relation on G(m,n) defined by (G, H) € T(m,n) if G % H and H can be
obtained from G by a jumping transformation. Since T(m,n) is symmetric, it
follows that T(m,n)-graph is simple.

We proved recently that the T(m, n)-graph and the subgraph of T(m, n)-
graph induced by CG(m, n) are connected.

Let G be the class of all graphs. A function 7 : G — Z is called a graph
parameter if 7(G) = w(H) for all isomorphic graphs G and H. A graph

parameter 7 is called an interpolation graph parameter over J C G if
there exist integers  and y such that

{n(G):Gel}={ke€eZ:z<k<y}.

We reveiw our results on the interpolation properties of the following graph
parameters:

X = the chromatic number, w = the clique number
f = the forest number, ¢ = the decycling number
ap = the independence number, a3 = the matching number
Bo = the vertex covering number, 3; = the edge covering number
~ = the domination number, 4’ = the edge domination number
If m is an interpolation graph parameter over J, then {n(G) : G € J} is
uniquely determined by min(7,J) := min{#(G) : G € J} and max(m,J) :=
max{7(G) : G € J}.
The problem of finding min(x,J) and max(w,J) is called the extremal

problem in graph theory. We also reveiw our results on extremal problem
on graph parameters.

ii
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PREFACE

Rre mathematical concepts, such as groups, rings, fields, vector spaces,
topology, measured theory, etc. were derived by abstracting special proper-
ties of some familiar objects like real number system. Similarly, the generic
concept of graphs also arose by abstracting some properties common to the
diagrams representing various physical system like the molecular structure of
chemical compound, the interconnections in an electrical network, a railway
network or road network or interrelations among a set of people. What is
common to these and several similar systems is that each of them consists of
a number parts or components interlinked or interrelated in specific ways.

Graph theory is a delightful playground for the exploration of proof techniques
in discrete mathematics, and its results have applications in many areas of the
computing, social, and natural sciences, as you can see in Chapter 1.

This is well reflected by the number of books and the number of research pa-
pers that have been published in this area.

The very simple structure of a graph, as a collection of points called vertices
together with a set of lines called edges such that each edge is identified with
a pair of vertices, makes it suitable for modelling a wide variety of situations.

The purpose of this report is to summarize my 3-year project (2005-2008)
with financial support from the Thailand Research Fund under the grant
number BRG4880020. It is summarizing all of my work in graph theory
emphasizing on Extremal Problems on Graph Parameters. No previous
knowledge of graph theory is assumed. A reader should be familiar with the
language of set theory and should have enough background in basic math-
ematics courses emphasizing on proof techniques such as Abstract Algebra,
Linear Algebra and/or Number Theory. These experiences will enable the
readers to well understand throughout the subject as well as to be able to ini-
tiate their own proof technique. This report is also purposed to facilitate as a
material for undergraduate and graduate students, and young mathematicians
who want to pursue knowledge along the line of graph theory emphasizing on
interpolation theorems for graph parameters and extremal problems in graph
theory. It covers all necessary basic background in graph theory as well as all
necessary basic related results that will be used.

In recent years I have been particularly interested in properties of the graph
of realizations. This concept was introduced and developed in a joint paper
by Professor Derek Holton and Professor Roger B. Eggleton published in the
Springer Lecture Notes in Mathematics, 748 (1979), 1-10. It provides a struc-
tured way to examine all the graphs which “realize” a given degree sequence.
As a very simple example, the degree sequence (2,2,2,2,2,2) can be realized
as A, one cycle of 6 vertices, and also as B, two disjoint cycles each of 3 ver-
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tices. One can pass from either of these realizations to the other by a simple
switching, an operation which replaces two edges between four vertices by a
pair of “cross” edges between the same set of four vertices. Thus the graph of
realizations of the degree sequence (2,2, 2,2,2,2) comprises two vertices of A
and B, with an edge connecting them. In general, the graph of realizations of
a given degree sequence d has all the realizations of d as its vertices, and has
an edge between any pair that are related by being able to be transformed into
each other by a single switching. As shown in the 1979 paper, a fundamental
property of the graph of realizations of any degree sequence is that it is always
connected. This means that if one begins with any realization of a degree
sequence d, every possible realization can be produced from it by a suitable
sequence of switchings. I have conducted several interesting investigations into
properties of the graph of realizations for certain important classes of degree
sequences d (notably regular sequences, in which all terms are equal), and
also for important subgraphs of the graph of realizations (notably the con-
nected realizations). I have particularly studied the graph of realizations in
relation to those properties of graphs which can be described by some integer
(the integer-valued graph parameters). I have proved some fundamental inter-
polation theorems for various important parameters 7 (such as the chromatic
number of a graph, the clique number of graph, the matching number of graph,
the decycling number of graph, etc.), showing that if a degree sequence d has
two realizations A and B with m(A) = m and 7(B) = n, then for any integer
T between m and n there is a realization X of d with 7(X) = r. Moreover,
I proved some interpolation theorems in which A and B are restricted to be
of some particular type of graphs, and X is of the same type. The references
at the end of this report lists papers by some 34 graph theorists spanning the
last 60 years, among them some of the most famous in the field. Many of
the papers have been published in the last 20 years. Thus, the area of Inter-
polation Theorems for Graph Parameters and Extremal Problems in Graph
Theory have attracted a good number of the world’s top graph theorists, and
it is an active area of current research interest.

The interest in the interpolation properties of graph parameters was moti-
vated by an open question posed by Chartrand during a conference held at
Kalamazoo in 1980. He posed the following question: If a graph G contains
spanning trees having m and n end-vertices, with m < n, does G contain a
spanning tree with k£ end-vertices for every integer k with m < k < n? This
question (which was answered affirmatively) led to a host of papers studying
the interpolation properties of invariants of spanning trees of a given graph.

I introduce a simple but useful concept of graph transformation called adding
edge transformation and this leads to the definition of (A, n)-graph. A
(A, n)-graph is a graph in which the vertex set is the set of all graphs of order
n and of maximum degree A; two vertices are adjacent if one can be obtained
from the other by adding or deleting an edge. I have used this transformation



as a tool in proving several extremal results on graph parameters.

The definitions of graph transformation graph invariant and graph pa-
rameter are given in Section 2.1. A review of several interpolation results on
graph parameters are given in Section 2.2.

Extremal problems in graph theory is a huge area in graph theory. It is
introduced in Section 2.3 by starting with question and elementary exam-
ples in this direction. The distinction between the extremal problem and the
optimization problem are also given. Graph theorists have agreed that the
extremal problem in graph theory was originated after Turan (1910-1976)
answered a question concerning the maximum number of edges in a K, -free
graph of order n.

Chapter 3 contains all results that I have done in this direction.
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Chapter 1

INTRODUCTION

This chapter is to give a brief history and introduction to the readers in order
to learn something about how graph theory was developed and understand how
we use graphs to model real world problems. We will see that many real world
situations can be conveniently described by means of a diagram consisting
of a set of points together with lines joining certain pairs of these points.
For examples, the points could represent people, with lines joining pairs of
friends; or the points might be communication centers, with lines representing
communication links.

1.1 Graphs and Graph Models

We know that various pure mathematical concepts, such as groups, rings,
fields, vector spaces, topology, measured theory, etc. were derived by ab-
stracting special properties of some familiar objects like real number system.
Similarly, the generic concept of graphs also arose by abstracting some prop-
erties common to the diagrams representing various physical system like the
molecular structure of chemical compound, the interconnections in an electri-
cal network, a railway network or road network or interrelations among a set
of people. What is common to these and several similar systems is that each
of them consists of a number parts or components interlinked or interrelated
in specific ways. Thus graph arose as diagrams representing specific relations
among a set of objects. However, various different diagrams may be drawn to
represent the same relation among the set of objects.

Konigsberg is a city which was the capital of East Prussia but now is known
as Kaliningrad in Russia. The city is built around the River Pregel where it
joins another river. An island named Kniephof is in the middle of where the
two rivers join. There are seven bridges that join the different parts of the city
on both sides of the rivers and the island. People tried to find a way to walk
all seven bridges without crossing a bridge twice, but no one could find a way
to do it. The problem came to the attention of a Swiss mathematician named
Leonhard Euler (pronounced “oiler”). In 1735, Euler presented the solution
to the problem before the Russian Academy. He explained why crossing all

7



8 CHAPTER 1.

seven bridges without crossing a bridge twice was impossible. While solving
this problem, he developed a new mathematics field called graph theory,
which later served as the basis for another mathematical field called topol-
ogy. Euler simplified the bridge problem by representing each land mass as
a point and each bridge as a line. He reasoned that anyone standing on land
would have to have a way to get on and off. Thus each land mass would
need an even number of bridges. But in Konigsberg, each land mass had an
odd number of bridges. This was why all seven bridges could not be crossed
without crossing one more than once. The problem could have been solved if
ONE bridge was removed or added. Which bridge would you remove? Where
could you add a bridge?

That is the history of the original of a new branch of Mathematics called
Graph Theory. As we have agreed that Graph Theory was originated from
the city of Konigsberg, it is coincident that later there were two great mathe-
maticians named Ko6nig and Berge who have significantly contributed in this
area. Denes Konig was born in Budapest, Hungary on 1884. He has been
influenced by Minkowski’s lectures on the four color problem. These lectures
contributed to his growing interest in Graph Theory. Konig’s work on the fac-
torization of bipartite graphs related closely to the marriage problem of Hall.
Konig died in Budapest on 1944. Claude Berge was born in Paris, France
in 1926. He wrote five books. Each book, originally written in French, was
a classic, and was quickly translated into English and half a dozen other lan-
guages. His work emphasized on perfect graphs and hypergraphs. He passed
away on 30 June 2002 at the age of 76.

Konig + Berge = Konigsberg

From almost 300-year history, graph theory has played a crucial role consider-
able success in problem solving and has developed into an elegant and rapidly
growing branch of mathematics. In particular, it has been grown for the past
forty years by the number of books and the numerous research papers that
have been published in this area. A major reason for this rapidly growth is its
applicability to a wide range of problems arising in modern science, engineer-
ing, computer science, modern business and many more. Examples include
the following:

e Determining of production schedules and workplace configurations (plant
layout) to maximize efficient production.

e The design and operation of complex networks such as: transportation net-
works for the movement of commodities; communication networks for the
transmission of information; data communications networks capable of sup-
porting large scale on-line applications; powerful multiprocessor systems for
solving complex problems such as radar signal processing; and many more.

e Identification of complicated organic chemicals.

e The design and operation of a large open pit mine, including the determi-
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nation of an extraction sequence which maximizes the total net profit.

e Determining of schedules such as: class timetables; bus/train timetables;
rounds in sport competition.

e Design of experiments to accurately test: the quality of products; the effec-
tiveness of particular drugs to cure a disease; public opinion to a particular
issue; and many more. Usually the idea is to eliminate bias.

e The efficient allocation of containers for the storage of chemicals.
e The efficient design of Very Large Integrated Circuits.
e Determining an optimal set of tours for a delivery vehicle.

e The optimal allocation of security passwords.

A graph may be considered to be a collection of points called vertices con-
nected by lines called edges. This very simple structure makes a graph suit-
able for developing structural models for a variety of situations. Indeed any
system which can be viewed as a collection of objects some of which are re-
lated in some way or other can be modelled as a graph in which the vertices
represent the objects and the edges represent the relationship between the ob-
jects. In many applications one encounters such systems. Formally, a graph
G consists of a finite nonempty set V' of objects called vertices (the singular
is vertex) and a set E of 2-element subsets of V' called edges. The set V and
E are the vertex set and edge set of G, respectively. So a graph G is an
order pair of two sets V' and E. For this reason, some write G = (V, E). At
times, it is useful to write V(G) and E(G) rather than V and F to emphasize
that the vertex and edge sets of a particular graph G.

The following examples show how we use graphs to model real systems.

e A chemical structure is a collection of atoms some of which are boned.

e A communication network is a collection of centers some of which can com-
municate directly.

e A traffic network is a collection of roads, some of which are intersect. Such
a network can be modelled by a graph with vertices representing intersections
and the edges representing direct traffic links. The edges can be assigned a
direction to indicate the direction of traffic flow.

e A printed circuit board is a collection of components, some of which are
connected by a conductor path.

e An assembly production line is a collection of workstations organized in some
order.

e A multiprocessor is a collection of processors and memory modules linked
through an interconnection network.

The above are just a few examples of the application of graphs to model real
systems. In each case, the graph provides a structural model of the system
being studied, displaying clearly the interactions and relationships a model
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provides very often the study of the underlying graph theory provides tools
for the analysis of the system becomes one of finding: An arrangement of the
system which satisfies certain requirements, and which is optimal according
to some criterion such as cost, output or performance. The basic problems
which arise in graph theory applications can be classified as:

1. The Existence Problem

Is there at least one arrangement of a particular type?

2. The Counting Problem
How many arrangements of a particular type are there?

3. The Optimization Problem

Concerned with choosing from among all possible arrangements of a certain
type, that which is best according to some criterion.
We illustrate these problems with an example.

Example 1.1.1 An Allocation Problem

Consider the problem of allocating mobile frequencies to transmitting stations.
Suppose there are m possible channels (frequencies) available for use by n
transmitting stations. Stations that are located “close” to each other cannot
use the same channel without causing interference. Thus given two stations
it may or may not be the case that they use the same channel. A number of
problems arise.

Existence problem

It is possible to allocate a channel to each station in such a way that any two
stations which need to have different channels get different channels? If so,
how does one find such an allocation?

Enumeration problem
How many “proper” allocations are there?
Optimization problem

What is the minimum number of channels that will suffice to satisfy the allo-
cation conditions. How can one model this situation? A graph model can be
developed as follows: Represent each station by a vertex. Join two vertices by
an edge if and only if the corresponding stations cannot use the same chan-
nel. Note that here the relationship between the vertices is “conflict” with
respect to the same frequency. As an actual example, consider the case when
there are 5 stations and the information is represented the following “conflict
matrix”.
|

Qs W N -

H OO ||~
[ e L]
- = Ol W
] = O
| = = O =W
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Note that a “1” represents a conflict (i.e. the stations cannot be assigned
the same channel), and a “0” represents no conflict. The corresponding graph
is drawn in Figure 1.

4 3
Figure 1

Representing the conflict matrix by a graph does not of course, resolve any
of the problems mentioned above. However, the visual aspects of the model
does provide us with some insight. For instance, the presence of triangles in
the graph implies that we need at least three different channels to satisfy the
restrictions imposed by nearby stations. Can we make the allocations if we
have just three channels? How do we resolve the existence problem when we
have m channels? An allocation is possible only if we can partition the vertices
of our graph into m sets in such a way that no two vertices in the same set
are joined by an edge. This leads us to the concept of coloring. A graph is
k-colorable if its vertices can be colored, using no more than k colors, in
such a way that no two “adjacent” vertices are colored alike. For example, the
graphs G;, i = 1,2,3,4 displayed in Figure 2 are i-colorable.

G 1 G 9 GB G4
Figure 2

Note that each graph is k-colorable for any £ > 4. Also note that there is
no stipulation that all k-colors are used. A k-coloring of a graph is just a
partitioning of its vertices into k disjoint sets so that two vertices in the same
set are colored stations get different channels if and only if the corresponding
graph is m-colorable (each color corresponds to a channel). In a specific ap-
plication, we might be interested in determining the minimum value of m for
which such a coloring exists. This minimum is called the chromatic num-
ber of the graph.

The above example demonstrates how a given problem can be formulated and
solved using graph theory concepts. By studying colorings in graphs one can
devise algorithms for testing whether or not a given graph is m-colorable.
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There are many applications, particularly in the area of scheduling, where the
problem that arises is one of partitioning the vertex set of an associated graph
so that adjacent vertices belong to different sets of the partition.

Example 1.1.2  Construction of Timetables Consider the problem of con-
structing the weekly schedule of lectures at a university. We have a list L of
lectures to be given in the various subjects. Certain of these lectures must
not be given at the same time as certain others, since there are students who
wish to attend both. Therefore we have also a list C of pairs of lectures which
must not clash. If we label the list of lectures L = {1,2,...,n}, then C could
be represented by an n x n conflict matrix with the (i, j)-element 1 if lectures
i and j clash; 0 otherwise. Consequently, we can model this situation with
a graph in which the vertices represent the lectures and the edges represent
the conflicts. There will be a set of time slots T' = {1,2,...,m} during the
week, usually 7 or 8 per day, when lectures may be given. If we take these as
our colors, then the problem of constructing a weekly corresponds to finding
an m-coloring of the corresponding graph. Lectures corresponding to vertices
allocated a certain color will be scheduled in the period corresponding to that
color. Thus the problem is exactly the same as that in the preceding example.

Remark 1.1.3 In an actual application, the problem would be a little more
complicated with additional restrictions. For instance, the individuals giving
the lectures need to be taken into account as well as the maximum number of
lectures that can be scheduled in the same period (restricted by the available
rooms).

Example 1.1.4 A Storage Problem

A chemical company manufactures n chemicals Cy, Cs,...,C,. These chemi-
cals are stored in containers until required by the customers. Certain pairs of
these chemicals are incompatible and would cause dangerous reactions if they
were stored together. Thus we have a list of pairs of chemicals which cannot be
stored together. Again this information can be represented in a n x n conflict
matrix in which the (i, j)-entry is 1 if chemicals C;, and C; are incompatible;
and 0 otherwise. This in our graph model the vertices represent the chemicals
and the edges the conflicts.

The problems faced by the chemical company is to determine the minimum
number of containers necessary for the safe storage of the chemicals. Thus we
need to determine the chromatic number of the corresponding graphs.

As an example, consider the case when n = 8 and the graph is:
C1 2

Cg C3

Cri Cyq

Cs
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Since the four vertices c3, ¢4, ¢7, cg are pairwise joined, we need at least 4 colors

to color the graph. A 4-coloring with colors a, b, ¢, d is:
c a

a

Thus the chromatic number, and hence the minimum number of containers is
4.

Example 1.1.5 Very Large Integrated Circuit Design

[FEEY (1,2)
| J
I ] (4,5) (3,4)
{ |
— (1,3) (2,5)

(a) (b)

Figure 3
Consider a simplified circuit; consisting of a row of gates g1,92,...,9, and

specified connections between various pairs of these gates. The connections
are accomplished through conductor paths or tracks with “overlapping con-
nections” on different tracks. Consider the simple case exhibited in Figure
3(a). Here we have 5 gates and 3 tracks. Track 1 has connections (g1, g2) and
(93,94); Track 2 has connections (g2, gs5) and track 3 has connections (g1, g3)
and (g4,95). We can form a graph in which the connections are the vertices
and the edges correspond to “overlaps”; this is called the interval graph and
is displayed in Figure 3(b). In the above we have made the connections on
three tracks.

(91, 92), (93, 94), (92, 95), (91, 93) and (g4, g5).

Is this the minimum number of tracks? Now the graphs clearly exhibits the
overlap relations; an edge between two vertices means that the corresponding
connections must be on different tracks. Thus the problem of determining the
minimum number of tracks is equivalent to determining the number of the
associated graph. In this case the graph is 3-colorable but cannot be colored
with fewer colors. So 3 tracks is indeed minimum.
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Example 1.1.6  Scheduling a Tournament

1 2
6 3
4
Figure 4
Consider a competition in which there are n teams T1,75,...,T, each pair

of which meets exactly once in a round robin tournament. The matches are
played once per week with each team playing at most one match per week.
The problem is to schedule the weekly matches, using as few weeks as possible,
for the round. We can represent this situation by a graph in which the vertices
correspond to the teams and the edges to the matches. Consider the simple
case of n = 6; the corresponding graph is displayed in Figure 4 with team 7T}
labelled 1.

As no team can play more than one match per week, a minimum of 5 weeks
is required to schedule the tournament. One possible schedule is:

Week | Schedule

1 (1,2),(3,5),(4,6)
2 (1,3),(2,6),(5,4)
3 (1,4),(2,3),(6,5)
4 (1,5),(2,4),(3,6)
5 (1,6),(2,5), (4,3)

Observe that the graph corresponding to each weekly set of matches consists
of 3 edges with no two sharing a common vertex. Thus, in effect, we have
partitioned the edge set of the graph into 5 sets, each set consisting of three
edges with distinct ends. Now if we color the edges in the set corresponding
to Week i by Color 4, we have a coloring of the edges of the graph, using 5
colors, such that no edges sharing a common vertex are colored alike. This
leads us to the concept of edge-colorings.

A graph is k-edge-colorable if its edges can be colored, using no more than
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k colors, in such a way that no two “adjacent” edges are colored alike. For
example, the graphs G;, i = 1,2, 3,4 displayed in Figure 5 are i-edge-colorable.

— o

Figure 5

So a k-edge-coloring of a graph G is a partitioning of its edges into k sets
(some possibly empty) so that no two edges in the same set are adjacent. The
minimum k for which a k-edge-coloring exists is called the edge-chromatic
number of G. Like vertex colorings, edge colorings have many applications.

Example 1.1.7 A Timetabling Problem

Consider the following class timetabling problem. There are m lecturers
Li,Ly,..., Ly and n courses Cy, Cy, ..., Cy. Given that lecturer L; is required
to teach class Cj, F;; periods per week, the problem is to schedule a complete
timetable using as few periods as possible. We can represent the above situ-
ation as graph in which the vertices correspond to the lecturers and courses.
Vertices L; and C; are joined by P;; edges. For example, when the teaching
requirements are given by the following matrix:

Ci Co C3 C4 Cs Cg C7; Cg Cy Cyg
Li| 3 1 0 0 3 1 0 0 0 0
Ly | O 2 1 2 0 0 0 0 0 0
L3 | 0O 0 0 1 1 1 3 0 0 0
Ly] 0 0 0 O 1 0 1 3 0 0
Ly O 0 O 0 o0 1 | 1 3 0
Lg| O 0 0 O 0 0 0 1 1 4

Since, in any one period, each lecturer can teach at most one class, an each
class can be taught by at most one lecturer, the problem of scheduling classes
using as few periods as possible is equivalent the edge-chromatic number of
the corresponding graph.

For our example, since the largest number of edges incident to any vertex is 8
(lecturer 1), at least 8 periods are required. Is this possible?
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1.2 Notation, Terminology and Basic Results

We have already introduced graphs and graph models in Section 1.1. We
shall provide more notation and terminology in this section.

A graph G consists of a set V(G) of vertices, a set E(G) of edges, and an
incidence relation which associates with each edge of G an unordered pair of
(not necessarily distinct) vertices of G called its ends. If e is an edge of G with
ends u and v, then e is said to join v and v. An edge with identical ends is
called a loop. We can represent a graph by a diagram in which the vertices
are points and edges are line segments. Thus, in general, there is no unique
way of drawing a graph. Two vertices which are joined by an edge are said to
be adjacent. If more than one edge joins the same pair of vertices, we say the
graph has multiple edges. A graph is simple if it has no loops or multiple
edges. A simple graph in which each pair of distinct vertices is joined by an
edge is called a complete graph. A complete graph on n vertices is denoted
by K,. Note that K, has (3) = MQ_IZ edges.

Let G = (V, E) be a simple graph and X C V. We define a graph G — X to be
the graph obtained from G by deleting all vertices in X and all edges incident
with them. If X = {v}, we simply write G — v for G — {v}. If F C E, we can
analogously define a graph G — F' as the graph obtained from G by removing
all edges in F. Also we simply write G — e for G — {e}. Furthermore, if e ¢ E,
we write G + ¢ for the graph obtained from G and adding the new edge e.
There are considerable variations in graph theory notation and terminology
used in the literature, we present, in this section, basic notation and termi-
nology that will be used. For most part, our graph theoretic notation and
terminology can be found in the textbooks of Bondy and Murty [4] and
West [40].

Since we deal only with finite graphs, we set up the following notation and
terminology for a typical graph G. For a graph G = (V, E), we may write
V ={v1,vs,...,v,} and E = {ey, €y, ..., en}. Denoting by |S| the cardinality
of a set S we define n = |V| the order of G and m = |E| the size of G. If an
edge e corresponds to the vertex pair {u, v}, to simplify writing, we will write
e = uv and we say that the edge e joins the vertices « and v. For each v € V,
a vertex u € V is called a neighbor of v if vu € E. The neighborhood of
v € V in G, denoted by Ng(v), is defined by

Ng(v) ={z € V(G) : zv € E(G)}.

If S C V, we denote Ng(S) = U,es Na(v) and Ng(v) = Ng(v) N'S. The
idea of sameness or identical of the graphs is formalized by the following
definition.
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Two simple graphs G = (V, E) and H = (U, F) are isomorphic if and only if
there is a bijection ¢ : V' — U such that for every pair u, v in V we have uv € E
if and only if ¢(u)¢(v) € F. The function ¢ is called an isomorphism from G
onto H and ¢! is also an isomorphism from H onto G. We use the notation
G = H to denote that G is isomorphic to H. It is clear that the relation “ =7”
is an equivalence relation on the set of all simple graphs. Consequently, it
partitions the set of all graphs into equivalence classes each of which consists
of all graphs having the same algebraic properties. The meaning of what
we call algebraic property can be defined in the following definition.

Let G be the class of simple graphs and let X be any set. A function7: G — X
is called an invariant if 7(G) = 7(H) for all isomorphic graphs G and H.
When X = Z, a graph invariant is called a graph parameter. If X is the set
of all integer sequences, then 7(G) = d(G), where d(G) is the degree sequence
of G, is an example of invariants. If X is the category of all groups, then
the function 7(G) = Aut(G), where Aut(G) is the group of automorphisms
of G, is a group invariant of graphs. An example of an integer invariant of
graphs defined algebraically is the function 7(G) = detA(G) where A(G) is
the adjacency matrix of G.

It would be worthwhile to observe that Mathematical structures usually
come together with structure preserving maps, for examples, groups and iso-
morphisms, vector spaces and invertible linear transformations, topological
spaces and open maps or continuous maps, Hilbert spaces and linear con-
tinuous operators, etc. Structures of graphs are obviously derived by graph
isomorphisms.

A subgraph of a graph G = (V, E) is a graph H = (U, F) with U C V and
F C E. Since H is a graph, the end-vertices of every edge of F' will also be in
H. When U =V, we say H is a spanning subgraph of G. When F' consists
of all edges of G joining pairs of vertices of U, we say H is an induced sub-
graph of G and write H = G[U].

A graph G = (V, E) is said to r-partite (where r is a positive integer) if its
vertex set can be partitioned as V3 U Vo U. ..UV, such that G[V;] contains no
edge for all i = 1,2,...,r. A 2-partite graph is usually referred as a bipartite
graph. A complete bipartite graph is a simple bipartite graph with par-
tition (X,Y) in which each vertex of X is joined to each vertex of Y. Ky, p
denotes a complete bipartite graph with |X| = m and |Y| = n. The graph
K, , is called a star.

Remark 1.2.1 A bipartite graph cannot have loops. Of course a bipartite
graph need not be simple as it may have multiple edges. Observe that if
a graph G is 2-colorable, then it has a bipartition (X,Y’) with the vertices
of X colored in one color and the vertices of Y colored in the other color.
Conversely, If G is a bipartite graph then it is 2-colorable. Thus we have the
characterization that a graph G is bipartite if and only if it is 2-colorable.
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For any positive integer n and V = {v;,va,...,v,}, up to isomorphism, we will
denote by K, the simple graph with vertex set V' and every pair of distinct ver-
tices is joined by an edge, and call it the complete graph of order n. The
complement G = (V, E) of a simple graph G = (V, E) of order n has the same
vertex set as G and its edge set is the set complement E = {e € E(K,,) : e ¢ E}
that is uv is an edge in G if and only if uv is not an edge in G. It is clear that
the complement K, of K, is the empty graph, i.e., the graph on the vertex
set V' containing no edge. A graph G is said to be self-complementary if
G=G.

A property P is called a parametric property for graphs if whenever a graph
G has property P, then every graph isomorphic to G also has property P. In
what follows, by a property P of a graph we mean a parametric property. A
graph with property P will be referred as a P-graph. A subgraph H of a
graph G is said to be maximal with respect to a property P (or P-maximal
for short) if H is a P-graph and there is no subgraph K of G which properly
contains H and has property P. For example, K, , is a maximal bipartite
graph.

A subgraph H of a graph G is said to be minimal with respect to a property
P (or P-minimal for short) if H is a P-graph and there is no proper subgraph
K of H which is also a P-graph. For example, a tree on n vertices is a minimal
connected graph.

We now define a number of concept arising from the adjacency and incidence
relations in a graph, leading to the concept of a connected graph.

A sequence vy e;v2€203 - - - Up—1 €—10g With elements alternately from the vertex
set V' and the edge set E of a graph G, such that e; = v;v;4; for 1 <i< k-1
is called a v; — v, walk W in G; v; and v, are called the initial and terminal
vertices of the walk W, and k, the number of vertices in W, is called the order
of W. The walk is said to be open if v; and vy are distinct vertices, and
closed if v; = v,. A trail (edge-trail) in a graph is a walk in which no edge
is repeated. A tour is a closed trail. A path in a graph is an open walk in
which no vertex (and therefore no edge) is repeated. A closed walk in which
no vertex (and edge) is repeated is called a cycle. A path of order n is called
an n-path and is denoted by F,. A cycle of order n is called an n-cycle and
is denoted by C,. Two distinct vertices u and v of a graph G are said to be
connected if there is a u — v walk in G. By convention, a vertex is connected
to itself. A graph is said to be connected if for every two of its vertices are
connected; otherwise it is disconnected.

Let k be a positive integer. A graph G is said to be k-connected if for any
subset X of cardinality k£ — 1 of V(G), G — X is connected. A maximal con-
nected subgraph of a graph G is called a component of G.

A graph is acyclic if it has no cycle as a subgraph. A forest is an acyclic
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graph. A connected acyclic graph is called a tree. A connected acyclic span-
ning subgraph of G is called a spanning tree of G.

The degree of a vertex v of a graph G is the number of edges of G which are
incident with v. In symbol

dg(v) =|{e € E:e=uv for some u € V}|.

The minimum degree and the maximum degree of a graph G are usually
denoted by the special symbols §(G) and A(G) respectively.

A simple graph is said to be r-regular if all of its vertices have degree r. A
3-regular graph is usually called a cubic graph. A vertex with degree zero is
called an isolated vertex. An r-regular spanning subgraph of a simple graph
G is called an r-factor of G. A vertex of odd degree is called an odd vertex
and a vertex of even degree is called an even vertex. The following theorem
is known as The First Theorem of Graph Theory.

Theorem 1.2.2 If G is a graph of size m, then

Y de(v) = 2m.

veV(G)
Corollary 1.2.3  Every graph has an even number of odd vertices.

An interesting question in graph theory is:

To what extent do the degrees of the vertices of a graph determine the structure
of a graph? We now consider this question.

Theorem 1.2.4 A sequence (dj,ds,...,d,) of non-negative integers is a
degree sequence of some graph if and only if Y ., d; is even.

Proof. We must prove two facts: (i) If (di,ds,...d,) is a degree sequence
of some graph, then ) 1, d; is even (“sufficiency”). (ii) If (d1,da,...dn) is a
sequence of non-negative integers such that . ; d; is even, then there is a
graph whose degree sequence is (d1,ds, .. .d,) (“Necessity”). Fact (i) follows
immediately from Theorem 1. To prove (ii) we construct a graph G with
degree sequence (dy,d, .. .,dy) as follows. Let V(G) = {v1,v2,...,v}. Since
>-% ,(d;) is even, the number of d; which are odd is even. Pair : for those d;
and join each pair by an edge. Now add fii{—l loops at each vertex v;. The
resulting graph has degree sequence (d;,ds, ..., dy).

Example 1.2.5 It is easy to construct a graph with the degree sequence
(4,1,3,6,5,1). But a graph with this degree sequence is not simple.

What happens, if we insist that the graph be simple? A sequence d =
(d1,da, . ..,dn) of non-negative integers is graphic if there is a simple graph
with degree sequence d.
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Example 1.2.6 Are the following sequences graphic?
(i) (4,1,3,6,5,1),
(i) (6,6,5,5,4,3,1).

Solution (i) No, since the maximum degree in a graph on 6 vertices is 5.

(ii) Suppose the sequence is graphic and let G be a graph with such a sequence.
Let v; and vy denote the two vertices of G of degree 6. Since G has 7 vertices,
vy and vy are adjacent. Further, v; and v must be adjacent to every other
vertex of G implying that 6(G) > 2. Hence sequence is not graphic.

If we concentrate in a simple graph, a sequence of non-increasing non-negative
integers (dy,ds, . ..,dy) is graphic, it is necessary that dy <n—1and > |, d;
is even. Those conditions, in general, are not sufficient. We will show that for
any positive integers r and n, there exists an r-regular graph of order n if and
only if nr = 0(mod 2) and r < n — 1. For general sequence of non-negative
integers Havel [21] and Hakimi [12] independently obtained a recursive nec-
essary and sufficient conditions for the sequence, in terms of laying of a largest
integer in the sequence.

Theorem 1.2.7 Letd =r" = (r,r,...,7) be a constant sequence of length
n. Then d is a degree sequence of an r-regular graph of order n if and only if
r<n-—1 and rn is even.

Proof. If d = r™ is a degree sequence of an r-regular graph G of order n,
then, by Theorem 1, rn is even and G is simple, the degree r cannot be greater
than n — 1. Conversely, suppose rn is even and r < n — 1, the following two
cases will be considered.

Case 1 r is even. Consider a regular polygon with n vertices. Join by an
edge neighboring vertices which are two apart, ..., vertices which are § apart.
Since r < n, it follows that 5 < %, and thus by construction each vertex has
degree r and there are no multiple edges.

Case 2 r is odd. Thus n is even. The (r — 1)-regular graph of order » can
be constructed as in Case 1. Since r < n, "—5—1 < '%2 = 7 — 1, and thus the
endpoints of the longest diagonals of the polygon are not joined by an edge.
Thus by joining diametrical vertices of the polygon by an edge, each vertex
will have degree r, and hence an r-regular graph with n vertices is obtained.

The following result is important in that it provides us with a mechanism for
determining whether or not a given set of non-negative integers is graphic.

Theorem 1.2.8 Letd = (dj,ds,...,d,) be a non-increasing sequence of
non-negative integers, and denote the sequence

dI= (d2 —1,d3—].,...,dd1+1 = 1,dd1+2,...,dn).

Then d is graphic if and only if d’ is graphic.
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Proof. Suppose d’ is graphic. Then, by definition, there exists a simple graph
G’ with V(G') = {vg, vs,...,v,} such that

L [ di-1 if2<di<d+1,
dG'(”’)_{ d; ifdi+2<i<n.

A new graph G can be constructed by adjoining a new vertex, v; say, to G’ and
joining v; to vg,vs,...,vq,+1. Clearly G is simple and has a degree sequence
d. Hence d is also graphic. Conversely, let d be a graphic sequence. Thus a
graph G exists with V(G) = {v1,vs,...,v,} such that d(v;) =d; for 1 < i < n.
We consider two cases.

Case 1 v, is adjacent to the vertices vy, vs, ..., vg,+1. Then the graph G —v;
has degree sequence d’ and hence d’ is graphic.
Case 2 v; is not adjacent to all of the vertices va,vs3,...,v4,+1. Then there

must be vertices v; and v with j < k such that v, is adjacent to vx but not
to v;. We may take d; > d;, since if d; = dj we can interchange v; and v.
Hence there must be a vertex, v, say, which is adjacent to v; but not to vg.
Let G’ be the graph obtained from G by deleting the edges vivx and vn,vj,
and adding the edges viv;, and vgvp,.

Clearly G’ has degree sequence d. However, in G’ the sum of the degrees of
the vertices adjacent with v; is larger than in G. Consequently, if we continue
this procedure we end up with a graph with degree sequence d in which v;
satisfies the hypothesis of Case (1). Hence d is graphic.

Remark 1.2.9 The above proof suggests an algorithm for testing whether
or not a given sequence is graphic. We illustrate this in the following example.

Example 1.2.10 Determine whether or not the following sequences are
graphic. If so, construct a graph with the appropriate degree sequence.

(i)d = (4,4,3,2,1,0).

(i) d = (5,3,3,3,3,2,2,2,1,1,1,0).
Solution (i) (4,4,3,2,1,0) is graphic iff (3,2,1,0,0) is graphic. (3,2,1,0,0)
is clearly not graphic.
(ii) (5,3,3,3,3,2,2,2,1,1,1,0) is graphiciff (2,2, 2,2,1,2,2,1,1,1,0) is graphic.
Rearranging (2,2,2,2,2,2,1,1,1,1,0) is graphic iff (1,1,2,2,2,1,1,1,1,0) is
graphic. Rearranging (2,2,2,1,1,1,1,1,1,0) is graphiciff (1,1,1,1,1,1,1,1,0)
is graphic.
Observe that there is a unique graph with degree sequence
(1,1,1,1,1,1,1,1,0) but there may be more graphs with the original degree
sequence (5,3,3,3,3,2,2,2,1,1,1,0).

Theorem 1.2.11  If G is a bipartite graph, then it contains no cycle of odd
order.
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Proof. Let C = vy, vs,...,v, v1 be a cycle of G. Since G is bipartite it must
be 2-colorable. So the vertices of C can be colored using two colors, in such
a way that alternate vertices are colored differently. Clearly in any 2-coloring
of C the vertices vy, v3, vs,...,Ur—1 are assigned one color whilst the vertices
Vg, U4, ..., are assigned a different color. The only possibility is for k£ to be
an even integer, and hence C is a cycle of even order.

Remark 1.2.12 It is also true that a graph with no cycles of odd length is
bipartite. So a graph is bipartite if and only if it has no cycle of odd length.

If two vertices u and v are connected in a graph G, the distance d(u,v) be-
tween u and v is the length of the shortest (u,v)-path in G. When there is no
path connecting u and v in G we define d(u, v) to be infinite. The diameter
of a graph G, denoted diam(G), is defined as diam(G) = max{d(u,v) : u,v €
V(G)}. If diam(G) = k, then any two vertices of G are connected by a path of
length at most k and for at least one pair of vertices the path length is exactly
k. In network design the diameter of a graph is an important parameter as it
corresponds to the maximum number of links over which a message between
two centers in the network must travel. Thus it is a useful measure of effi-
ciency and reliability in networks in which the time delay or signal degradation
is approximately proportional to the length of the path being used; this is the
case, for example, in communication networks.

In many applications, the graph theoretic problem that arise concerns travers-
ing the graph in certain ways. A walk that traverses every edge of G exactly
once is called an Euler walk of G. An Euler tour of G is a closed Euler
walk. A graph G is Eulerian if it contains an Euler tour. Eulerian graphs
have many applications. Euler established an important characterization of
Eulerian graphs. We begin with the following useful result.

Theorem 1.2.13  Let G be a graph with |E(G)| > 0, having no vertices of
odd degree. Then G contains a closed walk in which no edge is repeated.

Proof. Let vy be a vertex of G having positive degree. A closed walk beginning
at vg in which no edge is repeated is constructed as follows:

Step 1: Choose an edge incident to vp. Move along this edge to its other end,
V1 say.

Step 2: On arriving at a vertex, select any edge incident with that vertex
which has not been transversal and move along this edge to its other end.

Step 3: Stop when Step 2 cannot be further implemented.

On arriving at a vertex v different from vy we can always continue along a new
edge, since the degree of v is even and only an odd number of edges incident
to v have been used. The walk can therefore finish only at v, which happens
sooner or later. Thus a closed walk in which no edge is repeated is obtained.
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Remark 1.2.14 1. The closed walk W constructed by the above algorithm
will contain every edge incident to vp.

2. If every edge of the walk W constructed above were deleted from the graph
G, the resulting graph G’ will contain no vertices of odd degree. Does this
suggest anything?

We are now ready to prove Euler’s result.

Theorem 1.2.15 A connected graph with at least one edge is Eulerian if
and only if it has no vertices of odd degree.

Proof. Let G be Eulerian, and let W be an Euler tour of G with origin vp.
Let v be any vertex of G different from vg. Clearly W must enter v as many
times as it departs v, implying that dg(v) is even. Therefore dg(v) is even for
every vertex v # vg. Since a graph must have an even number of vertices of
odd degree, dg(vp) must also be even. Thus G has no vertices of odd degree.

Conversely, suppose that G is connected with no vertices of odd degree. Thus
G contains a closed walk, W say, in which no edge is repeated. Let vg be the
origin of Wy. Consider the subgraph G’ obtained from G by deleting the edges
of the walk Wy. G’ has no vertices of odd degree. If G’ has no edges, then Wy
must be an Euler tour, in which case G is Eulerian. If, on the other hand, G’
has edges then because G is connected there must at least one vertex, v; say,
of Wy which has an edge of G’ incident to it. Therefore G’ contains a closed
walk W with origin v; in which no edge is repeated. We construct a new walk
W5 as follows:

Starting at vyg we move along Wy until we reach v;. At this point we leave Wy
and move along W) and return to v;. We complete the walk by moving along
the remaining part of Wy. Ws is a closed walk with origin vg in which no edge
is repeated. Note that W, need not be unique and it has more edges than Wj.
This process of enlarging closed walks can be continued; ultimately an Euler
tour is constructed. This completes the proof.

We now obtain the following corollary.

Corollary 1.2.16 A connected graph with at least one edge has an Euler
walk if and only if it has at most two vertices of odd degree.

A path that contains every vertex of G is called a Hamilton path of G. A
cycle that contains every vertex of G is called a Hamilton cycle. A graph is
hamiltonian if it contains a Hamilton cycle.

The following result of Dirac (1952) gives a sufficient condition for a graph
to be hamiltonian.

Theorem 1.2.17 If G is a simple graph of order n > 3 and §(G) > %,
then G is hamiltonian.
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Proof. Suppose the assertion is false and let G be a maximal non-hamiltonian
simple graph of order n > 3 and §(G) > %. Since K, is hamiltonian, G cannot
be complete. Let u and v be two non-adjacent vertices of G. By choice of G,
G + wv is Hamiltonian. Furthermore, since a Hamilton cycle of G + uv must
contain the edge uv, there is a (u, v)-Hamilton path P = vy, vs,...,v,, where
vi =u and v, = v. Let S = {v; : uvi41 € E(G)}, and T = {v; : v;jv € E(G)}.
If v; € SNT, then G would have a Hamilton cycle:

V1,02, Ui5 Uny Un—1,--.,Vi+171.

Therefore SN T = Q. Further, since v, € SNT, [SUT| < n. Now dg(u) +
dg(v) = |S| + |T| < n. This contradicts the fact that §(G) > %, completing
our proof.

Remark 1.2.18 The cycle C,, does not satisfy any of the sufficient condi-
tions given above for n > 5.

An important concept in graph theory is that of a matching. A matching
in a graph is any subset of edges so that no two members of the subset share
a common vertex. Matchings arise naturally in many applications in combi-
natorics and optimization. These applications include: optimal assignments,
scheduling, and allocation problems. Further, matchings also arise as sub-
problems in many applications such as the Chinese Postman Problem.

As an example, consider the Personnel Assignment Problem where we needed
to determine an optimal assignment of persons to jobs. We can associate with
this problem a bipartite graph in which the vertices in one of the bipartitioning
sets represent the workers and those in the other set represent the jobs. In the
case of n jobs and n workers, the solution is a 1-regular spanning subgraph.
Such a subgraph is called a perfect matching. So the problem is to find, in
a given weighted bipartite graph a perfect matching of optimal weight (maxi-
mum if the weights represent effectiveness; minimum if they represent costs).
A subset M of E is called a matching in G if its elements are links and no two
are adjacent in G; the two ends of an edge in M are said to be matched under
M.

A vertex v is said to be M-saturated if some edge of the matching M is
incident with v; otherwise v is M-unsaturated. If every vertex of G is M-
saturated, then the matching is perfect. M is a maximum matching if G has
no matching M’ with |M’| > |M|. Every perfect matching is, of course, max-
imum. Let M be a matching in G. An M-alternating path in G is a path
whose edges are alternately in £ — M and M. An M-augmenting path is an
M-alternating path whose origin and terminus are M-unsaturated.

The following fundamental result of Berge (1957) provides a good character-
ization of a maximum matching and we will state his theorem without proof.
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Theorem 1.2.19 (Berge’s Theorem) A matching M in G is a mazimum
matching if and only if G contains no M -augmenting path.

So to determine a maximum matching in a graph G we need an efficient method
for searching for an M-augmenting path; this is accomplished through a tree
growing routine. Note that since a maximum matching is finite and each
augmentation increases the cardinality of the current matching by one, the
above procedure will terminate. An important result on matchings in bipartite
graphs is:

Theorem 1.2.20 (Hall’s Theorem) (1935) Let G be a bipartite graph with
bipartition (X,Y). Then G contains a matching that saturates every vertez of
X if and only if IN(S)| > |S| for every S C X.

Proof. Suppose that G has a matching M which saturates every vertex in
X, and let S C X. Clearly |N(S)| > |S|. Conversely, suppose G satisfies the
condition of the theorem but has no matching saturating all the vertices in X.
Let M be a maximum matching in G and let u be an M’-unsaturated vertex
in X. Let Z denote the set of all vertices connected to u by M’-alternating
paths. Berge’s theorem implies that u is the only M’-unsaturated vertex in
Z. Set S=ZNXand T = ZNY. The vertices of S — {u} are matched
under M’ with the vertices in T. Hence |T'| = |S| — 1 and T C N(S). In fact,
N(S) =T, since every vertex in N(S) is connected to u by an M’-alternating
path. Consequently [N(S)| = |S| —1 < |S|, we get a contradiction. This
completes the proof.

As a corollary to the preceding Theorem we have:

Corollary 1.2.21  (Marriage Theorem) IfG is a k-regular bipartite graph
with k > 0, then G has a perfect matching.

The following example gives an application of matchings.

Example 1.2.22  Consider the following coding problem. There are n files
F, F,, ..., F,, each having a four-digit codeword associated with it; the digits
available are: 0,1,2,...,t. The problem is to determine whether or not it is
possible to associate with each entry in the file just one of the digits of its
codeword so that the entry can be uniquely recovered from this single digit.

Formulation: We can represent the above situation with a bipartite graph with
bipartition (X,Y’), where

X = the set of four — digit codewords
Y ={0,1,2,...,t}
(Jo| = n, Y| = t +1).
z € X is joined to y € Y if y appears as a digit in z.
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Problem Does the graph G contain a maximum matching that saturates
the vertices of X? Hall’s theorem says yes, provided |N(S)| > |S| for all
SCV.

The above example can be viewed combinatorially in terms of sets. Let
F = {S1,S2,...,5,} be a family of not necessarily distinct sets. An n-tuple
T = (ay,az,...,a,) with a; € S;,1 < i < n, is called a system of distinct
representatives (SDR) for F if all the a;’s are distinct. A question of interest
is when does a given F have an SDR? The following result can be obtained.

Theorem 1.2.23  The family F = {S1,52,...,5:} has a SDR if and only
if for all k,i < k < n, any k S;’s together contain at least k distinct elements.

A vertex of a graph G = (V, E) is said to cover the edges incident with it, and
a vertex cover of a graph G is a set of vertices covering all the edges of G.
The minimum cardinality of a vertex cover of a graph G is called its vertex
covering number of G and is denoted by 3y(G). Clearly for any matching M
and covering K of G, |M| < |K|. In particular, if M* is a maximum matching
and K* a minimum covering, then |[M*| < |K*|.

A relationship between matching and covering of a bipartite graph was ob-
tained by Konig in the following theorem.

Theorem 1.2.24 (Konig) In a bipartite graph, the number of edges in a
mazimum matching is equal to the number of vertices in a minimum vertex
cover.

Proof. Let G be a bipartite graph with bipartition (X,Y) and let M* be a
maximum matching of G. Let U be the set of unsaturated vertices of X. Let
Z be the set of vertices of G connected to vertices of U by M *-alternating
paths. Consider S = ZNX and T = ZNY. Clearly every vertex of T is
M*-saturated and Ng(S) = T. Now let K = (X — §) UT. Claim that every
edge of G has at least one end in K. For, if this is not the case, there would
be an edge with one end in S and one in Y — T', contradicting the fact that
N(S) = T. Hence K is a covering of G. Now if K is not a minimum vertex
cover then for a minimum vertex cover K* we have |K| = |[M*| < |K*| < |K]|,
a contradiction. This completes the proof.

Hall’s theorem gives a necessary and sufficient conditions for the existence of
a maximum matching in a bipartite graph. We now establish the important
result of Tutte which gives necessary and sufficient conditions for a graph to
have a perfect matching. Obviously if G has a perfect matching then |V (G))|
must be even. However, 2C5 has an even order but it contains no perfect
matching. There are also connected graphs of even order containing no perfect
matching.

A necessary and sufficient condition for a graph to have a perfect matching
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was obtained by Tutte [37]. A component of a graph is odd or even according
as it has an odd or even number of vertices. We denote by O(G) the number
of odd components of G. The following theorem is due to Tutte [37].

Theorem 1.2.25 G has a perfect matching if and only if
O(G-S)<|S|for all SCV.
Berge (3] generalized Tutte’s result and it makes easier for application.

Theorem 1.2.26  The number of edges in a mazimum matching of a graph
G is 3(|V(G)| — d), where d = maxgcy(c){O(G - S) — |S|}.

A simple application of Tutte’s theorem yields an old result of Petersen
(1891).

Theorem 1.2.27  Every 3-regular graph without cut edges has a perfect
matching.

Proof. Let G be a 3-regular graph without cut edges, and let S C V. Denote
the odd components of G — S by G1,Gs,...,G,. Let m; be the the number
of edges in G with one end in G; and the other in §. We have

mi= Y dg(v)-2/EG), 1<i<n.
veV(G;)
Since G has no cut edges, m; > 1 and m; must be odd. Hence m; > 3, for
1<i<nandso

1 ¢ 1
O(G= 8) =m< E;mi < gch(@)=|s1.

veS

Hence, by Tutte’s theorem G has a perfect matching.

Corollary 1.2.28 Let G be a 3-regular graph without any cut edge. Then
E(G) can be written as a disjoint union of 1-factor and 2-factor.

Corollary 1.2.29  Let G be a 2-connected 3-regular graph. Then E(G) can
be written as a disjoint union of 1-factor and 2-factor.

One objective in studying graph theory is to develop algorithms which can be
implemented on a computer and so we need to be able to specify a graph in
a computer program. Indeed, the performance of a graph algorithm is highly
dependent upon the manner in which the graph is stored and manipulated.
We do not discuss data structure in detail here but give just two simple ways in
which a graph can be specified in terms of matrices. In particular, if V(G) =
{v1,v,...,v,} and E(G) = {ey,ez,...,en} we define the incident matrix
of a graph G as the n x m matrix M(G) = [m;;|, where m;; is the number of
times (0,1 or 2) that v; and e; are incident. The adjacency matrix of G is
the n x n matrix A = [a;;] is the number of edges joining v; and v;.
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Remark 1.2.30 The adjacency matrix of a graph is usually smaller than
the incident matrix, and so it is in this form that graphs are commonly stored
in computers. We could also specify a graph in a computer program by a list
of edges or a list of vertices adjacent to each vertex.



Chapter 2

INTERPOLATION THEOREMS

This chapter is to give motivation and review some known results on in-
terpolation theorems for graph parameters. We review the basic concept of
graph transformations in Section 2.1. A list of graph parameters which will
be used through out this chapter and next chapter is given in Section 2.2. In
Section 2.3, we review results on interpolation graph parameters. The results
on extremal problems on graph theory are presented in Section 2.4.

2.1 Graph transformations

Let J be a class of graphs or subgraphs of a graph. If there is a fixed type of
transformation of a member of J into another, then this will provide a definition
of a graph transformation on J. Equivalently, a graph transformation may
be defined as a relation p from J to J. In other words p C J x J. Let p be
a graph transformation on J. We can define the p-graph having J as its
vertex set and there is an edge between two vertices G and H if and only
if (G,H) € p. If p is symmetric, we have an undirected graph and if not a
directed graph. Thus p-graph arises from graphs in at least two different ways:

1. from a class of graphs, or

2. from a class of subgraphs of a fixed graph.

Harary introduced a graph transformation and called it a fundamental ex-
change or an edge exchange as follows: Let G be a graph of order n > 3.
The tree graph, T(G), of G is defined by specifying V(T(G)) to be the
set of all spanning trees of G, and two vertices T1,T> € V(T(G)) are ad-
jacent in T(G) if and only if 77 and T have exactly n — 2 edges in com-
mon. This is an example of an undirected p-graph. It was proved by Harary
and others that the tree graph T(G) is connected. Details can be found in
(13, 14, 15, 16, 17, 18, 19, 20].

Let G be a graph of order n and V(G) = {v1,v2,...,v,} be the vertex set of
G. The sequence (dg(v1),dg(v2),...,dc(vn)) is called a degree sequence of G.

29
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A sequence d = (d;,ds, . . .,d,) of non-negative integers is a graphic degree
sequence if it is a degree sequence of some graph G. In this case, G is called
a realization of d.

Let G be a graph. For the distinct vertices a, b, ¢, and d in G such that ab
and cd are edges in G, but ac and bd are not edges in G. Define Go(abicd),
simply written G, to be the graph obtained from G by deleting the edges ab
and cd and adding the edges ac and bd. The operation o(a, b; ¢,d) is called a
switching operation. Note that G and G? have the same degree sequence.

Let d be a graphic degree sequence. Let R(d) and CR(d) be the sets of re-
alizations and connected realizations of d, respectively. Since o is a degree
preserving transformation, it is reasonable to define ¥(d) as a relation on
R(d) as (G,H) € £(d) if G % H and there is a switching ¢ on G such that
H = G°. 1t is easy to see that o(a, b; c,d) is well defined on G if and only if
o(a,c;b,d) is well defined on Go(*b¢4). Thus the £(d)-graph is simple. The
¥(d)-graph was proved to be connected by Taylor [35]. One year later, it was
also proved by Taylor [36] that the subgraph of ¥(d)-graph induced by CR(d)
is connected.

For positive integers m and m with 0 < m < (’2‘), let G(m,n) and GG(m,n)
be the sets of all graphs and connected graphs, respectively, of order n and
size m. Let G € G(m,n) with e € E(G) and f ¢ E(G). Define GH*f) to
be a graph with V(GY&)) = V(G) and E(G!®f)) = E(G — e+ f). A trans-
formation t(e, f) is called an edge jump. Now let T(m,n) be a relation on
G(m,n) defined by (G,H) € T(m,n) if G 2 H and H can be obtained from
G by a jumping transformation. Since T(m,n) is symmetric, it follows that
T(m, n)-graph is simple.

We proved recently in [33] that the T(m,n)-graph and the subgraph of the
T(m, n)-graph induced by GG(m,n) are connected.

2.2 The interpolation graph parameters

Let G be the class of all graphs. A function 7 : G — Z is called a graph
parameter if 7(G) = 7(H) for all isomorphic graphs G and H. A graph
parameter 7 is called an interpolation graph parameter over J C G if
there exist integers z and y such that

{r(G):Gel}={keZ:z<k<uy}

If 7 is an interpolation graph parameter over J, then {7(G) : G € J} is uniquely
determined by min(w,J) := min{7(G) : G € J} and max(~,J) := max{n(G) :
G e J}.

In 1963, Erd6s and Gallai proved that any regular graph on n vertices has
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chromatic number k£ < %" unless the graph is complete. Commenting on their
result in a personal communication, Erdés wrote to Pullman, “probably such
a graph exists for every k < -33@, except possibly for trivial exceptional cases.”
Caccetta and Pullman [6] confirmed and strengthened Erdds’ conjecture by
showing that if £ > 1, then for every n > 53—’“, there exists a connected, regular,
k-chromatic graph on n vertices. This is an example of interpolation graph
parameter x over the class of all connected regular graphs of order n.

The main idea of proving the interpolation property of various kinds of
graph parameters is by using the connectivity of the tree graph T(G) of a
connected graph G and proving that for a graph parameter 7, 7(7}) and
m(13) differ by at most one for any T; and 75 that are adjacent in T(G).

2.2.1 The X(d)-graphs

We will review in this subsection the interpolation properties of various

kinds of graph parameters over R(d) and CR(d). We first state the following
general result.
Theorem 2.2.1 Let J C R(d) and the subgraph of ¥(d)-graph induced by
J is connected. Let m be a graph parameter. For a graph G of degree sequence
d and a switching o if |m1(G) — 7(G?)| < 1, then 7 is an interpolation graph
parameter over J.

The following results can be obtained as consequences of Taylor [35, 36].

Theorem 2.2.2  Let 7 be a graph parameter. For a graph G of degree
sequence d and a switching o if |7(G) —m(G?)| < 1, then 7 is an interpolation
graph parameter over R(d).

Theorem 2.2.3 Let m be a graph parameter. For a graph G of degree
sequence d and a switching o if |m(G) —7(G?)| < 1, then 7 is an interpolation
graph parameter over CR(d).

We will now review interpolation results on various graph parameters over
R(d) and CR(d). Since our work started with the graph parameter x, we first
state the definition of y.

Graph coloring takes its name from the map-coloring application. We assign
labels to vertices when the numerical value of labels is unimportant, we call
them colors to indicate that they may be elements of any set.

A k-coloring of a graph G = (V, E) is a partition of its vertex set V as
ViuUVaU...U Vg such that no two vertices in V;(1 < i < k) are adjacent.
The V;’s are called the color classes. A function f:V — {1,2,...,k} such
that f(v) = i for each v € V;(1 < 7 < k) is called a color function. If G
has a k-coloring, it is said to be k-colorable and the minimum integer k for
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which G is k-colorable is called the chromatic number of G and is denoted
by x(G). If x(G) = k, we say that G is k-chromatic. We proved in [25] the
following result.

Theorem 2.2.4  Let G be a graph and o be a switching on G. Then |x(G)—
x(G°)| £ 1.

A maximal complete subgraph of a graph G is called a clique of G. The
maximum order of clique of G is called the clique number of G and is
denoted by w(G). In general, there is no formula for the chromatic number
of a graph. In fact, determining the chromatic number of even a relatively
small graph is often a challenging problem. However, a lower bound for the
chromatic number of a graph G can be given in term of the clique number of
G. That is for any graph G, x(G) > w(G). We proved in [26] the following
result on w.

Theorem 2.2.5 Let G be a graph and o be a switching on G. Then |w(G)—
w(G9)| < 1.

Acyclic graph is a graph containing no cycle as its subgraph. An acyclic
graph is called a forest. Therefore, each component of an acyclic graph is a
tree. Let G be a graph and F C V(G), F is called an induced forest of G, if
the induced subgraph G|[F] of G contains no cycle. For a graph G, we define,
f(G) as:

f(G) := max{|F| : F is an induced forest in G}.

We proved in [27] the following results on f.

Theorem 2.2.6 If S is any subset of vertices of G such that G[S] is a
forest, and o is any switching on G, then G°[S] contains at most one cycle.

Corollary 2.2.7 If o is any switching on G, then |f(G) — f(G%)| < 1.

The problem of determining the minimum number of vertices whose removal
eliminates all cycles in a graph G is difficult even for some simply defined
graphs. For a graph G, this minimum number is known as the decycling
number of G, and is denoted by ¢(G). It is easy to see that for a graph G of
order n, ¢(G) + f(G) = n. Thus we obtain the following corollary.

Corollary 2.2.8 If o is any switching on G, then |¢(G) — ¢(G%)| < 1.

A subset U of the vertex set V of a graph G = (V, E) is said to be an inde-
pendent set of G if the induced subgraph G[U] of G is an empty graph. An
independent set of G with maximum number of vertices is called a maximum
independent set of G. The number of vertices of a maximum independent set
of G is called the independence number of G and is denoted by ag(G). It
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is clear that ao(G) is a graph parameter and og(G) = w(G), for any graph G.

Observe that for a graph G and a switching o = o(a, b;c,d) on G, G° = 501,
where o/ = o(a, ¢; b,d). Thus we obtain the following corollary.

Corollary 2.2.9 If o is any switching on G, then |ap(G) — ap(G?)| < 1.

A subset M of the edge set E of a graph G = (V,E) is an independent
edge set or matching in G if no two distinct edges in M have a common
vertex. A matching M is maximum in G if there is no matching M’ of G
with |M’| > |M|. The cardinality of a maximum matching of G is denoted by
a1(G) and is called the matching number of G.

A vertex of a graph G = (V, E) is said to cover the edges incident with it. A
vertex cover of a graph G is a set of vertices covering all the edges of G.
The minimum cardinality of a vertex cover of a graph G is called the vertex
covering number of G and is denoted by Gy(G).

There is an analogous covering concept for edges. An edge of a graph G =
(V,E) is said to cover the two vertices incident with it. An edge cover
of a graph G is a set of edges covering all the vertices of G. The minimum
cardinality of an edge cover of G is called the edge covering number of G
and is denoted by (1 (G).

Theorem 2.2.10 If G is a graph with a1(G) = a1 and o is a switching on
G, then a1(G°) > a1 — 1.

Corollary 2.2.11  If o is a switching on G, then |a1(G) — a1(G%)| < 1.

Let n be a positive integer. The star of order n + 1 is the complete bipartite
graph K, 1. The edges covered by one vertex in a vertex cover are the edges
incident to it; they form a star. The vertex cover problem can be described as
covering the edge set with the fewest number of stars. This is equivalent to
our next graph parameter.

A dominating set of a graph G = (V, E) is a subset D of V such that each
vertex of V — D is adjacent to at least one vertex of D. The domination
number (G) is the cardinality of a minimal dominating set with the least
number of elements.

Theorem 2.2.12  If G is a graph with v(G) = v and o is a switching on
G, then v(G°) < v+ 1.

Corollary 2.2.13  If o is a switching on G, then |v(G) — v(G°)| < 1.

Gallai [11] and Norman-Rabin [22] proved the following results concerning
relationship between ag, (o, and «y, (1, respectively.
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Theorem 2.2.14  For any graph G of order n, ag + By = n.

Theorem 2.2.15  For any graph G of order n and § > 1,a; + /; = n.
The following corollaries are easily obtained.

Corollary 2.2.16 If o is a switching on G, then |Gy(G) — Bo(G?)| < 1.
Corollary 2.2.17 If o is a switching on G, then |51(G) — 51(G?)| < 1.
Combining the results in this section we can conclude the following results.

Theorem 2.2.18 Let d = (d1,da,...,dp),d1 > do > ... > d, > 1 be
a graphic degree sequence. Then x, w, f, ¢, ap, a1, Bo, Bi1, and v are
interpolation graph parameters over R(d) and CR(d).

Theorem 2.2.19 Let7 € {x,w, f, 9, a0, 01,50, 51,7} Then for any graphic
degree sequence d, there ezist integers a := a(m) and b := b(w) such that d has
a realization G with m(G) = c if and only if c is an integer satisfyinga < c < b.

Theorem 2.2.20 Letn € {x,w, f,®, a0, 01, B0, B1,7}- Then for any graphic
degree sequence d, there ezist integers a := a(m) and b := b(w) such that d has
a connected realization G with m(G) = c¢ if and only if c is an integer satisfying
a<c<hb.

2.2.2 The T(m,n)-graphs

Analogous interpolation results on the graph parameters over G(m, n) and
GG(m, n) will be reviewed in this subsection. We proved in [33] the following
results.

Theorem 2.2.21 Let G,H € G(m,n). Then G = H or there is a finite
sequence of edge jumps o(ey, f1),0(ez, f2), -+, 0(e, ft) such that
H = o(es, fr)o(et-1, fi-1) - - o(e1, f1)G.

Corollary 2.2.22  The graph G(m,n) is connected.

Theorem 2.2.23 Let G,H € GG(m,n). Then G = H or there is a finite
sequence of edge jumps o(e1, f1),0(eq, f2), - -,0a(es, fi) such that for all i =
11 23 vt 7t’ U(e‘ia f’i)a(ei—la f'i~1) e U(el, fl)G € m(lnl’ n) a’nd

H = o(es, fi)o(et—1, fi-1) -+ a(e1, f1)G.

Corollary 2.2.24  The graph CG(m,n) is connected.
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Theorem 2.2.25  For a graph G € G(m,n) and an edge jump o(e, f), if
|m(G) — w(o(e, f)G)| < 1, then 7 is an interpolation graph parameter over
G(m,n).

Theorem 2.2.26  For a graph G € GG(m,n) and an edge jump o(e, f), if
|7(G) — w(o(e, f)G)| < 1, then 7 is an interpolation graph parameter over
GG(m,n).

Theorem 2.2.27 Let J C G(m,n) and the subgraph of the graph G(m,n)
induced by J be connected. For a graph G € J and an edge jump o(e, f), if
|m(G) — w(o(e, f)G)| <1, then 7 is an interpolation graph parameter over J.

We will now present interpolation results on various graph parameters with
over G(m,n) and CG(m, n).

Theorem 2.2.28 Let G € G(m,n) and o(e, f) be an edge jump on G.
Then [x(G) — x(o(e, f)G)| < 1.

Theorem 2.2.29 Let G € G(m,n) and o(e, f) be an edge jump on G.
Then |w(G) —w(o(e, f)G)| < 1.

Theorem 2.2.30 Let G € G(m,n) and o(e, f) be an edge jump on G.
Then |£(G) — f(o(e, )G)| < 1.

Since f(G) + #(G) = n for any graph G of order n, we have the following
corollary.

Corollary 2.2.31 Let G € G(m,n) and o(e, f) be an edge jump on G.
Then |$(G) — d(o(e, f)G)| < L.

Corollary 2.2.32 Let G € G(m,n) and o(e, f) be an edge jump on G.
Then |ao(G) — ap(o(e, f)G)| < 1.

Theorem 2.2.33 Let G € G(m,n) and o(e, f) be an edge jump on G.
Then |a1(G) — ai(o(e, f)G)| < 1.

Theorem 2.2.34 Let G € G(m,n) and o(e, f) be an edge jump on G.
Then |v(G) —(o(e, )G)| < 1.

By Theorem 2.2.14 and Theorem 2.2.15 we obtain the following corollary.

Corollary 2.2.35 Let G € G(m,n) and o(e, f) be an edge jump on G.
Then |Bo(G) — Bo(a(e, f)G)| < 1. and |B1(G) — Bi(a(e, £)G)| < 1.

The following theorems are obtained as consequences of previous results.
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Theorem 2.2.36 x, w, f, ¢, ao, a1, Bo, B1 and ~y are interpolation graph
parameters over G(m,n).

Theorem 2.2.37 x, w, f, ¢, ap, a1, Bo, B1 and v are interpolation graph
parameters over CG(m,n).

Theorem 2.2.38 Let 7 € {x,w, f, 9, ap, a1, B0, 51,7}. Then there exist in-
tegers a := min(m;m,n) and b := max(m; m,n) such that there ezists G €
G(m,n) with m(G) = c if and only if c is an integer satisfying a < c < b.

Theorem 2.2.39 Let 7 € {x,w, f, ®, a9, a1, B0, £1,7}. Then there exist in-
tegers a := Min(m; m,n) and b := Max(m; m,n) such that there exists G €
QG(m,n) with 7(G) = c if and only if ¢ is an integer satisfying a < c < b.

2.3 Extremal problems

In this section we discuss the second part of interpolation theorems for
graph parameters. We first recall what we mean by an extremal problem in
graph theory. An extremal problem asks for minimum and maximum values
of a function 7 over a class of objects.

Remark 2.3.1 Proving that A is the minimum of 7(G) for graphs in a
class J requires showing two things:

1. 7(G) > A for all G € ]J.
2. 7(G) = A for some G € ].

The proof of the bound must apply to every G € J. For equality it suffices to
obtain an example in J with the desired value of 7.
Changing “ >” to “ <” yields the criteria for a maximum.

It will be seen that we have produced several results in the extremal graph
theory for graph parameters x,w, f,#, and o; in the class of all r-regular
graphs of order n and some other related classes.

Theorem 2.3.2  An r-regular graph G of order n > r + 1 has chromatic
number k < 3?", with equality holds if and only if the complementary graph G
of G is a union of 5-cycles.

They used the concept of the partition number of a graph G. A vertex
partition of a graph G is a partition P of V(G) such that for each V; € P, the
induced subgraph G[V;] in G is a complete graph. The partition number of
G, denoted by p(G), and is defined by

p(G) := min{|P| : P is a covering of G}.
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It is easy to see that for any graph G, p(G) = x(G). We extended their result
by improving the upper bound in [24].

Let m be an interpolation graph parameter with respect to R(d). It is clear
that {n(G) : G € R(d)} is uniquely determined by min(w,d) and max(w,d).
We will discuss in this section those extremal values for various kinds of graph
parameters. For simplicity, we will consider the class of regular graphs and
some other related classes of graphs.

For the graph parameter x, we obtained in [25] the following results:

Theorem 2.3.3 Ifr > 2 and n > 2r, then

. 2 if niseven
) — ’
min(x, ") = { 3 if nis odd.

Theorem 2.3.4 Ifr > 2, then
min(x, ") = max(x,r"t!) =r + 1, and
min(x, 1"+2) = max(x,"™+2) = (r +2),2.

Proofs of Theorem 2.3.3 and Theorem 2.3.4 were based on graph constructions.

Theorem 2.3.5 For any r > 4 and odd integer s such that 3 < s <, let q
and t be integers satisfyingr +s =sq+1,0 <t < s. Then

q ift=0,
min(x,7"t%) ={ ¢+1 if1<t<s-—2,
qg+2 ift=s—1.

Theorem 2.3.6  For any even integer r > 6 and any even number s such
that 4 < s <, let q and t be integers satisfyingr +s =sq+1t, 0 <t < s.
Then

if t=0,

ey
min(x, " )—{q+1 ift>2.

Proofs of Theorem 2.3.5 and Theorem 2.3.6 were based on the concept of the
covering number of graphs and graph constructions depending on the parity
of s.

Theorem 2.3.7 Letr > 2. Then

1) max(x, ) =,
3 ifr=2
2r+1y )
(2) ma.x(x,r )_{ r zfr24,
(3) max(x,r™) =r+1 forn > 2r+2.

Brooks’ theorem [5] and graph constructions were applied to prove this theo-
rem.
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Theorem 2.3.8 For any r ad s such that 3 < s <r —1, we have
(1) max(x, 7" %) > (r +s)/2 if r + s is even, and
(2) max(x, ") > (r+s—1)/2 if r + s is odd.

Purely graph constructions were used in the proof of this theorem. The exact
values of max(x, r™) are not easy to obtain when r+3 < n < 2r —1. Theorem
2.3.2 was proved by Erdds and Gallai [9] to provide an upper bound in the
class of connected proper regular graphs of order n.

It should be noted that the bound given by Theorem 2.3.2 does not depend
on r and this bound may be very far from the actual values of the chromatic
numbers. Also the exact value of max(x, r"+3) was obtained by Theorem 2.3.2.
We gave in [25] the following definition.

Let j be a positive integer. An F(j)-graph is a (j — 1)-regular graph G of
minimum order f(j) with the property that x(G) > f(j)/2. It is easy to see
that F(3)-graph is a unique graph Cs and f(3) = 5. We will see later that
F(j)-graphs, j > 5, are not unique. We found F'(j)-graphs for all odd integers
j as we state in the following theorem.

Theorem 2.3.9  For odd integer j with j > 3, we have f(j) = 3(j — 1) if
j =3(mod 4) and f(j) =1+ 5(j — 1) if j = 1(mod 4).

Theorem 2.3.10  Any r-regular graph of order n with n —r = j odd and

7 > 3, has chromatic number at most f2]f (;_) 4, n, and this bound is achieved

precisely for those graphs with complement equal to a disjoint union of F(j)-
graphs.

Note that our results in Theorem 2.3.9 and Theorem 2.3.10 can be considered
as a generalization of Theorem 2.3.2 as F(3)-graph is Cs and f(3) = 5.

Problem 1. Find an F(j)-graph for even integer j > 4.

Problem 2. Find the value of max(x,r"*7), for even integer j and 4 < j <
r—2.

For the graph parameter w we completely answered in [26] the second part of
interpolation theorem with respect to the class of r-regular graphs of order n
as stated in the following results.

Theorem 2.3.11 Let G be a graph of order n and mazimum degree A.
Then w(G) > 2x.

Since the complete graph K, is a clique, min(w, 7"t1) = max(w, r™*!) = r+ 1.
Given positive integers n and k with k& < n, there exists a connected graph
G of order n with w(G) = k. However, if G is regular, we have the following
remarkable result.
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Theorem 2.3.12 Letd = r™ be a graphic degree sequence withr+2 < n <
2r + 1. Then max(w,™) = |3 ].

Theorem 2.3.13  For any r > 6 and odd integer s such that 5 < s <, let
g and t be integers satisfying v + s =sq+1t,0 <t <s. Then

q ift=0,
min(w, ) = ¢ g+1 if1<t<s-—2,
g+2 ift=s-1.

Theorem 2.3.14  For any even integer r > 6 and any even number s such
that 4 < s < r, let q and t be integers satisfying r +s =sq+t, 0 <t < s.
Then

: if t =0,
min(w, r"t9) ={ g+1 i;t>2.

Observe that results of Theorem 2.3.13 and Theorem 2.3.14 respectively coin-
cide with Theorem 2.3.5 and Theorem 2.3.6 above.

For graph parameter f, we found in [28] a lower bound of min(f,d) by using
the probabilistic method. In particular we proved that if G is a graph with
degree sequence d = (dy,dy,...,dn), di >d2 > ...dp > 1, then

11
f&y2 2Pt
i=1

As an application, we found all minimum values of the order of maximum
induced forest in a (A, n)-graph.

First of all we would like to introduce basic tools from discrete probability
theory which shall be used for calculation of some bounds of graph parame-
ters.

Let (£2,p) be a finite probability space, where {2 is a finite set and a prob-
ability function p that maps from € into the interval [0, 1] with

> pw) =1
weN

A random variable X on (Q is a mapping X : ! — R. We define a probability
space on the image set X (Q2) as

pX=z):= ) pw)

X (w)=z

The expectation E(X) of X is

E(X) =) p(w)X(w).

weN
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Now suppose that X and Y are two random variables on 2, then the sum
X +Y is again a random variable, sharing a property E(X +Y) = E(X) +
E(Y). Clearly, this can be extended to any finite linear combination of random
variables (the linearity of expectation). Note that it is not necessary that the
random variables are “independent.”

Thus we have the following theorems.
Theorem 2.3.15 Let G be a graph with degree sequence
d=(d1,d2,...,dyn), d1 >dy>...d, >1.

Then
1

d.i+1'

f(G)=2)
=1

Proof. Let G be an arbitrary graph on the vertex set V = {v;,v2,...,vp}.
Denote the degree of v; by d;. We choose with equal probability # a random
permutation 7 = mmy ... T, of V and construct the following set F. We put
7; into Fr if and only if 7; is adjacent to at most one 7;, (j < 7). It is clear that
F; is an induced forest of G. Let X (7) = |Fy| be the corresponding random
variable. We have X = )" | X;, where X; is the indicator random variable of
the vertex v;, in other words X; =1 if v; € F; and X; = 0 if v; ¢ F;. In order
to calculate E(X;), we first calculate the number of permutations m which
contain the vertex v;. Since v; has d; neighbors, we partition n! permutations
on V into (,",) classes according to d; + 1 positions that v; and its neighbors
appeared. It is clear that each class contains (d; +1)!(n—d; —1)! permutations
and 2d;!(n — d; — 1)! of which have the property that v; € F;;. Thus

B(X) = 3 p(mXi(m) = 727

Therefore n
1
E(X) = E(X;))=2 _
(X) ; (Xi) ;di+1

Corollary 2.3.16  If the average degree of G is at most d, then f(G) > dz%.
We now have the following corollary as a result of Caro (7).

Corollary 2.3.17 Let G be a graph with degree sequence
d=(di,ds,...,ds), d1 >dy>...d, >0.
Then n .
ao(G) > ; T

where ag(Q) is the independence number of G.
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Proof. The proof follows easily from the fact that a forest is bipartite.

Corollary 2.3.18 _Let G be a graph with degree sequence
d=(di,da,...,dn), di >dp>...dp, >0.

Then

w(G) ZZn_ld;

=1

where w(G) is the cliqgue number of G.

Proof. The proof follows from the fact that w(G) = ao(G).

Let G be a graph. The problem of determining the decycling number ¢(G)
of G is equivalent to finding the greatest order of an induced forest f(G) of
the graph G and the sum of the two numbers equals the order of the graph.
Observe that for a minimum decycling set S of a graph G, if v € S, then there
exists a connected component C of G— S such that v is adjacent to at least two
vertices of C. Thus A(G[S]) < A(G) — 2. With this observation, we find that
if G is an r-regular graph and S is a minimum decycling set of G, the graph
G|[S] may not be an (r — 2)-regular graph. This causes a difficulty in finding
max (¢, ™) if we consider only the class of regular graphs. It is reasonable to
enlarge the class of regular graphs into the following class of graphs. Let A
be a nonnegative integer and n be a positive integer such that n > A + 1.
Let G(A, n) be the class of all graphs of order n and of maximum degree A.
The (A, n)-graph is a graph having G(A, n) as its vertex set where two such
graphs being adjacent if one can be obtained from the other by either adding
or deleting an edge. This gives another graph transformation.

Lemma 2.3.19 The (A, n)-graph is connected.

Let d = (d1,d2 oo ,_dn) be a sequence of non-negative integers. Define d
a degree sequence (di,ds, . ..,d,), where d; = n—d; — 1, fort=1,2,...,n. It
is clear that d is graphic if and only if d is.

Theorem 2.3.20 Letd = (di,da,...,dp),d1 2 da > ... 2 d, > 1 be a
graphic degree sequence and di +1 < n < 2d; + 1. Then

1. min(f,d) =2 if and only ifdy =dy =d3 =--- =d, andn=d; +1 and

2. if d does not have a complete graph as its realization, then min(f,d) =3
if and only if d has a union of stars as its realization.

Theorem 2.3.21 Letn=(A+1)g+t0<t<A. Then
(2) min(f,G(A,n)) =2¢+1, ift=1, and
(3) min(f,G(A,n)) =2¢+2,if2<t < A.
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We obtained in [27] the values of max(f,r™), for all r and n as stated in the
following theorems.

Theorem 2.3.22
n n—r+1 ifr+1<n<2r—-1,
max(fir") = g2 if n>or

2(r-1)

The values of min(f, ™), for all » and n, were obtained in [31] in terms of the
graph parameter ¢ as stated in the following theorems. Note that min(f,r") =
max(¢p, r™).

Theorem 2.3.28 Forr>3,andn=r+j,1<j<r+1
(1) min(f,™) =2, ifand only if n=r +1,
(2) min(f,r") =3, if and only if n =r + 2,
3) min(f,r"™) = 4, for all even integers n, r + 3 < n,
(4) min(f, ") = 4, for all odd integers n, r +3 < n and n > f(j),
(5) min(f,r") =5, for all odd integers n, r + 3 < n and n < f(j),
where  f(j) = 3(j — 1) if j = 3(mod 4), and
() =143 - 1) if j = 1(mod 4).

Theorem 2.3.24 Forn>2r+2andr >3, writen=(r+1)g+1t,q > 2
and 0 <t <r. Then

(1) min(f,r") =2q ift=0,

(2) min(f, ™) =2¢+1 ift=1,

(3) min(f,™) =2¢+2 if2<t<r-1,

(4) min(f,m™) =2¢9+3 ift=r.

In [30], we determined the values of min(og,r™) and max(a;,r") for all r and
n. It is easy to see that min(a;,0") = max(a;,0") = 0 and min(e4,1%") =
max(a;,12") = n. Because of this fact, from now on we will consider r > 2
andn>r+1.

We first investigate the value of max(a;,r™) by the following theorem.

Theorem 2.3.25 Forr >2,n>r1+1 and nr = 0(mod 2), there erists an
r-regular hamiltonian graph of order n. In particular, max(ay,r") = [§].

We will use the generalized result of Tutte and the result of Wallis [38] to
obtain all values of min(a;,r").

It is well known that K>, and K, », have 1-factorizations for all positive integers
n. The question of which graphs contain 1-factors is one that has attracted

considerable attention. For a comprehensive review we refer to the survey of
Akiyama and Kano [1] and of Wallis [39]. We obtained the following results.

Theorem 2.3.26  The number of edges in a mazimum matching of a graph

G is 3(|V(G)| — d), where d = maxgcy(c){O(G — S§) — |S]}.
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Let F(r,d) be the minimum order of an r-regular graph G with a;(G) =
3(IV(G)| — d). 1t is clear that |V(G)| = d(mod 2). Wallis [38] found F(r,2)
for all r > 3. In other words, he proved the following theorem.

Theorem 2.3.27 Let G be an r-regular graph with no 1-factor and no odd
component. Then

3r+7 ifrisodd, r > 3,
[V(G)| > ¢ 3r+4 ifriseven, r>6,
22 if r= 4.

Furthermore, no such graphs exist for r =1 or 2.

Suppose that G is an r-regular graph with a1(G) = 3(|V(G)| — d). There
exists a k-subset K of V(G) such that O(G — K) =k +d.If k=0, then r is
even, G contains d odd components, and each component of G has order at
least 7 + 1. Suppose k > 1 and G — K has an odd component with p vertices,
where p is less than or equal to r. The number of edges within the component
is at most %p(p —1). This means that the sum of degree of these p vertices in
G — K is at most p(p— 1). But G is an r-regular graph, so the sum of these p
vertices in G is pr. The number of edges joining to the component K must be
at least pr — p(p — 1). For a fixed r and for integer p satisfying 1 < p < r the
function f(p) = pr —p(p—1), 1 < p < r has minimum value f(1) = f(r) = .
So any odd component with r or less vertices is joined to K by r or more
edges. Suppose that there are O odd components of G — K with more than
r vertices and O_ odd components with less than or r vertices. Thus
O++0_=k+d 1)
O +710_ <kr. (2)

From these 2 relations, we have O > [24] =d + [;%;] and k > [-45].
Thus we have the following results.

Theorem 2.3.28  Let r be an even integer, r > 2. Then F(r,d) = d(r+1).

Corollary 2.3.29 Let r be an even integer, r > 2. Ifn=(r+1)d+e,0 <
e <, then min(ay,r™) = & + | 1$].

Suppose that r is odd and r > 3. Let G be an r-regular graph of order n such
that 1(G) = 3(n — d). Then d must be even. Put d = 2¢. There exists a
nonempty subset K of V(G) of cardinality k such that O(G — K) = k + 2q.
By (1) and (2), we have

n>k+(r+2)04 > [22]+(r+2)(2¢+[25)) = [241(r+3) +2q(r +2).

Wallis [38] defined G(z,y) to be a graph with x + y vertices, z being of degree
z+y— 3 and y of degree z + y — 2. G(z,y) exists if and only if y is even
and y > 2. It is noted that for any graph G(z,y), it has y vertices of degree r
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and z vertices of degree r — 1. Let z;,y;,1 = 1,2,..., m be integers such that
G(z;,y;) exists for all i = 1,2,..., m. We construct the graph

G('Tla yl) * G(.’L’g, y2) *.o.o0%x G(mma y‘m)

from disjoint copies of the graphs by inserting a new vertex, say u, and joining
u to all vertices of G(x;,y;) which have the smallest degree, fori =1,2,...,m.
Using this notation, we see that for an odd integer r >3and ¢=1,2,..., %,
for any odd positive integers a;,i = 1,2,...,1 + 2¢ whose sum is 7,

Gy =G(a1,7+2—a1) *G(ag, 7 +2—ag) *...* G(ar424,7 + 2 — @1424)

is an r-regular graph on (r+2)(1+2q)+1 vertices with a1(Gq) = 1(|V(Gg)| -
2q). We have the following results.

Theorem 2.3.30  For an odd integer r > 3, then
1. F(r,2q) = (r+2)(1+2¢) +1, forg=1,2,...,5*
2. ifq= %S+t,0 <t <, then F(r,2q) = sF(r,
F(r,0) =0.

r — 1) + F(r,2t), where

Corollary 2.3.31 Let r be an odd integer, r > 3. If F(r,2q) < n <
F(r,2(g+ 1)), then min(oq,r™) = 1(n — 2q).

2.4 Induced subgraphs

It was observed by Eggleton and Holton [10] that the graph R(d) is con-

nected. It is natural to investigate connected subgraphs of R(d). Let P be a
property which a graph may possess. Denote by R(d; P) the subgraph of the
graph R(d) induced by those vertices which correspond to graphs with prop-
erty P. Property P for which R(d; P) is connected is called complete. If a
property P is complete we may find all the graphs of a given degree sequence
with the property by switching constrained to graphs with the property. Col-
bourn (8] showed that the property of being a tree is complete and Syslo [34]
extended this to the property of being unicyclic. Taylor [35] generalized these
results by showing that the property of being connected is complete. The
property of being 2-connected was shown to be complete also by Taylor [36].
By using results in Section 2 and the results of Taylor, we immediately obtain
the following interpolation theorems.
Theorem 2.4.1 Let 7 € {x, f, ¢,w, a9, 1, Bo, 51,7}. Then for any graphic
degree sequence d, there ezist integers a := a(m) and b := b(w) such that d has
a connected realization G with f(G) = c if and only if c is an integer satisfying
a<c<hb.
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Theorem 2.4.2 Let € {x, f, $,w, ag, a1, Bo, B1,7}- Then for any graphic
degree sequence d, there ezist integers a := a(m) and b := b(m) such that d
has a 2-connected realization G with m(G) = ¢ if and only if c is an integer
satisfying a < ¢ < b.

We have known that
x(d) :=[a,b)={c€Z:a<Lc< b}

where a = min(x,d) and b = max(x,d).

Brooks [5] observed that every graph G may be colored by A(G) + 1 colors
and he characterized the graphs for which A(G) colors are not enough.

Theorem 2.4.3  Any graph G satisfies x(G) < 1+A(G), with equality holds
if and only if either of the following holds:

(1) some component of G is the complete graph Ka+1, where A = A(G);

(2) some component of G is an odd cycle, and A(G) = 2.

Note that Brooks’ theorem implies b = max(x,d) < 1+ A, where A =
max{dy,ds,...,dn}. Thus for a regular degree sequence r", we have b =
max(x, ") < 1+r. We found in [25] the corresponding value of b for all values
of r and n except the cases when r and n are even and r+4 <n <2r—2.1In
general the Brooks’ bound may be very far from the actual value.

The following results concerning connected subgraphs of R(d) were obtained in
[29]. For each ¢ € x(d), let R(d); x = ¢) denote the subgraph of R(d) induced
by the vertices corresponding to graphs with chromatic number c. Similarly
for any ¢ € x(d), let R(d); x < c) denote the subgraph of R(d) induced by the
vertices corresponding to graphs with chromatic number p < c. We consider
the problem of determining the structure of induced subgraph R(d); x = c)
and R(d); x < c). In general, what is the structure of R(d); x = c) and of
R(d); x < c)? In particular, are these graphs connected? If R(d); x = ¢)
is connected, it must be possible to generate all realizations of d with chro-
matic number ¢ by beginning with one such realization and applying a suitable
sequence of switchings producing only graphs with chromatic number c. Sim-
ilarly if R(d); x < c) is connected.

Note that x(07) = {1}, x(1") = {2} (n is even), x(2*) = {2} x(2") = {2,3}
if n is even and n > 6, and x(2") = {3} if n is odd and n > 3. For x(3"), we
have x(3%) = {4}, x(3%) = {2,3} and x(3") = {2,3,4} if niseven and n > 8.

Let G be a graph with x(G) = k and o be a switching on G. o is called a
k-safe switching if x(G°) = k. A sequence 01,03, . .., 0t of switchings is called
a sequence of k-safe switchings if for each ¢, =1,2,...,¢, x (G192 %) = k.

Theorem 2.4.4 Ifr > 3 and max(x, ") = r+1, then the graphs R(r™; x =
r+1) and R(r™;p < r) are connected.
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Proof. Note that if » > 3, then max(x,r") =r+1ifandonlyif n=r+1or
n > 2r+ 2. Moreover, if G is a realization of ™ and x(G) = r+1 if and only if
G has K, as a component. The theorem is true for n = r+1. For n > 2r+2,
let G; and G, be any two realizations of ™ such that x(G;) = x(G2) =r+1.
Thus G; = K,y U Hy and G2 = K,; U Hy. Since H; and H; are r-regular
graphs of order n — r — 1, Hs can be obtained from H; by a finite number of
switchings. Thus G2 can as well be obtained by those switchings. Furthermore,
it is easy to observe that those switchings are (r + 1)-safe switchings.

Let G be a realization of ™ such that x(G) < r. If G is disconnected, then
G does not contain K,;j as its component. Thus there exists a suitable
sequence of switchings which transforms G to a connected realization of r™ such
that each resulting graph obtained in this transformation will have chromatic
number less than or equal to r. By using the result by Taylor [35], the proof
is complete.

Let C,, be the cycle of order m. Thus C,, exists for all integer m > 3, we call
C,, odd cycle or even cycle according to m is odd or even. A realization
of 2™ can be written as Uf_, Cy,, where E;l n; = n. It is well known that if
G = Ui_,Cy,, then x(G) = 2 if and only if for all i, n; is even. It is clear that
any two even cycles C, and Cs, there is a 2-safe switching which transforms
these two cycles to Cys. Thus R(2"; x = 2) is connected. The corresponding
result can be obtained for the graph R(2"; x = 3) with only one exception.

Theorem 2.4.5 If 3 € x(2"), then the graph R(2"; x = 3) is connected if
and only if n # 10.

Proof. Observe that if n is odd and n > 3, then x(2") = {3}. Thus the
graph R(2"; x = 3) is connected. If n = 10, we can not transform 2Cj5 to
2C53UCy without passing Co. Thus the graph R(21%; x = 3) is not connected.
For n > 12, let U!_,Cy, be a realization of 2" and suppose that n; is odd.
Then there is a sequence of 3-safe switchings which transforms U:_;Cy, to
Cn, U Cp_p,. Since n > 12, C5 U Cy,_5 can be transformed to C5 UC3 U Cy,—g
and to C3UCp_3. If m is odd and m > 7, then C,, UC,,—,, can be transformed
to C3U Cp_3 U Cp—yy then to C3 U Cp—3. The proof is complete.

Theorem 2.4.6 Let G and H be bipartite graphs with bipartition (X,Y). If
dg(v) = dy(v) for allv € X UY, then there is a sequence of 2-safe switchings
that transforms G into H.

The following theorem is a consequence of Theorem 2.4.6.

Theorem 2.4.7 If2 € x(r"), then the graph R(r"; x = 2) is connected.

Theorem 2.4.8 If c € x(3"), then the graph R(3™; x = c) is connected.
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Proof. We have already proved when ¢ = 2,4. Note that G € R(3") with
x(G) = 3 if and only if G does not contain K} as its component and G has an
odd cycle as its subgraph. It is easy to check that the theorem is true if n < 8.
Let G be a cubic graph of order n > 10 with x(G) = 3. We first suppose that
G has a triangle T with V(T) = {z,y, 2} and E(T) = {zy,yz,zz}. If z and
y have a common neighbor v € G — T, then there exists an edge abin G — T
independent to the edge zv. Thus there is a 3-safe switching o such that G°
contains a triangle T where any two vertices of 7' have no common neighbor in
G — T. Now suppose that G contains an odd cycle C of smallest order k > 5.
Let z,y be two adjacent vertices in the cycle. Thus z and y have no common
neighbor in G. Let z be the neighbor of y in G — C. Then there exists a
3-safe switching o such that G? contains a triangle T' = {z,y, z}. Thus for a
graph G € R(3") and x(G) = 3, there is a sequence of 3-safe switchings which
transforms G to G’ such that G’ contains a triangle 7 = {z,y, 2} and G' — T’
is a graph having exactly 3 vertices of degree 2. Since G is an arbitrary graph
in R(3"), the proof is complete.

Conjecture. If c € x(r™), then the graph R(r™; x = c) is connected.

For the graph parameter ¢ we investigated the values of ¢(G) where G runs
over the class of cubic graphs in [32]. As an application we were able to answer
the problem asked by Bau and Beineke [2].

For a graphic degree sequence d, let ¢(d) = {¢(G) : G € R(d)}. Thus there
exist integers a and b such that ¢(d) = {k € Z: a < k < b}. For each c € ¢(d),
let R(d); ¢ = c) denote the subgraph of the graph R(d) induced by the vertices
corresponding to graphs with decycling number c¢. We consider the problem of
determining the structure of induced subgraph R(d); ¢ = c¢). In general, what
is the structure of R(d); ¢ = ¢)? In particular, are these graphs connected? If
R(d); ¢ = c) is connected, it must be possible to generate all realizations of d
with decycling number ¢ by beginning with one such realization and applying a
suitable sequence of switchings to produce only graphs with decycling number
e

Bau and Beineke posed the following problems: Which cubic graphs G of order
2n satisfy ¢(G) = [241]?

We answered the problem by finding all cubic graphs G of order 2n with
¢(G) = [%£!] in [32]. Furthermore we proved that the induced subgraph
R(3%"; ¢ = [2£L]) is connected. We proved in the same paper that if R(3?")
is the class of all cubic graphs of order 2n, then min{#(G) : G € R(3%")} =
f%l] Thus to answer the problem is equivalent to finding all cubic graphs
of order 2n in R(3?") having minimum cardinality of decycling set.

Conjecture. If c € #(r™), then the graph R(r"; ¢ = c) is connected.
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MAIN RESULTS
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Interpolation theorems on several graph parameters obtained in the past few years will
be reviewed in this paper. Some simplified proofs are provided. Open problems in this
direction are reviewed.

1. Introduction

Only finite simple graphs are considered in this paper. For the most part, our notation
and terminology follows that of Bondy and Murty [4]. Let G = (V,E) denote a graph
with vertex set V = V(G) and edge set E = E(G). We will use the following notation and
terminology for a typical graph G. Let V(G) = {v1,3,...,v,} and E(G) = {e1,€2,...,€m}.
We use || to denote the cardinality of a set S and therefore we define n = | V| the order
of G and m = |E| the size of G. To simplify writing, we write e = uv for the edge e that
joins the vertex u to the vertex v. The degree of a vertex v of a graph G is defined as
dg(v) = |{e € E: e = uv for some u € V}|. The maximum degree of a graph G is usually
denoted by A(G). If S € V(G), the graph G[S] is the subgraph induced by S in G. For a
graph G and X < E(G), we denote by G — X the graph obtained from G by removing all
edgesin X.If X = {e}, we write G — e for G — {e}. For a graph G and X  V(G), the graph
G — X is the graph obtained from G by removing all vertices in X and all edges incident
with vertices in X. For a graph G and X < E(G), we denote by G + X the graph obtained
from G by adding all edges in X. If X = {e}, we simply write G + e for G+ {e}. Two graphs
Gand H are disjoint if V(G) n V(H) = @. For any two disjoint graphs G and H, we define
G U H (their union) by V(GU H) = V(G) U V(H) and E(GU H) = E(G) U E(H). We can
extend this definition to a finite union of pairwise disjoint graphs, since the operation “uU”
is associative. For a positive integer p and a graph G, pG is denoted for the union of p
copies of G. A graph G is said to be r-regular if all of its vertices have degree r. A 3-regular
graph is called a cubic graph.

Let G be a graph of order n and let V(G) = {v},v,,...,vs} be the vertex set of G.
The sequence (dg(v1),dc(v2),...,dc(vx)) is called a degree sequence of G. A sequence
d = (dy,d,,...,d,) of nonnegative integers is a graphic degree sequence if it is a degree
sequence of some graph G. In this case, G is called a realization of d.

Copyright © 2005 Hindawi Publishing Corporation
International Journal of Mathematics and Mathematical Sciences 2005:13 (2005) 2095-2117
DOI: 10.1155/IJ]MMS.2005.2095
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An algorithm for determining whether or not a given sequence of nonnegative integers
is graphic was independently obtained by Havel [22] and Hakimi [14]. We state their
results in the following theorem.

THEOREM 1.1. Let d = (dy,d,...,dy) be a nonincreasing sequence of nonnegative integers
and denote the sequence

(dy = 1,d3 = 1,...,das1 — 1,442y dn) =d'. (1.1)

Then d is graphic if and only if d’ is graphic.
Let G be a graph and let ab, cd € E(G) be independent, where ac, bd ¢ E(G). Put

Ge@bad) = (G- {ab,cd}) + {ac, bd}. (1.2)

The operation (4, b; ¢, d) is called a switching operation. It is easy to see that the graph
obtained from G by a switching has the same degree sequence as G. The following theo-
rem has been shown by Havel [22] and Hakimi [14].

THeEOREM 1.2. Let d = (d),ds,...,d,) be a graphic degree sequence. If G, and G, are any
two realizations of d, then G, can be obtained from G, by a finite sequence of switchings.

As a consequence of Theorem 1.2, Eggleton and Holton [10] defined in 1979 the graph
R(d) of realizations of d whose vertices are the graphs with degree sequence d; two ver-
tices being adjacent in the graph R(d) if one can be obtained from the other by a switch-
ing. They obtained the following theorem.

THEOREM 1.3. The graph R(d) is connected.
The following theorem was shown by Taylor [38] in 1980.

THEOREM 1.4. For a graphic degree sequence d, let €R(d) be the set of all connected real-
izations of d. Then the induced subgraph ‘6R(d) of R(d) is connected.

Let G be the class of all simple graphs, a function f : G — Z is called a graph param-
eter if G = H, then f(G) = f(H). If f is a graph parameter and J € G, f is called an
interpolation graph parameter with respect to | if there exist integers x and y such that

{f(G):Ge)}=[xyl={keZ:x<k=<y} (1.3)

If f is an interpolation graph parameter with respect to J, {f(G) : G € J} is uniquely
determined by min(f,)) = min{f(G) : G € J} and max(f,]) = max{f(G): G € J}. In
the case where J = R(d), we simply write min( f,d) and max( f,d) for min(f,R(d)) and
max(f,R(d)), respectively, and in the case where | = ‘6R(d), we write Min(f,d) and
Max( f,d) for min(f,€R(d)) and max(f,€R(d)), respectively.

2. Interpolation theorems

Studying interpolation theorems for graph parameters may be divided into two parts: the
first part deals with the question that given a graph parameter f and a subset ] of G, does
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f interpolate over J? If f interpolates over J, then {f(G): G € J} is uniquely determined
by min(f,J) = min{ f(G) : G € J} and max(f,)) = max{ f(G) : G € J}; thus the second
part of the interpolation theorems for graph parameters is to find the values of min( f,d)
and max(f,d) for the corresponding interpolation graph parameters and this part is, in
fact, the extremal problem in graph theory.

The interest in the interpolation properties of graph parameters was motivated by an
open question posed by Chartrand during a conference held at Kalamazoo in 1980. He
posed the following question: If a graph G contains spanning trees having m and n end-
vertices, with m < n, does G contain a spanning tree with k end-vertices for every integer k
with m < k < n? This question (which was answered affirmatively) led to a host of papers
studying the interpolation properties of invariants of spanning trees of a given graph.
Details can be found in [15, 16, 17, 18, 19, 20, 21]. Another interpolation theorem for the
graph parameter y + ¥ was obtained by Fink [12].

Let d be a graphic degree sequence. It was shown that the graph %R(d) is connected
and its subgraph induced by the set ‘€ (d) is also connected.

THEOREM 2.1. For a graph G of degree sequence d and a switching o if | f(G) — f(G°)| < 1,
then f is an interpolation graph parameter with respect to R(d).

THEOREM 2.2. For a graph G of degree sequence d and a switching o if | f (G) — f(G°)| < 1,
then f is an interpolation graph parameter with respect to 6R(d).

THEOREM 2.3. Let J < R(d) and the subgraph of R.(d) induced by ) be connected. For a
graph G of degree sequence d and a switching o if | f(G) — f(G°)| < 1, then f is an interpo-
lation graph parameter with respect to J.

We will now review interpolation results on various graph parameters with respect to
R(d). Since our work started with the graph parameter y, we first state the definition of
X

Graph coloring takes its name from the map-coloring application. We assign labels to
vertices when the numerical value of labels is unimportant, we call them colors to indicate
that they may be elements of any set.

A k-coloring of a graph G = (V, E) is a partition of its vertex set Vas V,UV,U -+ U
Vi such that no two vertices in V; (1 < i < k) are adjacent. The Vs are called the color
classes. A function f:V — {1,2,...,k} such that f(v) =iforeachve V; (1 <i<k)is
called a color function. If G has a k-coloring, it is said to be k-colorable and the minimum
integer k for which G is k-colorable is called the chromatic number of G and is denoted by
x(G). If x(G) = k, we say that G is k-chromatic.

Remark 2.4. In a proper coloring, each color class contains no edge, so G is k-colorable if
and only if G is a k-partite graph. Thus a graph is 2-colorable if and only if it is bipartite.
Thus a graph containing an odd cycle must be at least 3-colorable.

We proved in [25] the following results.
THEOREM 2.5. Let G be a graph and let o be a switching on G. Then |x(G) — x(G°)| < 1.

Proof. Without loss of generality, we can assume that x(G) < x(G°). Since G is the graph
obtained from G by a switching, there exist a,b,c,d € V(G) such that ab,cd € E(G),
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ac,bd ¢ E(G), ac,bd € E(G’), and ab,cd & E(G®). Let m: V(G) - {1,2,...,x(G)} be a
color function of G such that 7(a) = i, 7(b) = j, n(c) = p, and n(d) = q. Then we will de-
fine ' : V(G?) = {1,2,...,x(G),x(G) + 1} by n'(¢) = n'(d) = x(G) + 1 and 7' (v) = n(v)
for all v € V(G°) — {c,d}. Thus the graph G’ is (x(G) + 1)-colorable. This completes the
proof. g

A maximal complete subgraph of a graph G is called a clique of G. The maximum order
of clique of G is called the clique number of G and is denoted by w(G).

In general, there is no formula for the chromatic number of a graph. In fact, determin-
ing the chromatic number of even a relatively small graph is often a challenging problem.
However, lower bounds for the chromatic number of a graph G can be given in terms of
the clique number of G. That is for any graph G, x(G) = w(G).

We proved in [26]the following results on interpolation theorems on w.

THEOREM 2.6. Let G be a graph and let o be a switching on G. Then |w(G) — w(G%)| < 1.

Proof. Let o(a,b;c,d) = o be a switching on G, such that ab,cd € E(G), ac,bd ¢ E(G).
Then G is the graph obtained from G by deleting edges ab, cd and adding edges ac, bd.
Since vertices a and ¢ cannot lie in the same complete subgraph of G, w(G?) = w(G) —
1. By symmetry of switching, we may assume that w(G) = w(G?). Thus w(G?) is either
w(G) — 1 or w(G). In both cases, we have |w(G) — w(G?)| < 1. O

Acyclic graph is a graph containing no cycle as its subgraph. An acyclic graph is called a
forest. Therefore, each component of an acyclic graph is a tree. Since a tree is connected,
every two vertices in a tree are connected by a unique path.

Let G be a graph and F € V(G), F is called an induced forest of G, if the induced
subgraph G[F] of G contains no cycle. For a graph G, we define I(G) as

I(G) := max{|F| : F is an induced forest in G}. (2.1)

We proved in [28] the following results on interpolation theorems on the graph pa-
rameter I.

THEOREM 2.7. If S is any subset of vertices of G such that G[S] is a forest, and o is any
switching on G, then G°[S] contains at most one cycle.

CoROLLARY 2.8. If g is any switching on G, then |I(G) - I(G?)| < 1.

The problem of determining the minimum number of vertices whose removal elimi-
nates all cycles in a graph G is difficult even for some simply defined graphs. For a graph
G, this minimum number is known as the decycling number of G, and is denoted by ¢(G).
It is easy to see that for a graph G of order n, $(G) + I(G) = n. Thus the interpolation
result for ¢ in R(d) is easily obtained.

A subset U of the vertex set V of a graph G = (V,E) is said to be an independent set of
G if the induced subgraph G[U] of G is an empty graph. An independent set of G with
maximum number of vertices is called a maximum independent set of G. The number of
vertices of a maximum independent set of G is called the independence number of G and
is denoted by ag(G).
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It is clear that ay(G) is a graph parameter and ay(G) = w(G), for any graph G. Observe
that for a graph G and a switching ¢ on G, G’ = G°. Thus the interpolation result for a
in R(d) follows directly from the graph parameter w.

A vertex of a graph G = (V, E) is said to cover the edges incident with it. A vertex cover
of a graph G is a set of vertices covering all the edges of G. The minimum cardinality of
a vertex cover of a graph G is called the vertex covering number of G and is denoted by
Bo(G).

Within a set of people, some pairs are compatible as roommates; under what condition
can we pair them all up? Many applications of graphs involve such pairings. Problem of
job assignment with qualified applicants is also an example of matching.

A subset M of the edge set E of a graph G = (V, E) is an independent edge set or match-
ing in G if no two distinct edges in M have a common vertex. A matching M is maximum
in G if there is no matching M’ of G with |[M’| > |M|. The cardinality of a maximum
matching of G is denoted by &;(G) and is called the matching number of G.

There is an analogous covering concept for edges.

An edge of a graph G = (V, E) is said to cover the two vertices incident with it. An edge
cover of a graph G is a set of edges covering all the vertices of G. The minimum cardinality
of an edge cover of G is called the edge covering number of G and is denoted by B,(G).

TueoReM 2.9 [31]. IfG is a graph with a,(G) = &, and o is a switching on G, then a;(G) =
a) — 1.

Proof. Let M be an independent set of edges of E with |[M| = a;(G). Let o(a,b;c,d) = o
be a switching on G. If {ab,cd} N M = @, then |M| = |M?|. If {ab,cd} = M, then |M| =
|M?|. Finally, if M contains exactly one edge from the set {ab,cd}, then |M?| = |[M| - 1.
Therefore, a,(G°) = a; — 1. O

CoroLLARY 2.10 [31]. Ifa is a switching on G, then |a)(G) — ,(G°)| < 1.

Let n be a positive integer. The star of order n+ 1 is the complete bipartite graph K, ;.
The edges covered by one vertex in a vertex cover are the edges incident to it; they form
a star. The vertex cover problem can be described as covering the edge set with the fewest
number of stars. This is equivalent to our next graph parameter.

A dominating set of a graph G = (V,E) is a subset D of V such that each vertexof V — D
is adjacent to at least one vertex of D. The domination number y(G) is the cardinality of a
minimal dominating set with the least number of elements.

TueoreM 2.11 [31]. If G is a graph with y(G) = y and g is a switching on G, then y(G°) <
y+1.

Proof. Let D be a dominating set of vertices of V with |D| = y(G). Let o(a, b;¢c,d) = o be
a switching on G. If {a,b,c,d} N D = @, then |D| = |D°|. If {a,b,c,d} < D, then |D| =
|D°|.Ifa € D and b,c,d € V — D, then D U {b} is a dominating set of G°. If a,b € D and
¢,d € V — D, then D is a dominating set of G°. If a,c € D, then D U {b} is a dominating
set of G°. Finally, if a,b,c € D and d € V — D, then D U {d} is a dominating set of G°.
Thus y(G?) < y(G) + 1. O

COROLLARY 2.12 [31]. If g is a switching on G, then |y(G) — y(G°)| < 1.
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Proof. Since a switching is symmetric, we may assume that y(G) < y(G?). By Theorem
2.11, y(G°) is either y(G) + 1 or y(G). In both cases, we have |y(G) — y(G°)| < 1. O

Gallai [13] and Norman-Rabin [23] proved the following results concerning relation-
ship between &g and By, and a1, and B, respectively.

THEOREM 2.13 [13]. For any graph G of order n, ag+ o = n.
THEOREM 2.14 [23]. For any graph G of order nand 6 = 1, &, + f; = n.

The interpolation property of the graph parameters fy and B, follows from the last
two theorems. Thus combining the results in this section, we can conclude the following
results.

THEOREM 2.15. Let d = (dy,da,...,dp), dy 2 dy = - -+ =2 d, = 1 be a graphic degree se-
quence. Then x, w, I, ¢, &, a1, Po, P1, and y are interpolation graph parameters with respect
to R(d).

THEOREM 2.16. Let f € {x,w,I,$,a0,1,P0,P1,y}. Then for any graphic degree sequence d,
there exist integers a := a(f) and b := b(f) such that d has a realization G with f(G) = c if
and only if ¢ is an integer satisfyinga < c < b,

3. Extremal graph parameters

In this section, we discuss the second part of interpolation theorems for graph parame-
ters. We first recall what we mean by an extremal problem in graph theory. An extremal
problem asks for minimum and maximum values of a function over a class of objects.

Remark 3.1. Proving that A is the minimum of f(G) for graphs in a class ] requires
showing two things:

(1) f(G)=Aforall G € J;

(2) f(G) = A for some G € ).

The proof of the bound must apply to every G € J. For equality it suffices to obtain an
example in ] with the desired value of f.

Changing “>” to “<” yields the criteria for a maximum.

It will be seen that we have produced several results in the extremal graph theory for
graph parameters ¥, w, I, ¢, and ) in the class of all r-regular graphs of order n and some
other related classes.

We start with the graph parameter y. In the graph-theoretic colloquium at Smolenice
in 1963, Dirac conjectured that the chromatic number of a proper regular subgraph of a
complete n-gon is at most 3n/5. Erd6s and Gallai answered this conjecture immediately
and presented their result during the conference. Their article was entitled “Solution to a
problem of Dirac,” and it was appeared in the proceedings of the symposium, Smolenice,
in 1964. In fact, the result was more than of what Dirac asked. They have, in addition,
found all regular graphs reaching the upper bound as stated in the following theorem.

THEOREM 3.2. An r-regular graph G of order n > r + 1 has chromatic number k < 3n/5,
with equality holds if and only if the complementary graph G of G is a union of 5 cycles.
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In their proof, they used the concept of the covering number of a graph G. A covering
of a graph G is a partition P of V(G) such that for each V; € P, the induced subgraph
G[Vi] in G is a complete graph. The covering number of G, denoted by ¢(G), is defined
by

¢(G) := min{|P| | P is a covering of G}. (3.1)

It is easy to see that for any graph G, ¢(G) = x(G). We extended their result by improving
the upper bound in [24].
Let f be an interpolation graph parameter with respect to R(d). It is clear that { f(G):
G € R(d)} is uniquely determined by min(f,d) and max(f,d). We will discuss in this
section those extremal values for various kinds of graph parameters. For simplicity rea-
son, we will consider the class of regular graphs and some other related classes of graphs.
For the graph parameter x, we obtained in [25] the following results.

THEOREM 3.3. Ifr = 2 and n = 2r, then

) 2 ifniseven,
) = M 3.2
min(y.r") {3 if nis odd. B2
THEOREM 3.4. Ifr = 2, then
min(x,7*!) = max(y,r"™*!) = r+1,
(3.3)
min (p,7"*2) = max(, %) = 22,

The proofs of Theorems 3.3 and 3.4 were based on graph constructions.

THEOREM 3.5. For any r > 4 and odd integer s such that 3 < s <, let q and t be integers
satisfyingr +s=sq+1t,0 <t<s. Then

q ift=0,
min(x,r**) =19+1 ifl<t<s-2, (3.4)
q+2 ift=s—1.

THEOREM 3.6. For any even integer r > 6 and any even number s such that4 <s<r, letq
and t be integers satisfyingr+s=sq+t,0 <t <s. Then

(3.5)

ift =0,
min(x,r’*‘): q 1f 0
q+1 ift=2.

The proofs of Theorems 3.5 and 3.6 were based on the concept of the covering number
of graphs and graph constructions depending on the parity of s.
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THEOREM 3.7. Letr = 2. Then

(1
max(y,r?) =, (3.6)

(2)
B

(3
max(y,r") =r+1 fornz2r+2. (3.8)

Brooks’ theorem [5] and graph constructions were applied to prove this theorem.

THEOREM 3.8. Foranyrandssuchthat3 <s<r-—1,

(1)
max(y,r"**) > rT+s ifr+siseven, (3.9)

(2)
max(y, ") = ”%‘1 ifr+sis odd. (3.10)

Purely graph constructions were used in the proof of this theorem. The exact values
of max(y,r") are not easy to obtain when r + 3 < n < 2r — 1. Theorem 3.2 was proved by
Erdés and Gallai [11] to provide an upper bound in the class of connected proper regular
graphs of order n.

It should be noted that the bound given by Theorem 3.2 does not depend on r and
this bound may be very far from the actual values of the chromatic numbers. Also the
exact value of max(y,r+3) was obtained by Theorem 3.2. We gave in [24] the following
definition.

Let j be a positive integer. An F(j)-graph is a (j — 1)-regular graph G of minimum
order f(j) with the property that x(G) > f(j)/2.

It is easy to see that F(3)-graph is a unique graph Cs and f(3) = 5. We will see later
that F(j)-graphs, j = 5, are not unique.

We found F(j)-graphs for all odd integers j as we state in the following theorem.

THEOREM 3.9 [24). For odd integer j with j = 3, f(j) = (5/2)(j — 1) if j = 3(mod4) and
f(j) =1+4(5/2)(j - 1) if j = 1(mod4).
THEOREM 3.10 [24]. Any r-regular graph of order n with n—r = j odd and j > 3 has

chromatic number at most ((f(j) + 1)/2f(j)) - n, and this bound is achieved precisely for
those graphs with complement equal to a disjoint union of F(j)-graphs.

Note that our results in Theorems 3.9 and 3.10 can be considered as a generalization
of Theorem 3.2 as F(3)-graph is Cs and f(3) = 5.
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Problem 3.11. Find an F(j)-graph for even integer j > 4.
Problem 3.12. Find the value of max(y,r"*/) for even integer jand4 < j<r-2.

For the graph parameter w, we completely answered in [26] the second part of inter-
polation theorem with respect to the class of r-regular graphs of order n as stated in the
following results.

THEOREM 3.13. Let G be a graph of order n and maximum degree A. Then w(G) = n/(n—
A).

Since the complete graph K, is a clique, min(w,7"*!) = max(w,r"*!) = r + 1. Given
positive integers n and k with k < n, there exists a connected graph G of order n with
w(G) = k. However, if G is regular, we have the following remarkable result.

THEOREM 3.14. Let d = r" be a graphic degree sequence with r +2 < n < 2r + 1. Then
max(w,r”) = |n/2].

THEOREM 3.15. For any r = 6 and odd integer s such that 5 < s < r, let q and t be integers
satisfyingr+s=sq+t,0 <t <s. Then

q ift=0,
min(w,r™*) ={g9+1 ifl<t<s-2, (3.11)
q+2 ift=s—1.

THEOREM 3.16. For any even integer r > 6 and any even number s suchthat4 <s<r,letq
and t be integers satisfyingr+s=sq+t,0 <t <s. Then

min(w,r ) = {q fiFo, (3.12)

q+1 ift=2.

Observe that results of Theorems 3.15 and 3.16, respectively, coincide with Theorems
3.5 and 3.6 above.

For graph parameter I, we found in [27] a lower bound of min(l,d) by using the
probabilistic method. In particular, we proved that if G is a graph with degree sequence
d=(d\,dy,...,dn),dy =2 dr = -+ -dy = 1, then

X

1
. ld,'+1'

I(G) =2 (3.13)

As an application, we found all minimum values of the order of maximum induced forest
in a (A, n)-graph.

First of all we would like to introduce basic tools from discrete probability theory
which will be used for calculation of some bounds of graph parameters.

Let (Q, p) be a finite probability space, where Q is a finite set and p is a probability
function that maps from Q into the interval [0, 1] with

> plw)=1. (3.14)

weN



2104 Interpolation theorems for graph parameters

A random variable X on Q is a mapping X : Q — R. We define a probability space on the
image set X(Q) as

pX=x):= D pw). (3.15)
X(w)=x
The expectation E(X) of X is
EX)= D p(w)X(w). (3.16)
w€EN

Now suppose X and Y are two random variables on (, then the sum X + Y is again a
random variable, sharing a property E(X +Y) = E(X) + E(Y).

Clearly, this can be extended to any finite linear combination of random variables
(the linearity of expectation). Note that it is not necessary that the random variables are
“independent.”

Thus we have the following theorems.

THEOREM 3.17 [27]. Let G be a graph with degree sequence
d= (dl,dz,...,d"), d1 ZdzZ "'d,,Zl. (317)
Then

1

I(G) =2 d— (3.18)

||[\/]=

Proof. Let Gbe an arbitrary graph on the vertex set V = {v,v,...,v,}. Denote the degree
of v; by d;. We choose with equal probability 1/s! a random permutation 7 = mym; - - - m,
of V and construct the following set F,. We put 7; into F; if and only if n; is adjacent
to at most one 7 (j < i). It is clear that Fy is an induced forest of G. Let X(7) = |F|
be the corresponding random variable. We have X = XI_, X;, where X; is the indicator
random variable of the vertex v;, in other words X; = 1ifv; € F, and X; =0if v; ¢ F,. In
order to calculate E(X;), we first calculate the number of permutations 7 which contain

the vertex v;. Since v; has d; neighbors, we partition n! permutations on V into ( d’_'ll)
classes according to d; + 1 positions that v; and its neighbors appeared. It is clear that
each class contains (d; + 1)!(n — d; — 1)! permutations and 2d;!(n — d; — 1)! of which have

the property that v; € Fy. Thus

(3.19)

E(X) = Sp0mXi(m = 7.

Therefore,

E(X) = ZEX) 2zd‘+1. (3.20)
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COROLLARY 3.18. Ifthe average degree of G is at most d, then I(G) = 2n/(d +1).
We now have the following corollary as a result of Caro [7].

COROLLARY 3.19. Let G be a graph with degree sequence

d= (dl,dz,...,dn), d1 > dz =>---dy=0. (3.21)
Then
= 1
ao(G) = zm, (3.22)

where ao(G) is the independence number of G.
Proof. The proof follows easily from the fact that a forest is bipartite. a

COROLLARY 3.20. Let G be a graph with degree sequence
d=(d,d...,dn), di2dr2:-:dy=0. (3.23)

Then

3

1
Yl—d,'

w(G) =

: (3.24)
1

where w(G) is the clique number of G.
Proof. The proof follows from the fact that w(G) = a0 (G). O

Let G be a graph. The problem of determining the decycling number ¢(G) of G is
equivalent to finding the greatest order of an induced forest I(G) of the graph G and
the sum of the two numbers equals the order of the graph. Observe that for a minimum
decycling set S of a graph G, if v € S, then there exists a connected component Cof G— S
such that v is adjacent to at least two vertices of C. Thus A(G[S]) < A(G) — 2. With this
observation, we find that if G is an r-regular graph and S is a minimum decycling set of
G, the graph G[S] may not be an (r — 2)-regular graph. This causes a difficulty in finding
max(¢,r") if we consider only the class of regular graphs. It is reasonable to enlarge the
class of regular graphs into the following class of graphs. Let A be a nonnegative integer
and let n be a positive integer such that n > A + 1. Let G(A, n) be the class of all graphs
of order n and of maximum degree A. The (A,n)-graph is a graph having G(A, n) as its
vertex set and two such graphs being adjacent if one can be obtained from the other by
either adding or deleting an edge.

LemMa 3.21 [27]. The (A,n)-graph is connected.

Proof. For any graph G € G(A,n), if F=KjaU(n—A- 1)K, and G # F, G can be ob-
tained from F by a finite sequence of adding edges. The proof is complete. 0
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THEOREM 3.22 [27]. Letd = (d\,dy,...,dn), dy = dy = - -+ = d, = 1 be a graphic degree
sequence and dy +1 < n < 2d, + 1. Then
(1) min(I,d) =2 ifand only ifdy =dy =d3s = -+ - =dpandn=d, + 1,
(2) if d does not have a complete graph as its realization, then min(I,d) = 3 if and only
if d has a union of stars as its realization.

THEOREM 3.23 [27]. Letn=(A+1)q+t,0<t<A. Then
(1) min(I,G(A,n)) =2qift =0,
(2) min(I,G(A,n)) =2q+1ift=1,
(3) min(I,G(A,n)) =2q+2if2 <t <A.

We obtained in [28] the values of max(I,r"), for all r and n as stated in the following
theorems.

THEOREM 3.24.
n-r+1 ifrtl<sn<2r-1,

may. {lzr(l: : f)J ifn > 2r.

The values of min(I,r"), for all r and n, were obtained in [33] in terms of the graph
parameter ¢ as stated in the following theorems. Note that min(I,r") + max(¢,r") = n.

(3.25)

THeEOREM 3.25. Forr =2 3,andn=r+j1<j<r+],
(1) min(I,r") =2 ifand only ifn=r+1,
(2) min(I,r") =3 ifand only if n = r+2,
(3) min(I,r") = 4 for all even integersn, r+3 < n,
(4) min(I,7") = 4 for all odd integers n, r+3 < nand n> f(j),
(5) min(I,r") =5 for all odd integersn, r+3 < nand n< f(j),
where

fi)=2(=1) ifj=3(moda)
5 (3.26)
fG)y=1+3(G-1) ifj=1(mod4).

THEOREM 3.26. Forn=2r+2andr =3, writtn=(r+1)q+t,q=2and0 <t <r. Then
(1) min(I,r") = 2q ift =0,
(2) min(I,r") =2q+1ift=1,
(3) min(I,r") =2q+2if2<t<r-1,
(4) min(I, ") =2q+3ift=r.

In [32], we investigated the values of min(a;,7") and max(a;,r") for all r and n. It is
easy to see that min(a;,0") = max(«;,0") = 0 and min(a;,1?") = max(a;,12") = n. Be-
cause of this fact, from now on we will consider r >2and n>r+1.

We first investigate the value of max(a;,r") by the following theorem.

THEOREM 3.27. Forr =2, n = r + 1, and nr = 0(mod2), there exists an r-regular Hamil-
tonian graph of order n. In particular, max(a;,r") = |n/2].
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Proof. Since there is a well-known result by Dirac (cited from [4]) that an r-regular graph
of order n with r = n/2 is Hamiltonian, we need to consider only when r < n/2. It is easy
to construct a Hamiltonian graph with 10 or fewer vertices. It is also easy to construct
such a graph with r = 2 or 3. Let X = {x0,X,...,x:-1} and Y = {yo, y1,..., 1-1}, where
t > 5. For an integer r with 1 < r < ¢, take the edge set

E= {xpuj:i=0,1,2,...,t-1, j=0,1,2,...,r— 1}, (3.27)

where all subscripts are taken modt. It is clear that the graph B(r;X,Y) = (X U Y,E) is
an r-regular bipartite graph and it is Hamiltonian if > 2. Suppose that n = 2¢t+ 1 and r
is an even integer with 4 < r < t, the graph G= (X U Y U {u},E’), where E’ = [E(B(r -
X, Y)) = {xiyi:i=0,1,2,...,7/2}] U {xixis1, yiyis1 : i = 0,1,2,..., £ = 1} U {uxj,uy; 1 i=
0,1,2,...,7/2}, is an r-regular Hamiltonian graph. O

We will use the generalized result of Tutte and the result of Wallis [41] to obtain all
values of min(a;,7").

A 1-factor of a graph Gis a 1-regular spanning subgraph of G. A 1-factorization of G is
a set of pairwise edge-disjoint 1-factors which together contain each edge of G.

It is well known that K, and K, , have 1-factorizations for all positive integers n.
The question of which graphs contain 1-factors is one that has attracted considerable
attention. For a comprehensive review, we refer to the survey of Akiyama and Kano [1]
and of Wallis in [9].

A necessary and sufficient condition for a graph to have a perfect matching was ob-
tained by Tutte [40]. A component of a graph is odd or even according as it has an odd or
even number of vertices. We denote by O(G) the number of odd components of G. The
following theorem is due to Tutte [40]

THEOREM 3.28. A graph G has a perfect matching if and only if
O(G-8)<|S| VScV. (3.28)

Berge [3] generalized Tutte’s result and it makes easier for application.

THEOREM 3.29 [3]. The number of edges in a maximum matching of a graph G is
(172)(1V(G)| — d), where d = maxscv(6) {O(G - S) — |S|}.

Let F(r,d) be the minimum order of an r-regular graph G with a,(G) = (1/2)(I1V(G)| —
d). 1t is clear that |V(G)| = d(mod2). Wallis [41] found F(r,2) for all r > 3. In other
words, he proved the following theorem.

TueoreM 3.30. Let G be an r-regular graph with no 1-factor and no odd component. Then

3r+7 ifrisodd, r=3,
|V(G)| 2{3r+4 ifriseven, r=6, (3.29)
22 ifr=4.

Furthermore, no such graphs exist forr = 1 or 2.
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* Suppose that G is an r-regular graph with a;(G) = (1/2)(|V(G)| — d). There exists a
k-subset K of V(G) such that O(G — K) = k+d. If k = 0, then r is even, G contains d odd
components, and each component of G has order at least 7 + 1. Suppose k = 1 and G- K
has an odd component with p vertices, where p is less than or equal to r. The number
of edges within the component is at most (1/2)p(p — 1). This means that the sum of
degree of these p vertices in G — K is at most p(p — 1). But G is an r-regular graph, so
the sum of these p vertices in G is pr. The number of edges joining to the component
K must be at least pr — p(p — 1). For a fixed r and for integer p satisfying 1 < p <, the
function f(p) = pr — p(p— 1), 1 < p <r, has minimum value f(1) = f(r) = r. So any
odd component with r or less vertices is joined to K by r or more edges.

Suppose that there are O, odd components of G — K with more than r vertices and
O_ odd components with less than or r vertices. Thus

0,+0_=k+d, O, +rO_- <kr. (3.30)

From these two relations, we have O, > [rd/(r — 1) =d+|d/(r—1)land k = [d/(r —
1)1. Thus we have the following results.

THEOREM 3.31 [32]. Let r be an even integer, r = 2. Then F(r,d) = d(r +1).

COROLLARY 3.32 [32]. Let r be an even integer, r 2 2. Ifn=(r+1)d+e, 0 <e <, then
min(a;,7") =dr/2+ | (1+e)/2].

Suppose that r is odd and r > 3. Let G be an r-regular graph of order n such that
a1(G) = (1/2)(n — d). Then d must be even. Put d = 2q. There exists a nonempty subset
K of V(G) of cardinality k such that O(G — K) = k+24q. By (3.30), we have

n>k+(r+2)0; = [;2_—‘11]+(r+2)(2q+ [rZqu—]) = [rz_—ql](r+3)+2q(r+2).
(3.31)

Wallis [41] defined G(x, y) to be a graph with x + y vertices, x being of degree x + y — 3
and y of degree x + y — 2. G(x, y) exists if and only if y is even and y > 2. It is noted
that for any graph G(x, y), it has y vertices of degree r and x vertices of degree r — 1. Let
Xi, ¥iri = 1,2,...,m, be integers such that G(x;, y;) exists for all i = 1,2,...,m. We construct
the graph

G(x1, 1) * G(x2,¥2) * =+ * G(Xm> ym) (3.32)

from disjoint copies of the graphs by inserting a new vertex, say 4, and joining u to all
vertices of G(x;, ;) which have the smallest degree, for i = 1,2,...,m.

Using this notation, we see that for an odd integer r = 3 and g = 1,2,...,(r — 1)/2, for
any odd positive integers a;,i = 1,2,...,1+ 249, whose sum is 7,

Gy =Gl(a,r+2—ay) * Gapr+2—a) * - -+ * G(ay429o7 +2 — A1429) (3.33)
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is an r-regular graph on (r +2)(1 +2q) + 1 vertices with a;(Gy) = (1/2)(| V(Gy)| — 29).
We have the following results.

THEOREM 3.33 [32]. For an odd integer r = 3, then
(1) F(r,2q) = (r+2)(1+2g9)+ 1, forq=1,2,...,(r - 1)/2,
(2) ifg=((r—1)/2)s+t,0 <t <(r—1)/2, then F(r,2q) = sF(r,r — 1) + F(r,2t), where
F(r,0) =0.

COROLLARY 3.34 [32]. Let r be an odd integer, r = 3. If F(r,2q) < n < F(r,2(q + 1)), then
min(a,,r") = (1/2)(n - 2q).

4. Induced subgraphs of R(d)

It was observed by Eggleton and Holton [10] that the graph R(d) is connected. It is
natural to investigate connected subgraphs of R(d).

Let P be a property which a graph may possess. Denote by %(d; P) the subgraph of
the graph R (d) induced by those vertices which correspond to graphs with property P.
Property P for which R(d; P) is connected is called complete. If a property P is complete,
we may find all the graphs of a given degree sequence with the property by switching
constrained to graphs with the property.

Colbourn [8] showed that the property of being a tree is complete and Syslo [37]
extended this to the property of being unicyclic. Taylor [38] generalized these results
by showing that the property of being connected is complete. The property of being 2-
connected was shown to be complete also by Taylor [39].

By using results in Section 2 and the results of Taylor, we immediately obtain the fol-
lowing interpolation theorems.

THEOREM 4.1. Let f € {x,1,¢,w,a0,1,P0,B1,y}. Then for any graphic degree sequence d,
there exist integers a := a(f) and b := b(f) such that d has a connected realization G with
f(G) = cifand only if ¢ is an integer satisfyinga < c < b.

TueoreM 4.2. Let f € {x,I,$,w,a,a1,P0,P1,}. Then for any graphic degree sequence d,
there exist integers a := a(f) and b := b(f) such that d has a 2-connected realization G
with f(G) = cif and only if ¢ is an integer satisfyinga < c < b.

Let f be an interpolation graph parameter with respect to R(d). Then {f(G): G €
R(d)} is uniquely determined by min( f,d) and max(f,d). In particular, if f = x, we can
define the chromatic range, x(d), as the interval of integers as

x(d):=[a,b]={c€eZ:a=<c<b}, (4.1)

where a = min(x,d) and b = max(y,d). The following results concerning connected sub-
graphs of R(d) were obtained in [35].

We consider the problem of determining the structure of induced subgraphs of the
graph of realizations of a degree sequence d with prescribed chromatic number. We ob-
tained some significant results when d is a regular degree sequence.

Brooks [4] observed that every graph G may be colored by A(G) + 1 colors and he
characterized the graphs for which A(G) colors are not enough.
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THEOREM 4.3. Any graph G satisfies x(G) < 1+ A(G), with equality holds if and only if
either of the following holds:

(1) some component of G is the complete graph Ka+1, where A = A(G);

(2) some component of G is an odd cycle, and A(G) = 2.

Note that Brooks’ theorem implies b= max(x,d) < 1+A, where A = max{d,,d,,...,dn}.
Thus for a regular degree sequence ", we have b = max(x,r") < 1+r. We found in [25]
the corresponding value of b for all values of r and n except the cases when r and n are
evenand r +4 < n < 2r — 2. In general, the Brooks bound may be very far from the actual
value.

For each ¢ € x(d), let R(d; x = c) denote the subgraph of R(d) induced by the ver-
tices corresponding to graphs with chromatic number c. Similarly for any ¢ € x(d), let
R(d; x < c) denote the subgraph of R(d) induced by the vertices corresponding to graphs
with chromatic number p < c. We consider the problem of determining the structure
of induced subgraph R(d; x = ¢) and R(d; x < ¢). In general, what is the structure of
R(d; x = ¢) and of R(d; x < ¢)? In particular, are these graphs connected? If R(d; x = c)
is connected, it must be possible to generate all realizations of d with chromatic number
¢ by beginning with one such realization and applying a suitable sequence of switchings
producing only graphs with chromatic number c. The same applies if R(d; x < c) is con-
nected.

Note that x(0”) = {1}, x(1") = {2} (nis even), x(2*) = {2}, x(2") = {2,3} if nis even
and n > 6, and x(2") = {3} if nis odd and n = 3. For x(3"), we have x(3*) = {4}, x(3%) =
{2,3},and x(3") = {2,3,4} if nisevenand n > 8.

Let G be a graph with x(G) = k and let o be a switching on G. ¢ is called a k-safe
switching if x(G°) = k. A sequence 0y, 0,...,0; of switchings is called a sequence of k-safe
switchings if for each i, i = 1,2,...,t, x(G"% %) = k.

THEOREM 4.4 [35]. Ifr = 3 and max(x,r") = r + 1, then the graphs R(r"; x = r+1) and
R(r"; p < r) are connected.

Proof. Note that if = 3, then max(y,7") =r+1ifandonlyif n=r+1o0rn>2r+2.
Moreover, if G is a realization of r” and x(G) = r + 1 if and only if G has K+, as a compo-
nent, the theorem is true for n = r + 1. For n = 2r + 2, let G; and G, be any two realizations
of r* such that x(G;) = x(Gz) = r + 1. Thus G, = K;+1 U H; and G; = K+; U H,. Since H,
and H; are r-regular graphs of order n — r — 1, H, can be obtained from H; by a finite
number of switchings. Thus G, can as well be obtained by those switchings. Furthermore,
it is easy to observe that those switchings are (r + 1)-safe switchings.

Let G be a realization of 7" such that y(G) < r. If G is disconnected, then G does not
contain K+, as its component. Thus there exists a suitable sequence of switchings which
transforms G to a connected realization of r” such that each resulting graph obtained
in this transformation will have chromatic number less than or equal to r. By using the
result by Taylor [38], the proof is complete. O

Let C,, be the cycle of order m. Thus C,, exists for all integer m > 3, we call C,, odd cycle
or even cycle according to whether m is odd or even. A realization of 2" can be written
as UL, Cy,, where 3|_, n; = n. It is well known that if G = U;_, C,,, then x(G) = 2 if and
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only if for all i, n; is even. It is clear that for any two even cycles C, and Cs, there is a 2-safe
switching which transforms these two cycles to C,.. Thus R(2"; y = 2) is connected. The
corresponding result can be obtained for the graph %(2"; 3) with only one exception.

THEOREM 4.5 [35]. If 3 € x(2"), then the graph R(2"; x = 3) is connected if and only if
n # 10.

Proof. Observe that if n is odd and n = 3, then x(2") = {3}. Thus the graph R(2"; x =
3) is connected. If n = 10, we cannot transform 2Cs to 2C; U C4 without passing Cyo.
Thus the graph R(2!0; x = 3) is not connected. For n > 12, let U,'-= 1 Cy; be a realization
of 2" and suppose that n; is odd. Then there is a sequence of 3-safe switchings which
transforms U;=1 Cy; to Cy, U Cy_p,. Since n = 12, Cs U C,,_s5 can be transformed to Cs U
C; UC,_g and to C3 U C,_3. If m is odd and m = 7, then C,, U C,_,,, can be transformed
to C3 U Cpy—3 U Cy_p, and then to C; U C,,_3. The proof is complete. O

THEOREM 4.6 [42, page 53]. Let G and H be bipartite graphs with bipartition (X,Y).
Ifdg(v) = du(v) for all v € X U Y, then there is a sequence of 2-safe switchings that trans-
forms G into H.

The following theorem is a consequence of Theorem 4.6.
THEOREM 4.7 [35]. If2 € x(r"), then the graph R(r"; x = 2) is connected.
THEOREM 4.8 [35]. Ifc € x(3"), then the graph R(3"; x = c) is connected.

Proof. We have already proved when ¢ = 2,4. Note that G € R(3") with x(G) = 3 if and
only if G does not contain Kj as its component and G has an odd cycle as its subgraph.
It is easy to check that the theorem is true if n < 8. Let G be a cubic graph of order
n > 10 with ¥(G) = 3. We first suppose that G has a triangle T with V(T) = {x, y,z} and
E(T) = {xy, yz,xz}. If x and y have a common neighbor v € G — T, then there exists an
edge ab in G — T independent of the edge xv. Thus there is a 3-safe switching ¢ such that
G contains a triangle T where any two vertices of T have no common neighborin G- T.

Now suppose that G contains an odd cycle C of smallest order k = 5. Let x, y be two
adjacent vertices in the cycle. Thus x and y have no common neighbor in G. Let z be the
neighbor of y in G — C. Then there exists a 3-safe switching o such that G’ contains a
triangle T = {x, y,2}. Thus for a graph G € R(3") and x(G) = 3, there is a sequence of
3-safe switchings which transforms G to G’ such that G’ contains a triangle T’ = {x, y,z}
and G’ — T’ is a graph having exactly 3 vertices of degree 2. Since G is an arbitrary graph
in R(3"), the proof is complete. O

COoNJECTURE 4.9. Ifc € x(r"), then the graph R(r"; x = c) is connected.

For the graph parameter ¢, we investigated the values of ¢(G) where G runs over the
class of cubic graphs in [34]. As an application, we were able to answer a problem asked
by Bau and Beineke [2].

For a graphic degree sequence d, let ¢(d) = {¢(G) : G € R(d)}. Thus there exist in-
tegers a and b such that ¢(d) = {k € Z:a < k < b}. For each c € ¢§(d), let R(d; ¢ =
¢) denote the subgraph of the graph R(d) induced by the vertices corresponding to
graphs with decycling number c. We consider the problem of determining the structure
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of induced subgraph R(d; ¢ = ¢). In general, what is the structure of R(d; ¢ = ¢)? In
particular, are these graphs connected? If R(d; ¢ = ¢) is connected, it must be possible to
generate all realizations of d with decycling number ¢ by beginning with one such realiza-
tion and applying a suitable sequence of switchings to produce only graphs with decycling
number c.

Bau and Beineke posed the following problem: Which cubic graphs G with | G |= 2n
satisfy ¢(G) = [(n+1)/2]?

We answered the problem by finding all cubic graphs G of order 2n with ¢(G) =
[(n+ 1)/2]. Furthermore, we proved that the induced subgraph R(3%"; ¢ = [(n+1)/2])
is connected. We proved in the same paper that if R(3%") is the class of all cubic graphs
of order 2n, then min{¢(G) : G € R(3?")} = [(n+1)/2]. Thus to answer the problem is
equivalent to finding all cubic graphs of order 2n in ®(3?") having minimum cardinality
of decycling set.

CoNJeCTURE 4.10. Ifc € ¢(r"), then the graph R(r"; ¢ = c) is connected.

5. New approach on graph parameters

We have introduced a new area of research on graph parameters. Let f be a graph pa-
rameter and let f(n,k,r) be the set of all connected r-regular graphs G of order n and
f(G) = k. We consider the problem of determining the set of all integers r for which
f(nk,r) + Q.

Let x(n,k,r) be the set of all connected, r-regular, k-chromatic graphs on n vertices.
By using the results in [25], we completely solved the problem for the graph parameter ,
for all 7 and k with n > 2k as stated in the following theorems.

THEOREM 5.1 [29]. Letn, k, r be integers suchthat3 <k <r < n— 2. Let D(n,k) = max{r:
x(n,k,r) # @}. Supposen=kt+1witht =2 and 0 <1< k- 1. Let €(n,t) = 1 or 0 accord-
ing to whether nt is odd or even. Then

(1) D(kt, k) = (k- 1)t,

(2) D(kt+k—1,k)=(k—1)t+k—-3 —€(n,t+1),

(3) D(kt+Lk)=(k—1)t+l-1—€(n,t), 1 <l<k-2.

Under the conditions of Theorem 5.1, we get the following theorem.
THEOREM 5.2 [29]. x(n,k,r) # @ ifk < r < D(n,k).

It is interesting to solve the problem by removing the condition n > 2k. It is also inter-
esting to solve the problem for other graph parameters such as w, ¢, ay, a1, and y.

6. Applications

In 1963, Erdés and Gallai [11] proved that any regular graph on #n vertices has chromatic
number k < 37/5 unless the graph is complete. Commenting on their result in a personal
communication, Erdés wrote,“probably such a graph exists for every k < 3n/5, except
possibly for trivial exceptional cases.”

Caccetta and Pullman [6] confirmed and strengthened their conjecture by showing
that if k > 1, then for every n = 5k/3, there exists a connected, regular, k-chromatic graph
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on n vertices. By using the interpolation results on graph parameter x in [25], we are able
to provide an alternate proof of Erd6s’ question.

In [24] we generalized the result of Erdés and Gallai by introducing the concept of
F(j)-graphs and showed that their result is a special case when j = 3.

Let n be an integer with n >4, r =n—3 and n=5p+1i, 0 <i < 4. Then an explicit
formula for max(x,r") can be obtained as follows:

3p ifi=0,1,
max(x,r") = 13p+1 ifi=2,3, (6.1)
3p+2 ifi=4.

Foranintegern=>4,letn=5p+i,0<i<4,andn=39+£,0=<t=<2.
If n is even and n = 2m, then

xm) = 2ml, (n-37) = [q+t3p+ | 2] 6.2)

Ifnisodd, n>7,and n=2m+ 1, then
x(r) =[3r], x((n-3)")= [q+t,3p+ [éﬂ (6.3)

where r is an even integer and eitherr =m—1orr =m.
It is easy to check that

x(m") nx((n=3)")#3,  x(r")nx((n-3)") + . (6.4)

Thus we have the following interpolation theorem.

THEOREM 6.1 [30]. (1) If n is even and n = 6, then there exists a connected noncomplete
regular graph G of order n with x(G) = k ifand only if k is an integer satisfying 2 < k < 3n/5.

(2) If nis odd and n = 7, then there exists a connected noncomplete regular graph G of
order n with x(G) = k if and only if k is an integer satisfying 3 < k < 3n/5.

7. Suggested problems

This final section is to give some problems related to interpolation graph parameters. We
first consider the graph parameter ¢. We have already mentioned that ¢ is an interpo-
lation graph parameter with respect to €% (d). The values of Min(¢,r") and Max(¢,r")
have been obtained in [36]. Let G be a connected r-regular graph and let S be a minimum
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decycling set of G. Since for any v € Sthere is a connected component C of G — S such that
v is adjacent to at least two vertices of C, there exists u € G — S such that vu = e € E(G)
and G — e is connected. Thus for two disjoint connected r-regular graphs G and H with
minimum decycling sets S and T of G and H, respectively, there exist u € §,ve G- S,
x €T, y€ H-T such that uv = e € E(G), xy = f € E(H), and G— ¢, H — f are con-
nected. A connected r-regular graph K = ((G - e) U (H — f)) + {ux, vy} satisfies

¢(K) = ¢(GU H) = ¢(G) + ¢(H), (7.1)
and the following theorem holds.

THEOREM 7.1. Let r > 3 and nr be even. Then

r—1 ifrtl<n<2r-1,
Min(¢,r") = [nr—2n+2"| .
20— 1) ifn=2r

Thus the values of Min(¢,r"), for all r and n, are already obtained. Moreover,
Min(¢,r") = min(¢,r").

It is clear that Max(¢,7") = max(¢,r") forall rand nwithr+1 <n<2r+1.

Let G be a Ks-free graph of order n, A(G) = 4. Let F be a maximal induced forest of
G. We denote by c(F) the number of cyclesin G — F. A pair (X,Y),where XS Fand Y <
G - F, is an interchangeable pair of vertices with respect to F if (F — X) U Y is a forest, |(F —
X)u Y| = |F|,and ¢((F - X) UY) < ¢(F). In general, we can define an interchangeable
pair of vertices for a graph G with A(G) >4 as follows. Let G be a graph of order n,
A(G) = A > 4, and G contains no Ka4) as its component. Let F be a maximal induced
forest of G. We denote by k(F) the number of Kx_; in G- F. A pair (X,Y), where X € F
and Y < G - F, is an interchangeable pair of vertices with respect to F if (F—X)UY isa
forest, |(F-X)u Y| = |F|,and k((F - X) U Y) < k(F).

By using the notion of interchangeable pair of vertices, we obtained in [36] the follow-
ing results.

(7.2)

THEOREM 7.2. Let n be an even integer where n = 12, Then

§n+ 41 if n = 2(mod8),
Max(¢,3") =13 (7.3)
l—nJ otherwise.
8
THEOREM 7.3. Let G be a connected r-regular graph of order n = 2r + 2. Then ¢(G) <

n(r —2)/r forall r = 4.

THEOREM 7.4. Let n = rq+t. Then Max(¢,r") = n—2q if t = 0, Max(¢,r") =n—-2g -1
ift =1,2, Max(¢,r") = n—2q -2 if 2t > r, and Max(¢,r") € {n—2q9-2,n-2q - 1} if
3<t=<r/2

CONJECTURE 7.5. Max(¢,r")=n-2q—-2if3<t<r/2, forallr=6.

It is interesting to determine the values of Min(f,7") and Max( f,r") for other graph
parameter f.
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It is also interesting to consider the following problems.

Problem 7.6. Find all values of positive integers n = 10 such that the graph %(2") contains
a Hamiltonian cycle.

Problem 7.7. Find the longest length of induced path in the graph R(2").

Problem 7.8. Find the longest length of induced path in the subgraph of ®(3%") induced
by the set of 2-connected realizations of 32".
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Abstract

For a graph G and S C V(G), if G — S is acyclic, then S is said to be
a decycling set of G. The cardinality of a smallest decycling set of G is
called the decycling number of G and is denoted by ¢(G). We prove in
this paper that if G runs over the set of connected graphs with a fixed
degree sequence d, then the values ¢(G) completely cover a line segment
[A4, B] of positive integers. Let CR(d) be the class of all connected graphs
having degree sequence d. For an arbitrary graphic degree sequence d,
two invariants

A := Min(¢,d) = min{¢(G) : G € CR(d)}

and
B := Max(¢,d) = max{$(G) : G € CR(d)},

arise naturally. For a regular graphic degree sequenced = r" := (r,7,...,
r), where r is the vertex degree and n is the order of the graph, we obtain
some significant results on the values of Min(¢,7") and Max(¢,7").

1. Introduction

Let G be a connected graph and X C E(G). Then the minimum |X| such that
G - X is acyclic is known as the dimension of the cycle space of G and it is equal to
|E(G)| = |V(G)| +1. It is natural to investigate the corresponding problem in terms
of vertices, and this was indeed considered by Kirchhoff 8] in his work on spanning
trees.

The problem of determining the minimum number of vertices whose removal elim-
inates all cycles in a graph G is difficult even for some simply defined graphs. For

* Work supported by The Thailand Research Fund, under the grant number BRG/09/2545.
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a graph G, this minimum number is known as the decycling number of G, and is
denoted by @#(G). The class of those graphs G for which ¢(G) = 0 consists of all
forests, and ¢(G) = 1 if and only if G has at least one cycle and a vertex is on all of
its cycles. It is also easy to see that ¢(K,) =n—2and K, ¢ = p—1if p < g, where
K, denotes the complete graph of order n and K 4 denotes the complete bipartite
graph with partite sets of cardinality p and g. The exact values of decycling numbers
for many classes of graphs were obtained and cited in [2].

We proved recently in [10] that if G runs over the set of graphs with a fixed degree
sequence d, the values ¢(G) completely cover a line segment [a,b] of nonnegative
integers. Let R(d) be the class of all graphs having degree sequence d. Thus for an
arbitrary graphic degree sequence d, two invariants

a := min(¢,d) = min{¢(G) : G € R(d)}

and
b := max(¢,d) = max{¢(G) : G € R(d)},

arise naturally. For a regular graphic degree sequence d = ™ := (r,r,...,7) where
r is the vertex degree and n is the number of graph vertices, we obtained in [10] the
exact values of min(¢,r") and max(¢,r") in all situations. It is natural to extend
this problem to the class of connected graphs with a degree sequence d. As a direct
consequence of Taylor [15] and our result in [10], we have that if G runs over the
set of connected graphs with a fixed degree sequence d, the values ¢(G) completely
cover a line segment [A, B] of nonnegative integers. Let CR(d) be the class of all
connected graphs having degree sequence d. Thus for an arbitrary graphic degree
sequence d, two invariants

A = Min(¢,d) = min{¢(G) : G € CR(d)}

and
B := Max(¢,d) = max{¢(G) : G € CR(d)},

arise naturally. We will find the values of Min(¢, r") and Max(¢,r").

Only finite simple graphs are considered in this paper. For the most part, our
notation and terminology follows that of Bondy and Murty [3]. Let G = (V,E)
denote a graph with vertex set V = V(G) and edge set E = E(G). We will use the
following notation and terminology for a typical graph G. Let V(G) = {v1,v2,...,Vs}
and E(G) = {e1,e,...,em}. We use |S| to denote the cardinality of a set S and
therefore we define n = |V| to be the order of G and m = |E| the size of G. To simplify
writing, we write e = uv for the edge e that joins the vertex u to the vertex v. A path
of length k in a graph G, denoted by P, is a sequence of distinct vertices uj, ug, ..., U
of G such that for all : =1,2,...,k — 1, u;u;4; are edges of G. A u,v-path is a path
which has u as its first vertex and v as its last vertex in the path. The degree of a
vertex v of a graph G is defined as dg(v) = |{e € E : e = uv for some u € V}|. The
maximum degree of a graph G is usually denoted by A(G). If S C V(G), the graph
G[ 5] is the subgraph induced by S in G. For a graph G, if X C E(G), we denote by
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G — X the graph obtained from G by removing all edges in X. If X = {e}, we write
G—efor G—{e}. For a graph G, if X C V(G), the graph G— X is the graph obtained
from G by removing all vertices in X and all edges incident with vertices in X. For a
graph G with X C E(G), we denote by G + X the graph obtained from G by adding
all edges in X. If X = {e}, we simply write G + e for G + {e}. Two graphs G and
H are disjoint if V(G)NV(H) = . For any two disjoint graphs G and H, we define
G U H, their union, by V(GUH) = V(G)UV(H) and E(GU H) = E(G)U E(H).
We can extend this definition to a finite union of pairwise disjoint graphs, since the
operation “U” is associative. For a graph G and s € V(G), the neighborhood of s in
G is defined by
N(s)={v e V(G):sve€ E(G)}

If S C V(G), then we define
N(S) = |J N(s).

s€ES

If F C V(G), we write Np(S) for N(S)N F. A graph G is said to be regular if all of
its vertices have the same degree. A 3-regular graph is called a cubic graph.

Let G be a graph of order n and V(G) = {vi1,vs,...,v,} be the vertex set of G. The

sequence (dg(v1),dg(v2), - .. ,dc(vy)) is called a degree sequence of G, and we simply
write (d(v1),d(v2),...,d(v,)) if the underlying graph G is clear from the context. A
sequence d = (dy,dy, . ..,d,) of non-negative integers is a graphic degree sequence if

it is a degree sequence of some graph G. In this case, G is called a realization of d.

An algorithm for determining whether or not a given sequence of non-negative inte-
gers is graphic was independently obtained by Havel [7] and Hakimi [6]. We state
their results in the following theorem.

Theorem 1.1 Let d = (d;,ds, .. .,d,) be a non-increasing sequence of non-negative
integers and denote the sequence

(d2—1,d3s—1,...,d441 — 1,d4y42,...,d) =d'.
Then d is graphic if and only if d' is graphic. m]
Let G be a graph and ab, cd € E(G) be independent, where ac,bd ¢ E(G). Put
Getabied) — (G — {ab,cd}) + {ac, bd}.
The operation o(a, b;c,d) is called a switching operation. It is easy to see that the

graph obtained from G by a switching has the same degree sequence as G. The
following theorem has been shown by Havel 7] and Hakimi [6].

Theorem 1.2 Let d = (dy,ds,...,d,) be a graphic degree sequence. If Gy and G2
are any two realizations of d, then Gy can be obtained from G, by a finite sequence
of switchings. O

As a consequence of Theorem 1.2, Eggleton and Holton [4] defined in 1978 the graph
R(d) of realizations of d whose vertices are the graphs with degree sequence d; two
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vertices being adjacent in the graph R(d) if one can be obtained from the other by
a switching. They obtained the following theorem.

Theorem 1.3 The graph R(d) is connected. a

The following theorem was shown by Taylor [15] in 1980.

Theorem 1.4 For a graphic degree sequence d, let CR(d) be the set of all connected
realizations of d. Then the induced subgraph CR(d) of R(d) is connected. a

2. Interpolation theorem

Let G be the class of all simple graphs, a function f : G — Z is called a graph
parameter if G = H, then f(G) = f(H). If f is a graph parameter and J C G, f is
called an interpolation graph parameter with respect to J if there exist integers x and
y such that

{f(G):GeJ}=[z,y]={k€Z:z <k <y}
‘We have shown in 11, 12, 13] that the chromatic number x, the clique number w, and
the matching number o, are interpolation graph parameters with respect to R(d). If
f is an interpolation graph parameter with respect to J, {f(G) : G € J} is uniquely
determined by min(f,J) = min{f(G) : G € J} and max(f,J) = max{f(G) : G € J}.
In the case where J = R(d) we simply write min(f, d) and max(f, d) for min(f, R(d))
and max(f, R(d)) respectively and in the case where J = CR(d) we write Min(f,d)
and Max(f,d) for min(f,CR(d)) and max(f,CR(d)) respectively.

We proved in [10] the following results.
Theorem 2.1 If o is a switching on G, then |¢(G) — ¢(G")| < 1. m]

Theorem 2.2 For a given graphic degree sequence d, there exist integers a and b
such that there is a graph G with degree sequence d and ¢(G) = c if and only if c is
an integer satisfyinga < c < b. m]

By Theorem 1.4 and Theorem 2.1, we have the following interpolation theorem with
respect to CR(d).

Theorem 2.3 For a given graphic degree sequence d, there exist integers A and B
such that there is a connected graph G with degree sequence d and ¢(G) = ¢ if and
only if ¢ is an integer satisfying A < ¢ < B. (m}

Let G be a graph and D be a minimum decycling set of G. Then G — D is an
induced forest of G of maximum order. Erdds et al. [5] first defined a counterpart
graph parameter I as follows. Let G be a graph and F C V(G). F is called an
induced forest of G if G[F] contains no cycle. An induced forest F of G is mazimal
if for every v € G — F, FU {v} is not an induced forest of G. Let I(G) be defined as

I(G) == max{|F| : F is an induced forest of G}.
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Thus I(G) is the maximum cardinality of induced forests of G. An induced forest
F of G with |F| = I(G) is called a mazimum induced forest of G. It is clear that
&(G) + I(G) = |V(G)| for any graph G. Consequently, if d is a graphic degree
sequence of length n, then n = min(¢,d) + max(I,d) = max(¢,d) + min(Z,d) =
Min(¢,d) + Max(I,d) = Max(¢,d) + Min(/,d). Since ¢ is an interpolation graph
parameter with respect to R(d) and CR(d), I is an interpolation graph parameter
with respect to R(d) and CR(d). A linear forest is a forest with each component is
a path.

3. Cubic graphs

It is easy to observe that the values of Min(¢, ™) and Max(¢, ") are easily obtained
for all r € {0,1,2}. The problems of finding Min(¢,3") and Min(@,3") are more
difficult. We will consider such problems in terms of the graph parameter I. A cubic
tree is a tree in which its vertices consisting of degree 1 or 3. It is easy to see that
if T is a cubic tree of order m, then n = 2k + 2, where & is the number of vertices
of degree 3 of T'. Let T denote the family of cubic graphs obtained by taking cubic
trees and replacing each vertex of degree 3 by a triangle and attaching a copy of K
with one subdivided edge (the graph K in Fig. 3.1) at every vertex of degree 1.

It is easy to see that Min(Z, 3*) = 2, Min(Z, 3%) = 4, Min(Z, 3%) = 5 and Min(7, 3°) =
6.

Fig. 3.1

A lower bound for the order of maximum induced forest in connected cubic graphs
has been obtained by Liu and Zhao [9] as stated in the following theorem.

Theorem 3.1 Let G be a connected cubic graph of ordern > 12. Then I(G) = %71—4l
fGET and I(G) > 3n ifG ¢ T. O

It is clear that if G € T, then G has order 8k + 10, where k is the number of vertices
of degree 3 in the corresponding cubic tree. Thus I(G) = Min(, 3%+10) = 5k + 6.
We now consider a cubic graph of order 8% + 8. Let C be a cubic graph of order
8k+8. Then by Theorem 3.1, I(C) > ¥(8k+8) = 5(k+1). A cubic graph T obtained
by taking cubic tree with & vertices of degree 3, replacing k — 1 of the vertices by a
triangle and attaching a copy of K at every vertex of degree 1. Thus T has order
8k +8 and I(T) = 5(k +1). Thus Min(Z, 3%+8) = 5(k + 1). The value of Min(Z, 3"),
n = 8k + 4,8k + 6, can be obtained in the following argument. Since a switching
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changes the order of induced forest by at most 1, we have Min(I, 37*?) < Min(Z, 3?)+
Min(Z, 37)+1 for all even integers p and g with 4 < p < ¢q. Thus 5k+4 = [%(8k+6)] <
Min(I, 3%+6) < Min(I,3%) + Min(Z,3%¢-D+10) 4 1 =2 4 5(k— 1)+ 6+ 1 = 5k + 4.
Finally 5k + 3 = [2(8k + 4)] < Min([,3%**) < Min(I,3*) + Min(Z, 38*-1+8) 4 1 =
2 + 5k + 1 = 5k + 3. Therefore we obtain the following theorem and corollary.

Theorem 3.2 Let n be an even integer with n > 12. Then

§ 1 . —
‘ o [ In—1 if n=2(mod8),
Mln(113 ) - { [%n] otherwise.

O
Corollary 3.3 Let n be an even integer with n > 12. Then
3n+1 if n=2(mod 8)
ny—J 8 4 ’
Mex(o 3 { 2n]  otherwise.
m]

Let H be a graph. A graph G is called an H-free graph if G does not contain H as
an induced subgraph. Let X be a set of graphs. Then a graph G is called an X -free
graph if for every H € X, G is an H-free graph. In [14], there are five connected
cubic graphs of order 8, all of which having maximum induced forests of order 5.
Alon et al. proved in [1] that if G is a { K}, K} }-free graph with maximum degree 3.
If G is of order n and of size m, then I(G) > n — 2. Consequently, if G is a cubic
{K4, K3}-free graph of order n > 10, then I(G) > <. Zheng and Lu proved in [16]
that I(G) > %" for any connected cubic graph G of order n without triangles, except
for two cubic graphs with n = 8. They also pointed out that this lower bound is
best possible. It is easy to see that there exists cubic graph G of order n containing
triangles and I(G) > 2. We extend their result by proving that I(G) > % for any
connected cubic Kj-free graph G of order n > 10.

Let P be a graph with V(P) = {vp,v1,...,vs} and E(P) = {vv;4; : 1 =1,2,...,8
(mod 9)} U {vyv4, vsvs, v2v7, v3v6}. Thus P is a triangle-free graph of order 9 and of
size 13. By Alon et al. [1], I(P) > [9— 18] = 6. It is easy to find a set of 6 vertices of
P, for example {vg, vy, V2, U3, Us, Vs }, which is induced a forest. Therefore I(P) = 6.

By applying the result in [1] we find that if G is a connected Kj-free graph of order
8 and A(G) = 3, then I(G) = 5 if and only if G is a cubic graph.

Lemma 3.4 Let G be a connected triangle-free graph of order n and A(G) = 3. If
G is not a cubic graph, then I(G) > %.

Proof. Suppose that G does not contain a vertex of degree 1. Thus G contains at
least one vertex of degree 2. Let k be the number of vertices of degree 2 in the graph
G and let vy,vs,...,v; be the k vertices of degree 2. Let Py, P, ..., P be k graphs
each of which is isomorphic to the graph P. The graph G* can be constructed from
G by adding an edge from v;(1 < i < k) to the vertex of degree 2 of P(1 < i < k).
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Therefore G* is a cubic triangle-free graph of order n + 9%. Since 2—(%9’”2 <I(G*) =
I(G) + kI(P) and I(P) = 6, I(G) > %. Suppose that G contains a vertex v of
degree 1. Thus, by induction on n, we have I(G) > I(G —v) +1 > ﬁ'g;ll +1>2%

O

Lemma 3.5 Let X = CR(3%) U {K4, K,} and let G be an X-free graph of order n
with A(G) = 3. Then I(G) > &.

Proof. Let X = CR(3®%) U {K4, K} and let G be an X-free graph of order n. Then,
by Alon et al. [1], I(G) > 2. By calculation we found that [3] = [%] for all
nwithd <n < 10and n # 8 If n = 8, then G is not cubic. Thus we also
have that I(G) > 33’1 Thus the lemma is verified for all n with 4 < n < 10. Now
suppose that n > 11. By Lemma 3.4, we may assume that G contains a triangle T
with V(T) = {z,y, 2}. If there exists a vertex in V(T), say = such that d¢(z) = 2,
then by induction on n there exists a maximum induced forest F; of G — T with
|Fi| > 3"‘3—'31 Hence F = F; U {z,y} is an induced forest of G and |F| > Z.
Suppose that for all triangles T = {z,y, 2z} of G, dg(z) = dg(y) = de(z) = 3. Since
G is a K,-free graph, |N(T)| > 2.

Case 1.

Suppose that z and y have a common neighbor u, and let v be the neighbor of z.
Since G is a Kj-free graph, u and v are not adjacent in G. Thus by induction on n,
G — T contains an induced forest of order at least ?-(-"3—‘3’2 Since dg_r(u) < 1, any
maximum induced forest of G — T must contain u. If there is a maximum induced
forest F; of G — T does not contain u, v-path, then F; U{y, z} is an induced forest of
G of order at least %" Suppose that for any maximum induced forest F} of G — T,
F; contains u,v-path. Since G’ = G — T + v satisfies conditions of the lemma, there
is a maximum induced forest F' of G' of order at least 3"3;32 If wv ¢ E(F’), then
F = F'U{y, 2} is a maximum induced forest of G of order at least &. If uv € E(F"),
then F = (F' — uwv) U {y, 2} is a maximum induced forest of G of order at least Z.

Case 2.
Suppose that z,y,z have different neighbors. Let u,v,w be the neighbors of z,y, 2
respectively. Put G; = G[{u,v,w}]. If |E(G,)| = 3, then G is not connected and
I(G) >4+ I(G —G,) 24+2(n—6)/3 =2n/3. Suppose that G, is not a triangle
and suppose further that there exist two vertices in {u,v,w}, say u,v, such that
wv € E(G) and G’ = G — T + uv satisfies conditions of the lemma. By induction
on n, there exists a maximum induced forest Fy of G’ of order at least 3(”3;31 If
wv € E(Fy), then F = Fy U {z,y} is an induced forest of G of order at least Z*. If
wv € E(F), then F = (F, — wv) U {z,y} is an induced forest of G of order at least
-23}. If |[E(H)| =2 and uwv € E(H), then G' = G — T + uv satisfies conditions of the
lemma. If E(H) = {vw} and G’ = G — T + uw does not satisfy conditions of the
lemma, then G' = G — T +uv satisfies conditions of the lemma. Finally if E(H) = 0,
G' =G -T+vwand G' = G — T +uw do not satisfy conditions of the lemma, then
G' = G — T + uv satisfies conditions of the lemma. Thus the proof is complete.

a
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We have the following theorem.

Theorem 3.6 Let G be a connected cubic K,-free graph of ordern,n > 6 andn # 8.
Then I(G) > &. a

We proved in [10] the following theorem.

Theorem 3.7 Let r > 3 and nr be even. Then

. . ifr+1<n<2r-1,
e H—‘S‘—";‘f_" 2] ifn>2r.

(]

Let G be a connected r-regular graph and S be a minimum decycling set of G. Since
for any v € S there is a connected component C of G — S such that v is adjacent
to at least two vertices of C, there exists u € G — S such that vu = e € E(G) and
G — e is connected. Thus for two disjoint connected r-regular graphs G and H with
minimum decycling set S and T of G and H respectively, there exist u € S, v €
G-S, ze€T,yec H-Tsuchthatuww=e € E(G),zy=f € E(H)and G—e, H-f
are connected. A connected r-regular graph K = ((G — €) U (H — f)) + {uz,vy}
satisfies

(K) < ¢(GU H) = ¢(G) + ¢(H),
and the following corollary holds.

Corollary 3.8 Let r > 3 and nr be even. Then

3 ifr+1<n<2r-1,
Min(¢,r") = { [ﬁ"’ 72"1 2] if n > 2r
O

Thus the values of Min(¢, ") for all 7 and n are already obtained. In particular the
values of Min(¢, 3*") and Max(¢, 3%") are found for all n.

4. Max(¢,r")

We will discuss the problem of determining the values of Max(¢,r™) for r > 4 in
this section. Note that R(r") = CR(") if and only if r + 1 < n < 2r + 1. Thus
Max(¢, ™) = max(¢,r") for all n € {r + 1,7 +2,...,2r + 1}. In this case we have
already obtained in [10] as stated in the following theorem.

Theorem 4.1 Forr >4, andn=r+j, 1<j<r+1, then

(1) max(¢,r™)=n—2, if and only if j =1,

(2) max(¢,r™) =n—3, if and only if j =2,

(3) max(¢,m™) =n — 4, for all even integersn=r+35,3<j<r+1,

(4) max(¢,r™) =n —4, for all odd integersn=r+35,3<j<r+1 andn > f(j),
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(5) max(¢,r") =n — 5, for all odd integersn=r+j,3<j<r+1 andn < f(j),
where  f(j) = 3(j — 1) if j = 3 (mod 4), and
fG)=14+%3G-1) fj=1 (mod 4). o

Thus the values of Max(¢,r") are already obtained for all r and n with n < 2r + 1.
The problem of determining the decycling number of a graph is equivalent to finding
the greatest order of an induced forest and the sum of the two numbers equals the
order of the graph. In particular Max(¢, ") = n — Min(Z,r").

Let G be a K;-free graph of order n, A(G) = 4. Let F be a maximal induced forest
of G. We denote by ¢(F') the number of cyclesin G—F. A pair (X,Y), where X C F
and Y C G —F, is an interchangeable pair of vertices with respect to F if (F— X)UY
is a forest, |(F — X)UY| > |F|, and ¢((F — X)UY) < ¢(F). In general we can define
an interchangeable pair of vertices for a graph G with A(G) > 4 as follows. Let G
be a Kai-free graph of order n with A(G) = A > 4. Let F be a maximal induced
forest of G. We denote by k(F') the number of Ka_; in G — F. A pair (X,Y), where
X C Fand Y C G - F, is an interchangeable pair of vertices with respect to F if
(F=X)UY is a forest, |(F — X)UY| > |F|, and k((F —= X)UY) < k(F).

Let G be a Kj;-free graph of order n and A(G) = 4. Thus for any maximal induced
forest F' of G, G — F is a union of cycles and paths. We choose a maximal induced
forest F' of G with minimum ¢(F). In other word, the forest F' is chosen in such a
way that it contains no interchangeable pair of vertices with respect to F. Suppose
that ¢(F) > 1. Let C be a cycle in G — F. Then each vertex of C must be adjacent
to exactly two vertices in F. Suppose that there exists a vertex u € F, dr(u) > 2,
and u is adjacent to a vertex v € V(C), then ({u}, {v}) is an interchangeable pair
of vertices with respect to F'. Thus for all cycles C of G — F, each vertex v € V(C),
v must be adjacent to exactly two vertices uj,u; € F with dp(u;) = dr(up) = 1.
By maximality of F, u; and u; must be in the same connected component of F.
Since F is a forest, there exists a unique path in G[F] from u; to up. If u; and
up are not adjacent and there is a vertex w € F in the path such that dp(u) > 3,
then ({u}, {v}) is an interchangeable pair of vertices with respect to F. Therefore
the connected component of F containing u; and u; must be a path. Suppose that
there exist exactly two vertices v, w of C adjacent to a vertex u € F, then ({u}, {v})
is an interchangeable pair of vertices with respect to F. Finally suppose that there
are three vertices v,w,z of C' adjacent to a vertex u € F, then the path P in
G[F] containing u has order at least 3 or the cycle C has order at least 4, since
otherwise G would contain Kjs. Let u and ' be the end vertices of P in G[F]. Then
Ne({u,u'}) = {v,w, 2} C V(C). If P has order at least 3, then ({u, '}, {v,w}) is an
interchangeable pair of vertices with respect to F. If P has order 2 and C has order
at least 4, then ({u,u'}, {v, w, 2}) is an interchangeable pair of vertices with respect
to F. Thus the corresponding paths in G[F] of vertices in C are pairwise disjoint.

Theorem 4.2 Let G be a Ks-free graph of order n, A(G) = 4. Then ¢(G) < .
Proof. We may assume that G is connected Kj-free graph of order n and A(G) = 4.
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If G contains a maximal induced forest F' with G — F is a forest, then ¢(G) <
2. Suppose for each maximal induced forest F of G, G — F contains at least one
cycle. Choose a maximal induced F of G with minimum ¢(F). Let C be a cycle
in G — F with V(C) = {vo,v1,...,%-1} and E(C) = {vvsy1 : i = 0,1,...,k —
1(mod k)}. From above observation, for each i = 0,1,...,k — 1, let P(v;) be the
corresponding path in G[F] containing Np(v;) = {us,us2} as its end vertices. Note
that the paths P(vp), P(v1),..., P(vx_1) are pairwise disjoint. Moreover, since G has
no interchangeable pair of vertices with respect to F, for each u;;(0 <i < k—-1,1<
J £ 2), there is a corresponding path P(u;;) in G — F and all the corresponding
paths are pairwise disjoint.

Case 1.

If k is even, we can form a new graph G’ in which V(G') = V(G - C) and E(G') =
E(G — C) U {uau+n1, Uitgr)2 : ¢ = 0,2,4,...,k — 2}. Since the corresponding
paths P(u;;) are pairwise disjoint, the graph G’ is a Kj-free graph of order n —
k. By induction, G' contains an induced forest F' of order at least “5%. Since
G'[V(P(vi)) U V(P(vi41))] is a cycle for all i = 0,2,4,...,k — 2, there exists u €
V(P(v;)) UV (P(vi41)) such that u & F'. If u € V(P(v;)), then F' U {v;} is a forest
of G. Similarly if u € V(P(vi+1). Thus ¢(G) < 3.

Case 2.

If k is odd and there exists ¢ such that P(v;) has order at least three, then we can
analogously form a graph G’ in which V(G') = V(G — C), pairing the k — 1 paths
P(v;) with j # 4, and adding w;;u;z to the edge set of G'. The proof follows by
similar argument as in Case 1.

Case 3.
If & is odd and for each ¢ = 0,1,2,...k — 1, P(v;) has order two, then since G
has no interchangeable pair of vertices, for each ¢ = 0,1,2,...,kA— 1 and j = 1,2,

there is a path P(u;;) in G — F and P(u;;) has Ng_p(us;) as its end vertices. Put
Ne-r(ui) = {vij), vijia)}. Moreover, the paths P(u;;) are pairwise disjoint. We
can now form a graph G’ in which V(G') = V(G) — (C U Ng(V(C))) and E(G’) =
E(G[V(G’)] U E]_, where E1 = {vil(l)vﬂ(l),Uil(2)vi2(2) = 0,1,2,. . .,k - 1} By
induction on 7, there exists an induced forest F' of G’ with |F'| > 253 Since for
eachi=0,1,2,...,k -1, F' can not contain all vertices in V(P(u;;)) U V(P(ui)),
there exists v € V(P(u;1)) U V(P(ui2)) such that v ¢ F'. If v € V(P(u;), then
F'U {ui1,v;} is an induced forest of G. Similarly if v € V(P(ui2)). Thus there is
a set X containing either u;; or u;, but not both, according to F' U {u;,v;} or
F' U {uiz,v;} is an induced forest of G. Therefore F’' U {vg,v1,...,v4-2} U X is an
induced forest of G of order at least ”‘% +2k—1 > 3. This completes the proof. O

Corollary 4.3 Max(¢,4") < %. ]

Let G be a Ka-free graph with A(G) = A > 5 and let F be a maximal induced of
G with minimum k(F). Then for each v € G—F, there exists a connected component
T of F such that v is adjacent to at least two vertices of T. Thus A(G—F) < A-2.
Suppose that A(F) > 1. Let K be a complete subgraph of G — F of order A — 1.
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Put V(K) = {v1,v2,...,va-1}. Thus for each v; there exists a connected component
P(v;) of G[F] such that v; is adjacent to exactly two vertices of P(v;). If there
exists u € V(P(v;)) such that uv; € E(G) and dp(u) > 2, then ({u},{v;}) is an
interchangeable pair of vertices with respect to F'. Thus foreachi=1,2,...,A -1,
v; must be adjacent to exactly two vertices of degree one in P(v;). Suppose that
there exists v € V(P(v;)) such that dp(u) > 3, ({u}, {v:}) is an interchangeable pair
of vertices with respect to F.. Thus the corresponding P(v;) of v; in K is a path.
Furthermore all such paths are pairwise disjoint.

Lemma 4.4 Let G be a Kai1-free graph of order n with A(G) = A > 5. Then
I{G) > %" or there exists an induced forest F of G such that G — F is a Ka_;-free
graph.

Proof. With above observation in mind, suppose that for all maximal induced
forests F of G, k(F) > 1. Let F be a maximal induced forest of G with minimum
k(F) and let K be a complete subgraph of G — F of order A — 1. Put V(K) =
{v1,v2,...,ua_1}. Let P(v;) be defined as above and let u;;, u;, be the two vertices
with degree one of P(v;). We now form a graph G’ with V(G') = V(G — K) and
E(G") = E(G[V(G")])UX, where X = {u11ua1, u12u22, uz1ua1, Usaugs }. By induction
onn, I(G') > =21 or there exists an induced forest F' of G such that G’ — F' is a
K_;-free graph. Since F’ does not contain all vertices of P(v;)UP(v,) and likewise of
P(v3)UP(vy), there exist two vertices z,y € {v1,vs, v3, v4} such that F” = F'U{z,y}
is an induced forest of G and G — F" is a Ka_,-free graph. This means that if G' — F’
is a Ka_;-free graph, then there exists a maximal induced forest F” of G such that
G — F" is a Ka_-free graph. Thus we may assume that |F’| > 22=841  Hence there
exist two vertices z,y € {v1,v2,vs, v4} such that F” = F'U{z,y} is an induced forest
of G and |F"| > 22=841 + 2 > 2t This completes the proof. o

Lemma 4.5 Let G be a connected Ky-free graph of order n and A(G) = 5. Then
I(G) > 2.

Proof. Case 1.

Suppose that for each maximal induced forest F of G, G — F contains K, as its
component. Choose maximal induced forest F of G with minimum k(F). Let K be
a copy Ky in G — F and V(K') = {vg,v1,vs,v3}. Since G is connected and G does
not have an interchangeable pair of vertices with respect to F, for each vertex v;,
there is a path P(v;) of F such that v; is adjacent to two vertices with degree one
of P(v;) and for any two distinct vertices v; and v;, P(v;) and P(v;) are disjoint.
For each v;, let u;; and u;; be the end vertices of P(v;), i = 0,1,2,3. We now
form a graph G’ with V(G') = V(G — K) and E(G') = E(G — K) U E;, where
E; = {uo1u11, Uoau1a, Uz Us1, Upplize }. By induction on n, G’ contains an induced
forest F' of G’ such that |F'| > 2("—5_41 It is clear by forming the graph G’ that there
exist two distinct vertices v; and v; such that F’ U {v;,v;} is an induced forest of G
and of order at least 2?"

Case 2.
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Suppose that for each induced forest F of G, G — F contains at least one H € CR(3%)
as its component. Choose a maximal induced forest F' of G in such a way that F'
contains minimum number of copies of graphs in H € CR(3®%). Let K be a copy
of graph in CR(3%) in G — F and put V(K) = {vo,v1,...,v7}. By choosing F in
this way, we have for each v;, there is a path P(v;) of F' such that v; is adjacent
to the end vertices of P(v;). Moreover for any two distinct v; and v;, P(v;) and
P(v;) are disjoint. Let u;,u; be the end vertices of P(v;), : =0,1,2,...,7. We
now form a graph G’ with V(G') = V(G - K) and E(G') = E(G — K) U E,, where
E; = {unuii1y, uita+1)2 : ¢ = 0,2,4,6}. By induction on n, G’ contains an induced
forest F' of order at least g"—;ﬂ. It is clear by forming the graph G’ that there are
at least four vertices z,,23,23,24 € V(K) such that F' U {21, 22,23, 24} forms an
induced forest of G of order at least 2.

Case 3.

Suppose that for each induced forest F of G, G — F contains at least one copy K}
as its induced subgraph. Choose a maximum induced forest F' of G in such a way
that G — F contains minimum number of copies of K. Let K be a copy of Kj in
G — F. Put V(K) = {vo,v1,v2,v3,v4} and dg(vo) = 2. For each v;,7 = 1,2,3,4,
there exists a connected component P(v;) of F such that v; is adjacent to exactly two
vertices of P(v;). Again let {u;1,u2} be two vertices of P(v;) that are adjacent by
v, 1 =1,2,3,4. Since K is not a cubic graph, P(v;) and P(v;) may not be disjoint.
It is clear by choosing the minimum number of copies of K in G — F that for each
vertex u of P(v;), i = 1,2, 3,4, there are at most two vertices of K that are adjacent
to u. Let G' be a graph with V(G') = V(G - K) and E(G') = E(G- K)UE;. A
graph G’ will be formed according to the following cases. We then apply induction
to each such a forming of G, there exists an induced forest F' of G’ such that F’
together with two vertices of K forms an induced forest of order at least 2?" Put
N = UL, Nr(v;). For two disjoint nonempty subsets X, Y of V(G) we denote e(X,Y’)
the number of edges in G joining between X and Y. Note that F' was chosen as a
maximal induced forest of G with minimum k(F'), we have the following observation.

1. 4<|N|<8.
2. dp(u) € {1,2}, for all u € N.

3. For each u € N, there are at most two vertices in {v;,v2,vs,v4} that are adjacent
to u.

4. fu € N and dp(u) = 2, then there is exactly one vertex in {vy,vz,vs3,v4} that is
adjacent to u.

With the above observation in mind, suppose |[N| = 4. Thus we may assume
that uy; = g1, U2 = Ugz, U3y = g and uzge = uge. We can choose B =
{U11U317 U11U32, U12U31, umuaz}-

Suppose |N| = 8 and suppose further that there exist ¢ and 4’ with ¢ # ¢’ such that
e({ui}, {ui, us2}) = 2. Then wi1,uiz and uy1, uyz are not adjacent. We can choose
E; = {ujuiz, up1ugpz}. Suppose that for ¢ and 7', e({uir}, {ur1, ur2}) < 1. We may
assume without loss of generality that for pairs 4,7 with 1 <4 <1’ < 4, u;; and uy;
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are not adjacent. Thus we can choose E; = {v11u21, U12U20, Uz U1, UsoUs2 }

Suppose 4 < |N| < 8 and suppose further that uy; = ug,u;2 = uz. Thus
dF(Un) = dp(’ulz) = 1. We can choose E1 = {U11U31,U11U32,u12U41,U12U42}. Finally
suppose that any pairof 1 < i < 4’ < 4, [Np(v;)NNp(v#)| < 1. Since |N| < 8, we may
assume without loss of generality that u;; = ug and uys # ugs. Thus uy1, ugs, uge lie
in the same component of F'. Since dp(u11) = 1, dp(u12) = 2 or dp(ugz) = 2. Suppose
that dF(‘U,m) =2 and dF('U,gg) = 2, then {uu,uu,ugg} n {U31,U32,U41,U42} = 0 We
can choose By = {Uuusl, U11U32, u12u41U22’U42} or By = {u11us;, Uy uss, u12u42u22u41}.
Suppose that dp(ui2) = 2 and drp(ug) = 1. Thus {uyy, 12} N {us1, usz, ugr, ug} =
0. If {ui1,u12,u20} N {ua1,us2, us1,us2} = O, then we can choose E; as in the
previous case. If uzp € {ua1,uss,us,uss}, say uzg = usy, we can choose E; =
{u11u41,u11u42,u12u32} or £, = {uuuu,’unuqz,uwum}-

Case 4.
Suppose that G — F' is an X-free graph, where X = CR(3%) U {Ky, K}}. If |F| < &n
then, by Lemma 3.5, G — F contains an induced forest F’ of order at least A’Z—Jﬂz

>
2An=3n) _ 20 s
—2— > £ This completes the proof. O

Lemma 4.6 Let G be a Kq-free graph of order n with A(G) = 5. Then I(G) > 2?"

Proof. If G does not contain K as a subgraph, then the result follows from Lemma,
4.5. Suppose that G contains Ks as a subgraph. Put V(K) = {v1,vs,...vs}. Since
G is a Kg-free graph, Ng_g(K) contains at least two vertices. If there exists a
maximum induced forest F; of G — K such that Ng_x(K) € F; or G[Ng(K)] is
disconnected, then there exist z,y € V(K) such that F; U{z,y} is an induced forest
of G. By induction on n, we have I{G) > |Fi|+2 > 5"5—_52 +2= 2?" We now
suppose that each maximum induced forest F of G — K, G[Nr(K)] is a connected
component of G[F]. Suppose further that Nr(K) contains exactly two elements
z,y € F. Put L = KU {z,y} and H = G[L]. Thus dg(z) > 4 or dy(y) > 4. Thus
I(G) > I(L)+I(G-L) > 3+%2=0 > 2n 1f N (K) contains more than two elements,
we can form a graph G’ with V(G’) = V(G)— K and E(G') = E(G - K)U{e}, where
¢ is a new edge connecting two vertices in Np(K). By induction on n, G’ contains
an induced forest F” of order at least 3("5;51 Since F’ can not contain all vertices of
Np(K), there exist v;,v; € V(K) such that F” = F' U {v;,v;} is an induced forest
of G and |F"| > 2. ]

As a direct consequence of Lemma 4.6 we have the following theorem.

Theorem 4.7 Let G be a connected 5-regular graph of order n > 12. Then ¢(G)
3?".

Lemma 4.8 Let G be a Kay1-free graph of order n with A(G) = A > 5. Then
1G) > 2.

Proof. The result follows for A = 4,5. Suppose that A > 6, by Lemma 4.4 we have
I(G) > & or there exists an induced forest F of G such that G — F is a Ka_;-free

=
m]
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graph. If |[F| < 2, then |G — F| > 552 (a2 2)" Since G — F is a Ka_;-free graph, we
2(8=2)n

have I(G) > I(G - F) > —A— = I, O

We have the following theorem.

Theorem 4.9 Let G be a connected r-regular graph of order n > 2r + 2. Then
&(G) < LT—Q for allT > 4. ]

Let G be a connected r-regular graph of order n = rg+¢, 0<t<r-1,7r > 4
and ¢ > 1. Then by theorem 4.9, we have I(G) > 2q + [#]. It is easy to construct
a connected r-regular graph G of order n with I(G) =2¢ift =0, IG) = 2¢+ 1 if
t=1,2and I(G) = 2¢+2if 3 < t < r—1. Consequently, we have Max(¢,r") = n—2q
ift =0, Max(¢,m"*) =n—-2¢—1ift =1,2, Max(¢,r") =n —2q — 2 if 2t > r and
Max(¢,m™) € {n —2¢—2,n—2¢—-1}if3<t <L

We close this paper with the following conjecture.

Conjecture Max(¢,r") =n—2¢ -2 if3<t < §, forallr > 6. O
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Abstract

The graph R(d) of realizations of d is a graph whose vertices are
the graphs with degree sequence d, two vertices are adjacent in the
graph R(d) if one can be obtained from the other by a switching. It
has been shown that the graph R(d) is connected. Let CR(d) be the
set of connected graphs with degree sequence d. Taylor [13] proved
that the subgraph of R(d) induced by CR(d) is connected. Several
connected subgraphs of CR(3"™) are obtained in this paper. As an
application, we are able to obtain the interpolation and extremal
results for the number of maximum induced forests in the classes of
connected subgraphs of CR(3").

AMS Subject Classification (2000): 05C05, 05C07, 05C35

1 Introduction

Only finite simple graphs are considered in this paper. For the most part,
our notation and terminology follows that of Bondy and Murty [2]. Let
G = (V, E) denote a graph with vertex set V = V(G) and edge set E =
E(G). We will use the following notation and terminology for a typical
graph G. Let V(G) = {v,vs,...,v,} and E(G) = {e1,e€a,...,em}. As
usual |S| denote the cardinality of a set S and therefore we define n = |V|
to be the order of G and m = |E| the size of G. To simplify writing, we

*Supported by the University of the Thai Chamber of Commerce.
tSupported by The Thailand Research Fund.

ARS COMBINATORIA 81(2006), pp. 65-79



write e = uv for the edge e that joins the vertex u to the vertex v. A path
of length k in a graph G, denoted by P, is a sequence of distinct vertices
Uy, Uz,...,Uux of G such that for all i =1,2,...,k — 1, u;u;4; are edges of
G. A u,v-path is a path which has u as its first vertex and v as its last
vertex in the path. The degree of a vertex v of a graph G is defined as
dg(v) = |{e € E : e = uv for some u € V}|. The maximum degree of a
graph G is usually denoted by A(G). If S C V(G), the graph G[S] is the
subgraph induced by S in G. For a graph G and X C E(G), we denote
G — X the graph obtained from G by removing all edges in X. If X = {e},
we write G —e for G — {e}. For a graph G and X C V(G), the graph G- X
is the graph obtained from G by removing all vertices in X and all edges
incident with vertices in X. For a graph G and X C E(G), we denote
G + X the graph obtained from G by adding all edges in X. If X = {e},
we simply write G + e for G + {e}. For two disjoint graphs G and H (i.e.
V(G)NV(H) =0), we denote GU H their union, and define pG the union
of p copies of G. For a graph G and s € V(G), the neighborhood of s in G
is defined by
N(s) ={v e V(G):sv e EG))}.

If § C V(G), then we define

N(S) = | NMs).

8ES

If F C V(G), we write Np(S) for N(S)NF. A graph G is said to be regular
if all of its vertices have the same degree. A 3-regular graph is called cubic
graph.

Let G be a graph of order n and V(G) = {v1,v2,...,v,} be the ver-
tex set of G. The sequence (dg(v1),dg(v2),...,dg(vy,)) is called a degree
sequence of G, and we simply write (d(v;),d(vs),...,d(v,)) if the underly-
ing graph G is clear from the context. A sequence d = (di,ds,...,d,) of
non-negative integers is a graphic degree sequence if it is a degree sequence
of some graph G. In this case, G is called a realization of d.

An algorithm for determining whether or not a given sequence of non-
negative integers is graphic was independently obtained by Havel (6] and
Hakimi [5]. We state their results in the following theorem.

Theorem 1.1 Let d = (dy,dy,...,d,) be a non-increasing sequence of
non-negative integers and denote the sequence

(dz = 1,d3 = 1;---add1+1 - 1,dd1+2,...,dn) = d/.

Then d is graphic if and only if d’ is graphic.
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Let G be a graph and ab,cd € E(G) be independent, where ac,bd ¢
E(G). Put
Ggolabicd) — (G — {ab, cd}) + {ac, bd}.

The operation o(a, b;c,d) is called a switching operation. It is easy to
see that the graph obtained from G by a switching has the same degree
sequence as G. The following theorem has been shown by Havel [6] and
Hakimi [5].

Theorem 1.2 Letd = (d;,ds,...,d,) be a graphic degree sequence. If Gy
and Gy are any two realizations of d, then Gy can be obtained from G by
a finite sequence of switchings.
i |

As a consequence of Theorem 1.2, Eggleton and Holton [3] defined in
1978 the graph R(d) of realizations of d whose vertices are the graphs with
degree sequence d; two vertices being adjacent in the graph R(d) if one can
be obtained from the other by a switching. They obtained the following
theorem.

Theorem 1.3 The graph R(d) is connected.

The following theorem was shown by Taylor [13] in 1980.

Theorem 1.4 For a graphic degree sequence d, let CR(d) be the set of all
connected realizations of d. Then the induced subgraph CR(d) of R(d) is
connected.

]

2 Connected subgraphs of CR(3")

Let CR(3™) be the class of connected cubic graphs of order n. Put J; =
CR(3™). Let I, be the class of all connected cubic K-free graphs of order n,
where K is a graph obtained from K4 and a subdivision to an edge. Finally,
let J3 be the class of all connected cubic triangle-free graphs of order n. It
is clear that J3 C Jo C J1. Let X,, = {JI1,J2,J3, 01 — Jo, 01 — J3,J2 — I3}

The notation CR(3™),J1,J2,J3, and X, as described above will be used
throughout this paper.

Let J € X,, and G € J. A switching o is called a J-switching with respect
to G if G7 € J. A sequence 01,03,...,0; of switchings is called a sequence
of J-switchings with respect to G if for all i =1,2,...,t,GO192% ¢ [,
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As a consequence of Taylor [13], one can see that if G;,G2 € Jy, then
there exists a sequence of J;-switchings 01,09,...,0; with respect to G;
such that G{'72""%t = G,. Thus the subgraph of R(3") induced by J; is
connected.

Let G be a connected graph of order at least three. A vertex v € V(G)
is called a cut vertez of G if G — v contains at least 2 components. An edge
e € B(Q) is called a cut edge of G if G — e contains at least 2 components.
A connected graph G is 2-connected if G' contains no cut vertices and it is
called 2-edge connected if it contains no cut edges. A maximal 2-connected
subgraph of a connected graph G is called a block of G. Thus a 2-connected
graph is a block. It is well known that if G is a connected graph containing
two distinct blocks B; and Bs, then E(B;) N E(B;) = § and |V(B;) N
V(B2)| € 1. If B; and Bs have a vertex v in common, then v is a cut
vertex of G. Furthermore if B is a block of order at least three, for any two
distinct vertices of B, there is a cycle in B containing the two vertices. Let
G be a graph and r be a positive integer. An r-regular spanning subgraph
of G is called an r-factor of G. Petersen [8] proved the following theorem.

Theorem 2.1 If G be a 2-connected cubic graph, then G contains a 2-
factor.
n

For a 2-connected cubic graph G, G may contain several 2-factors. If
we choose one such 2-factor F' of G, then F' = (V(G), E(G) — E(F)) is a
1-factor of G.

A connected cubic graph G which contains K as its subgraph is not
2-connected. We first consider the class J; — Jo separately. Observe further
that J; — J2 # @ if and only if n is even and n > 10.

Theorem 2.2 Let G1,G3 € J = [ — Jo. Then G1 & G4 or there ex-
ists a sequence of J-switchings o1,02,...,0¢ with respect to G, such that
Grorot =2 Gy,

Proof. Let ] = J;—J2 and Gy,G3 € J. Since Gy and G contain K as in-
duced subgraph, there exist e € G1 and f € G such that G; —e = GL UK}
and G- f = GLUK]. It turns out that the graphs G} and G} are connected
and have the same degree sequence. Thus G| = G, or by Taylor [13], there
exists a sequence of switchings oy,09,...,0; such that Gy*7*"'% = Gj.
The sequence of switchings can be considered as a sequence of J-switchings
01,09,...,0¢ with respect to Gi and G{'"*""* = (3. Thus the proof is
complete. [ ]
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Since the class of cubic graphs of order n < 10 are known in [12] and
they are easy to verify as our purpose, we will consider from now on only
the connected cubic graphs of order n where n > 12. Let J € X,, and
J # J;1 — Ja. We have the following theorems.

Theorem 2.3 Let J € Xn, J# J1~0Js, and G € J. If G contains a
cut vertex, then there exists a sequence of J-switchings oy,09,...,0¢ with
respect to G such that G719t {5 2-connected.

Proof. Let G € J and G is not 2-connected. Since G is cubic, G contains
at least three blocks. Let S be the set of all cut vertices of G and v € S.
Since dg(v) = 3, there exists a component G; of G — v such that v is
adjacent to exactly one vertex u of G; and this vertex is also a cut vertex
of G. Thus |S| > 2 and |S| = 2 if and only if G contains exactly three
blocks. We will proceed by induction on the number of blocks, b(G), of a
graph G. If b(G) = 3, there exists a cut set of vertices S = {u,v} of G.
Thus uv € E(G) and the blocks of G are By, By, and B3 = G[{u,v}] such
that By and B; contain u and v respectively. It is clear that B; and B,
have order at least 5.

If J € {J1,J2,J3}, then choose e = ab € E(B;) and f = cd € E(Bs)
such that e is not adjacent to u and f is not adjacent to v. Thus ¢(a, b; ¢, d)
is a J-switching with respect to G and G7(2b¢9) is 2-connected.

IfJ e {J1—1J3,02—J3} and G € J, then at least one of B; must contain
a triangle as its subgraph. Suppose B; contains a triangle T'. Choose
e =ab € E(B;) and f = cd € E(B;) such that e € E(T). Thus o(a, b; c,d)
is a J-switching with respect to G and G7(®%¢4d) i5 a 2-connected graph
containing a triangle.

Let k be an integer greater than 2 and suppose that the theorem is true
for all connected cubic graphs H with b(H) < k. Let G be a connected
cubic graph with b(G) = k. Thus there exist two vertex disjoint blocks B,
and B; of G, each of which has order at least 5. We can analogously define
the switching 0, = o(a, b;c,d) as described above and the resulting graph
G1 = G reduces the number of blocks of G by one. By induction, there
exists a sequence of J-switchings o3, 03, . . ., 0y with respect to G such that
G192t = 37?7* is 2-connected. This completes the proof. [

Theorem 2.4 Let J € Xn, J # J1 =12, and G € J. If G is 2-connected,
then G is hamiltonian or there ezists a sequence of J-switchings gy, 09, ..., 0,
with respect to G such that G1°2%t s hamiltonian.

Proof. Let G be a 2-connected cubic graph. By Theorem 2.1, there is
a 2-factor F' of G. Let ¢(F') be the number of cycle in F. Thus we may
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choose F of G with minimum ¢(F). If ¢(F) = 1, then G is hamiltonian.
Suppose ¢(F) =2 and F = C; U (.

If J € {J1,J2,J3}, then choose e = ab € E(Cy) and f = cd € E(C2)
such that a is not adjacent to ¢ and b is not adjacent to d. Thus o(a, b; ¢, d)
is a J-switching with respect to G and G?(®?i¢4) ig 3 hamiltonian graph.

IfJ € {J;—J3,J2—Js} and G € J, then at least one of C; must contain
three vertices which induces a triangle in G. Suppose C; contains three
vertices which induces a triangle T and C; has order at least 4. Choose
e =ab € E(C,) and f = cd € Cy such that e ¢ E(T). Thus Go(®bicd) jg
hamiltonian containing a triangle. Suppose C) has order 3 and V(Ci) =
{z,y,2z}. Then C; has order at least 9. Let {z',y',2'} € V(C;) such that
zz',yy’,zz' € E(G). Since G is not hamiltonian, z'y’,y'z',2'2' ¢ E(C?).
Let u € V(C;) and uz’ € E(C2). Thus there is a vertex v € V(C;) such
that wv € E(G). Since z'y’,z'2' ¢ E(C2), u & {¥',2'}.

Case 1. Suppose that y'v € E(G) or 2'v § E(G). Without loss of gen-
erality, we may assume that y'v € E(G). Then Geww'iwv) ig 5 hamiltonian
graph containing a triangle.

Case 2. Suppose that y'v € E(G) and 2'v € E(G). Since N(v) =
{u,y',2'}, there is at least one edge e € {y'v, z'v} satisfying e € E(Cs).
Without loss of generality, we may assume that 2'v € E(C3). Therefore if
y'u € E(G), then G7(®="i%%) ig a hamiltonian graph containing a triangle
and if y'u ¢ E(G), then G°¥'v4) is a hamiltonian graph containing a
triangle.

Suppose that c¢(F) = k > 3, we can analogously apply an appropriate
J-switching or a sequence of J-switchings with respect to G to obtain a
2-connected cubic graph G’ containing a 2-factor F' with c(F') < c(F).
This completes the proof. ]

Let n be an integer and n > 6. Let G(2n) be a graph of order 2n with
V(G(2n)) = {vo,v1,-..,V2n—1} and E(G(2n)) = {vjviy1 :1=0,1,...,2n—
l(mod 277.)} U {’Uovn,'l)l’un+1} U {Ujvgn_j+1 R S — 1}

It is clear that G(2n) is a cubic triangle-free graph containing a hamil-
tonian cycle C with E(C) = {v;vit1 :4=0,1,...,2n — 1(mod 2n)}.

Let J € {J1,J2,J3} and let G € J. Suppose further that G is hamil-
tonian. Up to isomorphism, we may assume that G contains C' as its
hamiltonian cycle. Thus the following sets are uniquely determined.

RV(G)={v; € V(G):i=1,2,3,...,n},

LV(GQ) = V(GQ) - RV(Q),

[L,R)(G) = {uv € E(G) :u e LV(G) and v € RV(G)} - E(C),

[R,L)(G) = {uv € E(G) : v € RV(G) and v € LV(G)} — E(C),

L, L)(G) = {uv € E(G) : u,v € L(G)} — E(C), and

[R, R)(G) = {uv € E(G) :u,v € RV(G)} — E(C).
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Since e € [L, R](G) if and only if e € [R, L)(G), we have [L, R](G) =
[R,L](G) and |[L,L}(G)] = |[R, R|(G)|. Let e = v;v; € [L,L)(G). Then
there exists f = vyv; € [R,R|(G). If i € {0,2n — 1} and s € {1,2}, then
01 = 01(vi, V5, Ve, V) is a J-switching with respect to G. Thus |[L, L}(G!)| =
IR, R)(G"")| = |[L,LI(G)| -=1. i€ {n+1L,n+2} and s € {n —
1,n}, then o1 = o1(v;,vj; v, v,) is a J-switching with respect to G. Thus
|[L, L}(GY)| = |[R, R](G"")| = |[L, L)(G)] — 1. In other case, a switching
o1 = 01(vi,V;;Vs,v:) i8 a J-switching with respect to G. Thus the number
of [L, L](G’') can be decreased by 2 from the number of [L, L}(G). With
this observation, there exists a sequence of J-switchings o1, 09,...,0; such
that [R, R](Gv72ot) = [L, L](Go1729t) = ().

Theorem 2.5 Let J € {J1,J2,J3}. If G € I and [R,R)(G) = 0, then
G = G(2n) or there ezists a sequence of J-switchings oy,09,...,0; with
respect to G such that G71929¢ = G(2n).

Proof. If vyv, ¢ E(G), then there exist i € {3,4,...,n—1} and j € {n +
3,n+4,...,2n—1} such that vov;, v,v; € E(G). Then G71 = G (¥0:viivn,v;)
is a J-switching with respect to G and vov, € [L, R](G7(v0:¥iivn %)), Simi-
larly if v10,41 ¢ E(G7(Y0:viivn%i)) then there exists a J-switching o9 with
respect to Gi = G7* such that Gy = G192 and Yvn,V1Vny1 € Go. If
vov; € E(Gy) and i # 2n — 1, then there exists j, 3 < j < n — 2,
such that van_1v; € E(G2) and vavan-1 € E(Gs) = E(G3®), where
03 = (v, vi;V2n—1,v;). Let j be smallest integer in {3,4,...,n — 1} such
that v;v2n—j41 € E(G3). Then there exist i and k such that j < k < n,
n+1<i<2n-j+1and VjV;, VgV2n—j+1 € E(Ga) Thus VjV2n—j+1 €
E(G4) = E(G3*), where 04 = 0(vj,Vi;V2n—j+1,V). Similarly there ex-
ists a sequence of J-switchings o5, 0s,...,0; with respect to G4 such that
G(2n) = G{37%"9t = (91929t This completes the proof. |

By Theorem 2.5, we have the following theorem.

Theorem 2.6 Let J € {J1,J2,J3}. Then the subgraph of CR(3™) induced
by J is connected.
]

Let n be an integer and n > 6. Let H(2n) be a graph of order 2n with
V(H(2n)) = {vo,v1,...,V2n—1} and E(H(2n)) = {vjvi;1 11 =0,1,...,2n—
1(mod 2n)} U {vova, v1v2n-1} U {Vn-1Vn41, UnUnga} U {vjv2n_j1 : j =
3,4,...,n—2}.

It is clear that H(2n) is a cubic hamiltonian graph of order 2n containing
a triangle. Again put C as its hamiltonian cycle with E(C) = {vjv;y1 14 =
0,1,...,2n — 1(mod 2n)}.
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Let J € {J1 — J3,J2 — J3} and let G € J. Suppose further that G is
hamiltonian. Up to isomorphism, we may suppose that G contains C as
its hamiltonian cycle. Thus the following sets are uniquely determined.

RV(G)={vi e V(G):i=1,2,3,...,n},

LV(G) =V(G) - RV(G),

[L,R)|(G) = {uv € E(G) :u € LV(G) and v € RV(Q)} — E(C),
[R,L)(G) = {uv € E(G) :u € RV(GQ) and v € LV(GQ)} — E(C),
[L,L|(G) = {uwv € E(G) : u,v € L(G)} — E(C), and

[R, R)(G) = {uv € E(Q) : u,v € RV(G)} — E(C).

Since e € [L, R|(G) if and only if e € [R, L](G), we have [L, R|(G) =
(R, L)(G@) and |[L, L)(G)| = |[R, R](G)|. Suppose that vove ¢ E(G). Thus
there exist 1, j such that vov;,vav; € E(G) and G, = G (vo.viiva,¥i) contains
Yoy as its edge. By using the same argument as described previously, there
exists a sequence of J-switchings oy, 09, ...,0; with respect to G such that
Gt = G7192% and [L, L}(G:) = 0. Again by using the same argument as
described in the proof of Theorem 2.5 we have the following theorem.

Theorem 2.7 LetJ € {J1—J3,J2—J3}. If G € J and [R, R](G) = 0, then
G = H(2n) or there ezists a sequence of J-switchings o1,09,...,0; with
respect to G such that G792 7t = H(2n).

| ]

By Theorem 2.7, we have the following theorem.

Theorem 2.8 Let J € {J1 — J3,J2 — Js}. Then the subgraph of CR(3™)
induced by J is connected.

|
Combining results in this section we can conclude the following theorem.

Theorem 2.9 Let J € X,,. Then the subgraph of CR(3") induced by J is
connected.
|

3 Interpolation and Extremal Results

Let G be the class of all simple graphs, a function f : G = Z is called a
graph parameter if G = H, then f(G) = f(H). If f is a graph parameter
and J C G, f is called an interpolation graph parameter with respect to J if

there exist integers  and y such that

{(/(G):Gel =yl ={keZiz<k<y).
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Studying interpolation theorems for graph parameters may be divided
into two parts, the first part deals with the question that given a graph
parameter f and a subset J of G, does f interpolate over J? If f interpolates
over J, then {f(G) : G € J} is uniquely determined by

min(f,J) = min{f(G) : G € J} and max(f,J) = max{f(G):G € J}.

Thus the second part of the interpolation theorems for graph parame-
ters is to find the values of min(f,J) and max(f,J) for the corresponding
interpolation graph parameter f and the set J and this part falls into the
category of the extremal problems in graph theory.

Acyclic graph is a graph containing no cycle as its subgraph. An acyclic
graph is called a forest. Therefore, each component of an acyclic graph is
a tree,

Erdds et al. [4] first defined a graph parameter ¢ as follows. Let G be a
graph and F C V(G). F is called an induced forest of G if G[F] is acyclic.
An induced forest F' of G is mazimal if for every v € V(G) — F, FU {v} is
not an induced forest of G. Let t(G) be defined as

t(G) := max{|F| : F is an induced forest of G}.

Thus t(G) is the maximum cardinality of induced forests of G. An induced
forest F' of G with |F| = t(G) is call a mazimum induced forest of G.

The second author proved in [9] that if G is a graph and ¢ is a switching
on G, then |t(G) — t(G7)| < 1. With this result and the results in Section
2 we have the following theorem.

Theorem 3.1 Let J € X,. Then t is an interpolation graph parameter
with respect to J.
]

We now answer the second part of interpolation theorem. In other
words, we will find min(¢,J) and max(¢,J) for all J € X,,.

Let G be a graph and X,Y be disjoint nonempty subsets of V(G).
Denote by e(X) the number of edges in G[X] and e(X,Y) the number of
edges in G' connecting vertices in X to vertices in Y.

Let G be a cubic graph of order n and F' be a maximum induced forest
of G. Let |F| = f and therefore G — F has order n — f. An upper bound
of max(t,J1) can be obtained by the following obvious identities.

1. 32 = [B(G)| = e(F) + ¢(F, V(G = F)) + e(V(G = F))
2. 3(n—f) = e(F,V(G ~ F)) +2¢(V(G — F)).
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It follows that

3 = o(F) +3(n— f) ~e(V(G - F)) < f ~ 1+3(n~ f).

Therefore f < 38=2,

Since J3 C J2 C Iy, max(t,J3) < max(t,J2) < max(t,J;) < 3272

We will show in the next theorem that max(t,J3) = |2272] by con-
structing a connected cubic triangle-free graph G of order n and #(G) =
|_3—“4_—2j. Note that several classes of graphs can be constructed to reach the
bound even if we restrict that the graph is planar and n > 8. We now turn
to consider the graph G(2n) as we have constructed in Section 2. G(2n)
is a connected cubic triangle-free graph of order 2n if n > 3. We have the
following theorem.

Theorem 3.2 If n = 2m > 6, then t(G(2m)) = | 2272].

Proof. Let G = G(2m) — {VoUm,V1Vm+1} and S = {v1,v3,...,Vn} if m is
odd and S = {v1,v3,...,Vm—1,Vm} if m is even. Thus F = G — S is a tree
of order |3m=1| = | 322 |  Since vy, vm € S, adding edges VoUm,V1Um+1 tO
G will not create any cycle in F. Therefore t(G(2m)) = |3m=1]| = | 3n=2 2]

Corollary 3.3 max(t,Js) = max(t,J2) = max(t,J1) = | 22].
|

Let G be a connected cubic graph of order n containmg K as its sub-
graph. Put G' = G—K}. Thus G' has order n—5 and size 3 —8. Moreover
t(G) =t(G") + t(K}) = t(G') + 3. Let F' be a maximum induced forest of
G’ and |F'| = f'. We have

—8=e(V(G@) < (f'=1)+3(n—5—f)=3n—16—2f".

It follows that FE3818 and ¢(G) < 0718 4 3 —idncd,

Theorem 3.4 max(t,J1 — J2) = [22%].

Proof. It is clear that J; — Jo # @ if and only if n is even and n > 10.
If n = 10, we can take G as a graph obtained from two copies of K and
joining the two vertices of degree 2. Let n — 6 = 2m > 6 and H = G(2m).
Thus by Theorem 3.2, we have t(H) = [ﬂn—fﬂj. In the proof of Theorem
3.2, let e = vou; € E(H) and define a graph K with V(K) = V(H) U {z}
and E(K) = (E(H) —e)U{voz,zv; } and finally let G be a graph obtained
from K and a copy of K by joining the two vertices of degree 2. Thus
t(G) — [3!71-46!-2] + 1 +3 — L3!n——46!—2.] +4 = I‘%J

|

Since J2 — J3 C Jy — J3, max(t,J2 — J3) < max(t,J; — J3) < [3%72].
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Theorem 3.5 max(t,J; — J3) = max(t,J, — J3) = le,;—_z_l

Proof. Let m be an integer such that n = 2m. The graph H(2m) contains a
triangle. Let S = {v1,v3,...,vm} if misoddand S = {v1,v3,...,9m—1,vm}
if o 4= even, Thus F= — 5 i & bree of order [2272|. Thus max(t I, -
J3) = max(t,J1 — J3) = | 272).

n

Thus the values of max(t,J) are obtained for all J € X,,.

The problem of finding lower bounds of t(G), where G runs over a class
of cubic graphs, have been investigated in the literature. First observe that
if G is a cubic graph of order n and F is a maximum induced forest of G,
then G — F is a forest. Thus [F| > 2. The bound is sharp if and only if n is
a multiple of 4. The second author proved in [10] that if n = 4¢+¢, t = 0,2,
then min(¢, R(3")) = 2¢+t. Liu and Zhao [7] proved that t(G) > 3n—1 for
any connected cubic graph G of order n. This means that for any connected
cubic graph of order n, the bound of the order of maximum induced forest
can be improved from 50 percent of the number of vertices to 60 percent.

The second author proved in [11] the following result.

Theorem 3.6 Let n be an even integer with 7 > 12. Then

g e
J - T~ ¢ 'LfTL:Z(ITlOdS))
min(t,J;) = { [3n]  otherwise.

Note that a graph G that has been constructed in such a way that
t(G) = min(¢,J,) and G contains K} as its subgraph. Thus we have the
following corollary.

Corollary 3.7 Let n be an even integer with n > 12. IfJ € {J:,I:1 —
Jo,J1 — I3}, then

min(t,J) = { ?" - i ifn=2(mod8),

2n] otherwise.

Zheng and Lu [14] proved that ¢(G) > Z2 for any connected cubic graph
G of order n without triangle, except for two cubic graphs with n = 8 and
t(G) = 5. This means that if we look at the class of connected cubic graphs
of order n containing no triangle, then the bound can be improved from 60
percent of the number of vertices to 66 percent.

It is easy to see that there exists cubic graph G of order n containing
triangles and #(G) > 22,
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We are able to extend the result of Zheng and Lu [14] by proving that
t(G) > % for any connected cubic Kj-free graph G of order n > 10.

Let H be a graph. A graph G is called an H-free graph if G does not
contain H as an induced subgraph. Let X be a set of graphs. Then a
graph G is called an X -free graph if for every H € X, G is an H-free graph.
In [12], five connected cubic graphs of order 8 are given, all of which have
maximum induced forests of order 5. Alon et al. [1] proved that let G be
a {K4, K}}-free graph with maximum degree 3. If G is of order n and of
size m, then ¢(G) > n— . Consequently, if G is a connected cubic K{-free
graph of order n > 10, then ¢(G) > 32.

Observe that if G is a connected K§-free graph of order 8 and A(G) = 3,
then t(G) > 5 and t(G) = 5 if and only if G is a cubic graph.

Theorem 3.8 Let X = CR(3%) U {K4, K}} and let G be an X -free graph
of order n with A(G) = 3. Then t(G) > 2.

Proof. Let X = CR(3%) U {K4, K}} and let G be an X-free graph of order
n. By calculation we found that [5%] = [4*] for all n with 4 < n < 10
and n # 8. For n = 8 we also have t(G) > 23’—‘ Thus the theorem holds
for all 4 < n < 10. Now suppose n > 11 and G contains a triangle T
with V(T') = {z,y,z}. If there exists a vertex in V(T'), say z, such that
dg(z) = 2, then by induction on n there exists a maximum induced forest
F of G - T with |F| > ﬂ%—ﬁ_ Hence F = F} U {z,y} is an induced
forest of G and |F| > 2’:;—‘ Suppose for all triangles T' = {z,y,2} of G,
de(z) = da(y) = de(z) = 3. Since G is a K-free graph, |[Ng(T)| > 2.

Case 1. Suppose z and y have a common neighbor u and v is a neighbor
of z. Since G is a K-free graph, u and v are not adjacent in G. Thus by
induction on n, G — T contains an induced forest of order at least 2—(23_—31
Since dg-r(u) = 1, any maximum induced forest of G — T’ must contain u.
If there is a maximum induced forest F; of G — T which does not contain
u,v-path, then Fj U {y,z} is an induced forest of G of order at least 32.
Suppose for any maximum induced forest Fy of G — T, F; contains u, v-
path. Since G’ = G — T + uv satisfies conditions of the theorem, there is a
maximum induced forest F' of G’ of order at least 513:91 If uv ¢ E(F'),
then F = F'U{y, 2} is a maximum induced forest of G of order at least 2.
If uv € BE(F'), then F = (F' —uv)U{y, 2} is a maximum induced forest of
@G of order at least 3%,

Case 2. Suppose z,y, z have different neighbors u, v and w respectively.
Since n > 11, G[{u,v,w}] is not a triangle. Thus there exist two vertices
in {u,v,w}, say u,v, such that uv ¢ E(G). We consider the following
subcases.
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Subcase 2.1 Suppose that G — T + uv contains Ky4. Let H be the copy
of K4 in G =T + wv. Thus uwv € E(H) and vw ¢ E(G) . Since G' =
G —T -V (H) satisfies the condition of the theorem, t(G') > 2@{—72 Let F'
be a maximum induced forest of G’ and F} be a maximum induced forest of
H—uv. Since |Fi| = 3 and there exists an induced forest F' = F'U{y, 2}UF}
of G, H(G) > |F| = |F'U{y, 2} UF| > 221 4 9 4 3= 2ndl > 20

Subcase 2.2 Suppose that G — T +uv contains K. Let H be the copy of
K} in G—=T+4uv. Thus uwv € E(H). Since G' = G—-T'-V(H)—{w} satisfies
the condition of the theorem, t(G') > —2—(”3;91. Let F' be a maximum
induced forest of G' and Fy be a maximum induced forest of H — uv. Since
|Fi| = 4 and there exists an induced forest F = F' U {y,2} U F; of G,
HG) > |F| = |F'U{y, 2} UFR|> 250 424 4= 20,

Subcase 2.9 Suppose that G — T + uv contains a cubic graph of order 8.
Let H be the cubic graph of order 8 in G — T +uv. Thus uv € E(H). Since
G' = G~ T - V(H) satisfies the condition of the theorem, ¢t(G') > -2-@3_—11-2
Let F' be a maximum induced forest of G' and F; be a maximum induced
forest of H — uv. Since |Fi| = 6 and there exists an induced forest I’ =
F'U{y,2}UF of G, (G) > |F| = |[F'U{y,2}UFR| > 22t 4 941 6=

Subcase 2.4 Suppose that G — T + uv satisfies the condition of the
theorem. Thus there exists a maximum induced forest F' of G — T of order
at least 2—@—3_—31 If uv € E(F'), then F = F' U {z,y} is an induced forest
of G of order at least 2. If uv € E(F), then F = (F; — uv) U {z,y} is an
induced forest of G of order at least 2:%

Thus the proof is complete. [ ]

The following corollary is an immediate consequence of Theorem 3.8.

Corollary 3.9 Let G be a connected cubic K;-free graph of order n # 8.
Then t(G) > 2.
| |

According to the result of Zheng and Lu [14] that t(G) > 22 for any
connected cubic graph G of order n without triangles, except for two cubic
graphs with n = 8. They mentioned in their paper that the lower bound is
best possible but no proof of this was given in the paper.

We now construct a class of graphs to show that min(¢, J3) = min(¢,J3) =

(%]

=1
First observe the following facts:
1. t(K;;‘g) =4,

2. t(@3) = 5, where @3 is the 3-cube.
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3. There is a switching o such that (2K})° is a connected triangle-free
graph and £((2K})°) = 7. Let K = (2K3)°.

4. Ife € E(K33) and f € E(Qs), then t(K3,3—e) = 4 and t(Q3— f) = 6.
LetP=K3,3—eandQ=Q3—f.

5. Let n be an even integer with n > 12. Writen =6¢+1¢, t =0,2,4
and construct a connected cubic triangle-free graph according to the
values of t: '

(a) If t = 0, construct graph G of order 6¢ by taking g copies of P
and joining q appropriate edges between the g copies of P.

(b) Ift = 2, construct graph G of order 6¢+2 by taking g—1 copies of .
" P and a copy of @ and then joining g appropriate edges between
them.

(c) If t = 4, construct a graph G of order 6q + 4 by taking ¢ — 1
copies of P and a copy of K and then joining ¢q appropriate edges
between them.

It is easy to check that the graphs G constructed above satisfying t(G) =
[22]. Thus we have the following theorem.

Theorem 3.10 min(t,J;) = min(t, J3) = min(t, J2 — J3) = [%].
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Abstract: For a graph G and S C V(G), if G — S is acyclic, then S is called a
decycling set or feedback set of G. The decycling number of G is defined to be

#(G) :=min{|S| : S C V(G) is a decycling set}.

This paper reviews some recent results on interpolation and extremal problems on
the decycling number of graphs, with an emphasis on the decycling number of regular
graphs. New results on this graph parameter are also presented together with some
open problems in this arca.
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1 Introduction

Only finite simple graphs are considered in this paper. For the most part, our notation
and terminology follows that of Bondy and Murty [3]. Let G = (V,E) denote a
graph with vertex set V = V(G) and edge set E = E(G). We will use the following
notation and terminology for a typical graph G. Let V(G) = {v1,v2,...,v,} and
E(G) = {e1,e2,...,em}. We use |S| to denote the cardinality of a set S and thercfore
we define n = |V| to be the order of G and m = |E| the size of G. To simplify writing,
we write e = uv for the edge e that joins the vertex u to the vertex v. A path of
length k in a graph G, denoted by Py, is a sequence of distinct vertices uy, ua, ..., ux
of G such that for alli =1,2,...,k — 1, u;u;41 are edges of G. A u,v-path is a path
which has u as its first vertex and v as its last vertex in the path. The degree of a
vertex v of a graph G is defined as dg(v) = [{e € E : e = uv for some u € V}|. The
maximum degree of a graph G is usually denoted by A(G). If S C V(G), the graph
G|S] is the subgraph induced by S in G. For a graph G and X C E(G), we denote
G — X the graph obtained from G by removing all edges in X. If X = {e}, we write
G — e for G — {e}. For a graph G and X C V(G), the graph G — X is the graph
obtained from G by removing all vertices in X and all edges incident with vertices in
X. For a graph G and X C E(G), we denote G + X the graph obtained from G by
adding all edges in X. If X = {e}, we simply write G +e for G + {e}. Two graphs G
and H are disjoint if V(G) NV (H) = . Any two disjoint graph G and H we define
G U H, their union, by V(GUH) = V(G)UV(H) and E(GU H) = E(G) U E(H).
We can extend this definition to a finite union of pairwise disjoint graphs, since the

"Work supported by the Thailand Research Fund.



146 Thai J. Math. 4(2006)/ N. Punnim

operation “U” is associative. For a graph G and s € V(G), the neighborhood of s in
G is defined by
N(s) ={veV(G):sv € E(G)}.

If S C V(G), then we define
N(S) = N(s).

seS

If F C V(G), we write Ng(S) for N(S)N F. A graph G is said to be regular if all of
its vertices have the same degree. A 3-regular graph is called cubic graph.

Let G be a graph of order n and V(G) = {v;,v2,...,v,} be the vertex set of
G. The sequence (dg(v1),dg(v2),...,dg(vy)) is called a degree sequence of G, and
we simply write (d(v;),d(v2),...,d(v,)) if the underlying graph G is clear from the
context. A sequence d = (d;,dy,...,d,) of non-negative integers is a graphic degree
sequence if it is a degree sequence of some graph G. In this case, G is called a
realization of d.

An algorithm for determining whether or not a given sequence of non-negative
integers is graphic was independently obtained by Havel [15] and Hakimi [7]. We state
their results in the following theorem.

Theorem 1.1 Letd = (d1,dy,...,d,) be a non-increasing sequence of non-negative
integers and denote the sequence

(d2—1,d3-1,...,d4, 41 — 1,dg,42,...,ds) =d’.
Then d is graphic if and only if d’ is graphic.
Let G be a graph and ab, cd € E(G) be independent, where ac,bd ¢ E(G). Put
Golabicd) — (G — {ab,cd}) + {ac, bd}.

The operation o(a,b;c,d) is called a switching operation. It is easy to see that
the graph obtained from G by a switching has the same degree sequence as G. The
following theorem has been shown by Havel [15] and Hakimi [7].

Theorem 1.2 Let d = (d,ds,...,d,) be a graphic degree sequence. If G; and G2
are any two realizations of d, then G2 can be obtained from G, by a finite sequence
of switchings.

As a consequence of Theorem 1.2, Eggleton and Holton [5] defined in 1978 the
graph R(d) of realizations of d whose vertices are the graphs with degree sequence d;

two vertices being adjacent in the graph R(d) if one can be obtained from the other
by a switching. They obtained the following theorem.

Theorem 1.3 The graph R(d) is connected.
The following theorem was shown by Taylor [22] in 1980.

Theorem 1.4 For a graphic degree sequence d, let CR(d) be the set of all connected
realizations of d. Then the induced subgraph CR(d) of R(d) is connected.
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2 The decycling number

The problem of determining the minimum number of vertices whose removal elimi-
nates all cycles in a graph G is difficult even for some simply defined graphs. For a
graph G, this minimum number is known as the decycling number of G, and is denoted
by ¢(G). The class of those graphs G of which ¢(G) = 0 consists of all forests, and
#(G) = 1 if and only if G has at least one cycle and a vertex is on all of its cycles. It
is also easy to see that ¢(K,) =n —2and K, , =p— 1 if p < ¢, where K,, denotes
the complete graph of order n and K, , denotes the complete bipartite graph with
partite sets of cardinality p and q.

For a graph G and S C V(G), if G — S is acyclic, then S is called a decycling set
or feedback set of G. The decycling number of G is defined to be

#(G) := min{|S| : S C V(G) is a decycling set}.

There is a counterpart graph parameter of ¢ which has been investigated in the
literature, which is defined by

t(G) := max{|F| : F C V(G) is an induced forest of G}.
It is clear that, for a graph G of order n, ¢(G) + t(G) = n.

Let G be the class of all simple graphs. A function f : G — Z is called a graph
parameter if G,H € G and G = H, then f(G) = f(H).

Let G be the class of all simple graphs and J C G. A graph parameter f is called
an interpolation graph parameter with respect to J if G1,G2 € J and a = f(G;) <
f(G2) = b, then for every integer ¢ between a and b, there exists G € J such that
f(G)=c

Studying interpolation theorems for graph parameters may be divided into two
parts, the first part deals with the question that given a graph parameter f and a
subset J of G, does f interpolate over J? If f interpolates over J, then {f(G) :
G € J} is uniquely determined by min(f,J) = min{f(G) : G € J} and max(f,]) =
max{f(G) : G € J}. Thus the second part of the interpolation theorems for graph
parameters is to find the values of min(f,J) and max(f,J) for the corresponding
interpolation graph parameters and this part is, in fact, the extremal problem in
graph theory.

The interest in the interpolation properties of graph parameters was motivated by
an open question posed by Chartrand during a conference held at Kalamazoo in 1980.
He posed the following question: If a graph G contains spanning trees having m and
n end-vertices, with m < n, does G contain a spanning tree with k& end-vertices for
every integer k with m < k < n? This question (which was answered affirmatively)
led to a host of papers studying the interpolation properties of invariants of spanning
trees of a given graph. Details can be found in (8], [9], [10], [11], [12], [13], [14].

We proved in [17] that for a graph G and a switching o of G, [¢(G) — ¢(G°)| < 1.
Thus we have the following results.

1. ¢ is an interpolation graph parameter with respect to R(d).
2. ¢ is an interpolation graph parameter with respect to CR(d).

3. Let J C R(d). If the subgraph of R(d) induced by J is connected, then ¢ is an
interpolation graph parameter as ¢.
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4. We can replace ¢ by any graph parameter f and obtain the interpolation result
with respect to J if |f(G) — f(G?)| < 1 holds.

3 Extremal Problem

An extremal problem asks for minimum and maximum values of a function over a
class of objects. Consider the following simnple example.

Example 3.1 In the class C,, of connected graphs of order n and for G € C,, f(G)
is defined to be the number of edges of G. Thus the minimum and maximum values
of f inCy are n — 1 and (}), respectively.

It is easy to see that f is an interpolation graph parameter with respect to C,.

Remark 3.2 Proving that A is the minimum of f(G) for graphs in a class J requires
showing two things:

1. f(G)=>Aforall Ge].
2. f(G) = A for some G € J.

The proof of the bound must apply to every G € J. For equality it suffices to
obtain an example in J with the desired value of f.

Changing “ > ” to “ <" yields the criteria for a maximum.

In graph theory, we use “extremal problem” for finding an optimal over a class
of graphs. When seeking extremes in a single graph, such as the maximum size of
an independent set, or maximum size of a bipartite subgraph, we have a different
problem for each graph. To distinguish these from the earlier type of problem, we
call them optimization problem.

Since an optimization problem has an instance for each graph, we usually can’t
list all solutions. We may seek a solution procedure or bounds on the answer in terms
of other aspect of the input graph. For example if we consider the problem of finding
a large bipartite subgraph, then it allows us to introduce the technique of constructive
or “algorithmic” proof. (An algorithm is a procedure for performing some task.)

One way to prove that something exists is to build it. Such proofs can be viewed as
algorithm. To complete an algorithmic proof, we must prove the algorithm terminate
and yields the desired result. This may involve induction, contradiction, finiteness,
etc.

The following theorem is an another example of an extremal problem.

Theorem 3.3 Every graph G with m edges has a bipartite subgraph of at least %
edges.

Our next extremal problem doesn’t start with bipartite, but it winds up there.
In politics and warfare, seldom do two enemies have a common enemy; usually two
of the three combine against the third. Given n factions, how many pairs of enemies
can there be if no two enemies have a common enemy?

In the language of graphs, we are seeking for the maximum number of edges in a
graph with n vertices with no triangle. Bipartite graphs have no triangles, but also
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many non-bipartite graphs have no triangles. Using extremality, we will prove that
the maximum is indeed achieved by a complete bipartite graph.

Let H be a graph. A graph G is called an H-free graph if G has no induced
subgraph isomorphic to H.

Theorem 3.4 (Mantel (1907) cited from [23]) The mazimum number of edges in a
triangle-free graph with n vertices is [n%/4].

From Theorem 3.4, it is reasonable to ask the following question. What is the
maximum number of edges that a K.,:-free graph of order n can have? Turédn (1910-
1976) answered this question. This famous result of Turdn generalizes Theorem 3.4
and is viewed as the origin of Extremal Graph Theory. In order to prove Turin’s
result, we first give the following definition.

The Turdn graph T, . is the complete r-partite graph with n vertices whose partite
sets differ in size by at most 1. By the pigeonhole principle, some partite set has size
at least |n/r| and some has size at most [n/r]. Therefore, differing by at most 1
means that they all have size [n/r] or |n/r].

Let a = |n/r]. After putting a vertices in each partite set, b = n — ra remain, so
T, has b partite sets of size a + 1 and r — b partite sets of size a. Thus the defining
condition on Ty, , specifies a single isomorphism class.

Lemma 3.5 Among simple r-partite graphs with n vertices, the Turdn graph is the
unique graph with the most edges.

The following extremal theorem proved by Turan (1941, cited from [23]) and is
considered as the origin of a new area of graph theory called extremal graph theory.

Theorem 3.6 Among the graphs of order n with no (r + 1)-clique, T, , has the
mazimum number of edges.

We solved in [17] the extremal problems for ¢ in the classes R(r™) and CR(r™)
and with these notation,

min(¢,r") = min{f(G) : G € R(r™)}, max(¢,r") = max{f(G): G € R(r")},
Min(¢,r*) = min{f(G) : G € CR(r")}, and Max(¢,r") = max{f(G) : G €
CR(r™)},

we obtained the following results.

Theorem 3.7 Let r > 3 and nr be even. Then

. " r—1 ifr+1<n<2r-1,
min($r") = | [mp=222] ifn>or,

Let G be a connected r-regular graph and S be a minimum decycling set of G.
Since for any v € S there is a connected component C of G — S such that v is adjacent
to at least two vertices of C, there exists u € G — S such that vu = e € E(G) and
G — e is connected. Thus for two disjoint connected r-regular graphs G and H with
minimum decycling set S and T of G and H respectively, there exist u € S, v €
G-S,ze€T, ye H—-T such that uv = e € E(G), zy = f € E(H) and G —,
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H — f are connected. A connected r-regular graph K = ((G—e)U(H — f)) + {uz, vy}
satisfies

¢(K) < ¢(GU H) = ¢(G) + ¢(H),
and the following corollary holds.

Corollary 3.8 Letr > 3 and nr be even. Then

r—1 ifr+1<n<2r-1,

Min(¢,r") = { [%(—r?_ﬂl)z.] if n>2r

Thus the values of Min(¢, ") for all r and n are already obtained. In particular
the values of Min(¢, 3") and Max(¢, 3?") are found for all n.

Determining the values of Max(¢,r") for r > 4 are more difficult. Note that
R(r™) =CR(r") if and only if r + 1 < n < 2r + 1. Thus Max(¢,r") = max(¢, ™)
forallme {r+1,7+2,...,2r + 1}. In this case we have already obtained in [17] as
stated in the following theorem.

Theorem 3.9 Forr >4, andn=r+j 1<j<r+1, then

(1) max(¢,7™) =n—2, if and only if j =1,

(2) max(¢,m™) =n —3, if and only if j = 2,

(3) max(¢,r™) =n — 4, for all even integersn =r+j,3<j<r+1,

(4) max(¢,m™) =n — 4, for all odd integersn=r+ 3,3 <j<r+1 and n > f(j),
(5) max(¢, ™) =n — 5, for all odd integersn =r+3j,3<j<r+1 andn < f(j),
where f(j) = 3(j — 1) if j = 3(mod 4), and f(j) =1+ 3(j — 1) if j = 1(mod 4).

Thus the values of Max(¢, ") are already obtained for all r and n withn < 2r+1.
The problem of determining the decycling number of a graph is equivalent to finding
the greatest order of an induced forest and the sum of the two numbers equals the
order of the graph. In particular Max(¢,r™) = n — Min(t, ™).

We proved the following series of results in [19] to obtain the values of Max(¢, r™).

Let G be a Kj-free graph of order n, A(G) = 4. Let F be a maximal induced
forest of G. We denote by ¢(F') the number of cycles in G — F. A pair (X,Y), where
X CFandY C G- F, is an interchangeable pair of vertices with respect to F if
(F—X)UY is a forest, |(F — X)UY| > |F|, and ¢((F — X)UY) < ¢(F). In general
we can define an interchangeable pair of vertices for a graph G with A(G) > 4 as
follows. Let G be a Ka4i1-free graph of order n with A(G) = A > 4. Let F be a
maximal induced forest of G. We denote by k(F) the number of Kao_; in G- F. A
pair (X,Y), where X C F and Y C G — F, is an interchangeable pair of vertices with
respect to F if (F—X)UY is a forest, |(F—X)UY| > |F|, and k((F — X)UY) < k(F).

Let G be a Kj-free graph of order n and A(G) = 4. Thus for any maximal
induced forest F of G, G — F is a union of cycles and paths. We choose a maximal
induced forest F of G with minimum ¢(F). In other word, the forest F is chosen
in such a way that it contains no interchangeable pair of vertices with respect to
F. Suppose that ¢(F) > 1. Let C be a cycle in G — F. Then each vertex of C
must be adjacent to exactly two vertices in F. Suppose that there exists a vertex
u € F, dp(u) > 2, and u is adjacent to a vertex v € V(C), then ({u},{v}) is an
interchangeable pair of vertices with respect to F. Thus for all cycles C of G — F,
each vertex v € V(C), v must be adjacent to exactly two vertices u;,us € F with
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dr(u1) = dr(uz) = 1. By maximality of F, u; and u, must be in the same connected
component of F. Since F is a forest, there exists a unique path in G[F] from u;
to uz. If u; and uy are not adjacent and there is a vertex u € F in the path such
that dr(u) > 3, then ({u}, {v}) is an interchangeable pair of vertices with respect to
F. Therefore the connected component of F containing u; and uz must be a path.
Suppose that there exist exactly two vertices v, w of C adjacent to a vertex u € F, then
({u}, {v}) is an interchangeable pair of vertices with respect to F. Finally suppose
that there are three vertices v, w, z of C' adjacent to a vertex u € F, then the path
P in G[F] containing u has order at least 3 or the cycle C has order at least 4, since
otherwise G would contain K5. Let u and u’ be the end vertices of P in G[F]. Then
Nc({u,v'}) = {v,w, 2z} € V(C). If P has order at least 3, then ({u,u'}, {v,w}) is an
interchangeable pair of vertices with respect to F. If P has order 2 and C has order
at least 4, then ({u,u'}, {v,w, 2}) is an interchangeable pair of vertices with respect
to F. Thus the corresponding paths in G[F] of vertices in C are pairwise disjoint.

Theorem 3.10 Let G be a Ks-free graph of order n, A(G) = 4. Then ¢(G) < %.
Corollary 3.11 Max(¢,4") < .

Let G be a Ka41-free graph with A(G) = A > 5 and let F be a maximal
induced of G with minimum k(F). Then for each v € G — F, there exists a connected
component T of F' such that v is adjacent to at least two vertices of T. Thus A(G —
F) < A —2. Suppose that k(F) > 1. Let K be a complete subgraph of G — F of order
A —1. Put V(K) = {v1,v2,...,va—1}. Thus for each v; there exists a connected
component P(v;) of G[F] such that v; is adjacent to exactly two vertices of P(v;). If
there exists u € V(P (v;)) such that uv; € E(G) and dp(u) > 2, then ({u}, {v;}) is an
interchangeable pair of vertices with respect to F. Thus for each ¢ =1,2,...,A -1,
v; must be adjacent to exactly two vertices of degree one in P(v;). Suppose that
there exists u € V(P(v;)) such that dp(u) > 3, ({u}, {vi}) is an interchangeable pair
of vertices with respect to F. Thus the corresponding P(v;) of v; in K is a path.
Furthermore all such paths are pairwise disjoint.

Lemma 3.12 Let G be a Kay1-free graph of order n with A(G) = A > 5. Then
t(G) > & or there exists an induced forest F of G such that G — F is a Ka_1-free
graph.

Lemma 3.13 Let G be a connected Ks-free graph of order n and A(G) = 5. Then
t(G) > 2.

Lemma 3.14 Let G be a Kg-free graph of order n with A(G) = 5. Then t(G) > 22.

As a direct consequence of Lemma 3.14 we obtain the following theorem.

Theorem 3.15 Let G be a connected 5-regqular graph of order n > 12. Then ¢(G) <
3_n-

5

Lemma 3.16 Let G be a Kat1-free graph of order n with A(G) = A > 5. Then
t(G) 2 .

We have the following theorem.
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Theorem 3.17 Let G be a connected r-regular graph of order n > 2r + 2. Then
o(G) < 1(';;21 forallr > 4.

Let G be a connected r-regular graph of order n =rq+s, 0<s<r—-1,r >4
and g > 1. Then by Theorem 3.17, we have t(G) > 2q + [22]. It is easy to construct
a connected r-regular graph G of order n with t(G) = 2q if s =0, IG) = 2¢ + 1 if
s =1,2and t(G) = 2¢+2if 3 < s < r—1. Consequently, we have Max(¢,r") = n—2q
if s =0, Max(¢,r) =n—2q—1if s = 1,2, Max(¢,r"*) =n —2q — 2 if 2s > r and
Max(¢,m") € {n —2¢—2,n—-29-1}if3<s< 5.

Note that we improved an upper bound for Max(¢, r™) from max(¢,r"), for r > 4
and n with n > 2r + 2, and we have that

max(¢, ") — Max(¢, ") = r(f—:"‘_l), roughly speaking.

Thus we can improve the upper bound for Max(¢, r") = &"—_22 from max(¢,r") =
n(r—1)

r+1 °

Conjecture Max(¢,7") =n —-2¢ -2 if3<s< %, forallr > 6.

4 Cubic graphs

The interest of studying the decycling number of cubic graphs was motivated by the
results of Zheng and Lu [24], Alon et al. 1], Liu and Zhao [16], and Bau and Beineke

(2].

Note that the values of min(¢,3") have been already obtained in all situations
and min(¢, 3") = Min(¢, 3")

The problem of finding upper bounds of ¢(G), where G runs over a class of cubic
graphs, have been investigated in the literature. First observe that if G is a cubic
graph of order n and F' is a maximum induced forest of G, then It is easy to see that
G —F is also a forest. Thus |F| > . The bound is sharp if and only if n is a multiple
of 4. We proved in [17] that if n = 4q + ¢, t = 0, 2, then max(¢, 3") = 2q.

The problems of finding Max(¢,3") are more difficult. We will consider such
problems in terms of the graph parameter t. A cubic tree is a tree in which its
vertices consisting of degree 1 or 3. Evidently if T is a cubic tree of order n, then

= 2k + 2, where k is the number of vertices of degree 3 of T. Let T denote the
family of cubic graphs obtained by taking cubic trees and replacing each vertex of
degree 3 by a triangle and attaching a copy of K; with one subdivided edge at every
vertex of degree 1.

A lower bound for the order of maximum induced forest in connected cubic graphs
has been obtained by Liu and Zhao [16] as stated in the following theorem.

Theorem 4.1 Let G be a connected cubic graph of ordern > 12. Thent(G) = 3n—1
ifGET and t(G) > Sn if G¢ T.

We have determined in [19] the value of Min(t,3") by observing the following
situation. First observe that if G € T, then G has order 8k+10, where k is the number
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of vertices of degree 3 in the corresponding cubic tree. Thus t(G) = Min(t, 38k+10) =
5k + 6. We now consider a cubic graph of order 8k + 8. Let C be a cubic graph of
order 8k + 8. Then by Theorem 4.1, ¢(C) > 3(8k + 8) = 5(k + 1). A cubic graph T
obtained by taking cubic tree with k vertices of degree 3, replacing k —1 of the vertices
by a triangle and attaching a copy of K at every vertex of degree 1. Thus T has order
8k + 8 and ¢(T') = 5(k + 1). Thus Min(Z, 38%+8) = 5(k + 1). The value of Min(t, 3"),
n = 8k + 4,8k + 6 can be obtained in the following argument. Since a switching
changes the order of induced forest by at most 1, we have Min(¢, 37*9) < Mm(t 37) +
Min(t, 37) +1 for all even integers p and q with 4 < p < q. Thus 5k+4 = |'8(8k+6)'| <
Min(t, 38k+6) < Min(t, 3*) + Min(¢t, 38%—1D+10) 1 1 = 2 4 5(k — 1) + 6 + 1 = 5k + 4.

Finally 5k 4+ 3 = [2(8k + 4)] < Min(t, 3%¥+%) < Min(t, 3*) + Min(t, 33(~D+8) 1 1 =
2+4-5k+1 = 5k+3. Therefore we obtained in [19] the following theorem and corollary.

Theorem 4.2 Let n be an even integer with n > 12. Then

Min(t, 3%) -1 if n=2(mod 8),
[ an] otherwise.

Corollary 4.3 Let n be an even integer with n > 12. Then

3n+1 if n=2(mod8),
(g Y = { [3n] ) otherwise. :

In [21], there are five connected cubic graphs of order 8, all of which having max-
imum induced forests of order 5. Alon et al. proved in [1] that if G is a {K}, K} }-free
graph with maximum degree 3. If G is of order n and of size m, then t(G) > n — 2.
Consequently, if G is a cubic {K}, K} }-free graph of order n > 10, then ¢(G) > 5.
Zheng and Lu proved in [24] that t(G) > 2" for any connected cubic graph G of order
n without triangles, except for two cubic gra,phs with n = 8. They also pointed out
that this lower bound is best possible. It is easy to see that there exists cubic graph
G of order n containing triangles and t(G) > 2" We have extended their result by
proving that ¢(G) > 22 for any connected cublc K 4-free graph G of order n > 10 as
stated in the followmg results.

Theorem 4.4 Let G be a connected triangle-free graph of order n and A(G) = 3. If
G is not a cubic graph, then t(G) > &,

Theorem 4.5 Let X = CR(3%) U{K4, K} and let G be an X -free graph of order n
with A(G) = 3. Then t(G) > 2.

Theorem 4.6 Let G be a connected cubic K-free graph of order n, n > 6 and n # 8.
Then t(G) > 2.

We recently constructed in [4] a class of connected triangle-free graphs J,, of order
n to show that min(t,J,) = [%]] as follows.

First observe that
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1. t(K3,3) =4.
2. t(Q3) = 5, where Q3 is the 3-cube.

3. There is a switching o such that (2K}) is a connected triangle-free graph and
t((2K3)?) = 7. Put K = (2K})°.

4. Ife e E(K3,3) and f € E(Q3), then t(K3'3 - e) =4 and t(Q3 — f) =6. Put
P=K3z3z—-eand Q =Q3 - f.

5. Let n be an even integer with n > 12. Write n = 6g+t, t = 0, 2,4 and construct
a connected cubic triangle-free graph according to the values of ¢

(a) ift = 0, construct graph G of order 6q by taking g copies of P and joining
q appropriate edges between the g copies of P.

(b) if t = 2, construct graph G of order 6g + 2 by taking g — 1 copies of P and
a copy of @ and then joining ¢ appropriate edges between them.

(c) if t = 4, construct a graph G of order 6q + 4 by taking ¢ — 1 copies of P
and a copy of K and then joining g appropriate edges between them.

6. It is easy to check that the graphs G constructed above satisfying ¢(G) = [%].

Thus we have the following theorem.
Theorem 4.7 [4] min(¢,J,) = [%].

5 Cubic planar graphs

In the class of connected cubic graphs of order 2n, we have already proved that in [18]

$(3°") = {#(G) : G € CR(3")} = [Min(9, 3"), Max(¢, 32",

where
Min(g, 32") = [2£1]
and
3 1 . o
amy_ [ in+3 ifn=1(mod4),
Max(¢v 3 ) { L%nJ otherwise.

For each c € ¢(3%"), let CR(3%"; ¢ =c) = {G € CR(3%™") : ¢(G) = c}.

We consider the problem of determining whether the subgraph of CR(32") induced
by CR(3?"; ¢ = c) is counected or not. If it is connected, then for any two graphs
G1,G2 € CR(3?™; ¢ = c) there is a sequence of switchings 07,03, ...,0; such that for
eachi=1,2,...,t, G*7*"% € CR(3%; ¢ =c) and G{*7*""%* = G,.

We proved in [18] that CR(3%"; ¢ = [2£1]) is connected. Nothing has been done
for other values of c.
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That is the class of cubic graphs with smallest decycling number induced a con-
nected subgraph. This provides an algorithm to finding all cubic graphs with smallest
decycling number in the class of connected cubic graphs and this also leads to an an-
swering to the Problem 1 asked by Bau and Beineke [2].

The following problems asked by Bau and Beineke [2].

Problem 1 Which cubic graphs G of order 2n satisfy ¢(G) = [%1]?
Problem 2 Which cubic planar graphs G of order 2n satisfy ¢(G) = [241]?
We will give an outline of proof to answer Problem 2. Details can be found in [20].

Let us first consider the following example.

Example 5.1 Min(¢,3%) = 12 = 9 and Max(¢,3%) = £}T + 1 =13
Thus CR(3%4) can be partitioned into five classes C;(9 < i < 13), where
C: ={G € CR(3**) : ¢(G) =i} and C; # 0, for all i = 9,10,11,12,13.

For any integer n > 2 and for each i € [Min(¢,3%"), Max(¢,3?")] we have
Ci ={G € CR(3%) : ¢(G) =i} #0.

Let P(32") be the class of all connected cubic planar graphs of order 2n. We can
ask the following questions.

1. Is ¢ an interpolation graph parameter with respect to P(32"%)?
2. What is the values of min{¢(G) : G € P(3*")} and max{¢(G) : G € P(3?")}?
3. Is the subgraph of the graph CR(3%?") induced by P(3?")

connected?

4. Which cubic planar graphs G of order 2n satisfy ¢(G) = [2£1]? (Problem 2)
5. Is the subgraph P(32"; ¢ = [241]) connected?

Question 3 implies Question 1.

That is if the subgraph of CR(3%") induced by P(32") is connected and with the
fact that |¢(G) —¢(G?)| < 1, then ¢ is an interpolation graph parameter with respect
to P(3%").

Answering Question 3 seems to be difficult. We will answer Question 1 directly.

First let us consider the following examples and the proofs of Question 1 and
Question 2 are easily obtained.

Example 5.2 Graph G;
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LLLLL

G, of order 34 and ¢(G;) = 13 = Max(¢, 334).

Example 5.3 Graph G,

Iyt

G, of order 34 and ¢(G2) = 12 = Max(¢, 3%4) — 1.

Example 5.4 Graph G3

ye-g

G3 of order 34 and ¢(G3) = 11 = Max(¢, 334) —

Example 5.5 Graph G4

G4 of order 34 and ¢(G4) = 10 = Max(¢, 334) — 3.

Example 5.6 Graph G5
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= Gs
G5 of order 34 and ¢(Gs) = 9 = Max(¢, 334) — 4 = Min(¢, 334).
Example 5.7 Consider the following graphs G; and Gs.
Cubic planar graph G of order 8k + 8 = 32, ¢(G) = 12 = Max(¢, 33%)
= Gs

Cubic planar graph Gy of order 8k + 8 = 32, ¢(G) = 9 = Min(¢, 332)
Example 5.8 Consider the following graphs G; and G5.

L ok o

Cubic planar graph G; of order 8k + 6 = 30, ¢(G) = 11 = Max(¢, 330)

Cubic planar graph G of order 8k + 6 = 30, ¢(G) = 8 = Min(¢, 3%0)

157
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Example 5.9 Consider the following graphs G; and Gs.

Ny

Cubic planar graph G, of order 8k + 4 = 28, #(G) = 10 = Max(¢, 328)

Cubic planar graph G5 of order 8k + 4 = 28, ¢(G) = 8 = Min(g, 328)

Thus we have proved the following results:
Theorem 5.10 (Question 1) ¢ is an interpolation graph parameter with respect to
P(3%).
Theorem 5.11 (Question 2)

min{$(G) : G € P(3?")} = Min(¢, 3?*) and
min{$(G) : G € P(32")} = Min(¢, 32n).

We proved in [18] the following result.

Let G € CR(3%*"; ¢ = [2£l]) and S be a minimum decycling set of G. Put
F =V(G) - S. Then

1. e(S) =0, if n is odd and e(S) < 1, if n is even,
2. if n is odd, then G[F] is a tree,
3. if n is even and e(S) = 1, then G[F] is a tree,

4. if n is even and e(S) = 0, then G[F] has 2 connected components.

Theorem 5.12 There ezists G € P(3°") such that $(G) = [22] and G contains a
path of order [3",; L] as its induced forest. Furthermore the induced subgraph of the

corresponding decycling set of G contains at most one edge and it contains no edge if
and only if n is odd.
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A proof of above theorem can be obtained easily by introducing the graphs Gg
and Gg as in the following figures and the definition of super subdivision.

GG GS

Definition 5.13 Let G be a connected cubic planar graph and F is an induced forest
of G. If u,v € F and uv € E(G), define a super subdivision with respect to uv of G
to be a graph G - uv obtained from G by inserting three vertices z,y, z on the edge
uwv and joining z,y, z to a new vertex w. Let u € F, dp(u) = 1. Then there exists a
unique vertex v € F that is adjacent to u and there exist two vertices p,q € V(G - F)
such that p and ¢ are adjacent to u. Define a super subdivision with respect to u of
G to be a graph G - u obtained from G as follows: Inserting three vertices z,y, z on
the edge uv to produce a path uryzv in F, deleting pu, and joining pz, and finally
joining u,z,y to a new vertex w.

[ ]
[

PI/Q
U oV

Let P(3%"; ¢ = [2£1]) be the class of cubic planar graphs G of order 2n and
#(G) = [2+L]. We obtained in [4] an algorithm of finding all cubic planar graphs
G of order 2n with decycling number [Mz'—l] In addition, we proved the following
theorem.

Theorem 5.14 The subgraph P(3%"; ¢ = 241) is connected.
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Almost Hamiltonian Cubic Graphs
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Abstract

A Hamiltonian walk in a connected graph G of order nis a
closed spanning walk of minimum length in G. For a
connected graph G, let A(G) be the length of a Hamiltonian
walk in G and call it the Hamiltonian number of G. Let i be a
non-negative integer. A connected graph G of order n is
called an i-Hamiltonian if h((G) - n-i. Thus a 0-Hamiltonian
graph is Hamiltonian. A 1-Hamiltonian graph is called an
almost Hamiltonian graph. We prove in this paper that for an
even integer n 2 10 there exists an almost Hamiltonian
cubic graph of order n. Let P(k, m) be the generalized
Petersen graph of order 2k. We show that P(k, m) is an
almost Hamiltonian graph if and only if m- 2 and & =
5(mod 6). For a cubic graph G, we define G* to be the
graph obtained from G by replacing each vertex of G to a
triangle, matching the vertices of the triangle to the former
neighbors of the replaced vertex. We show that G is
Hamiltonian if and only if G* is Hamiltonian and if G is
almost Hamiltonian then G* is 2-Hamiltonian.

Key words:

Hamiltonian walk, Hamiltonian number, and cubic graph.

1. Introduction

While certainly not every connected graph of order at least 3
contains a Hamiltonian cycle, every connected graph does
contain a closed spanning walk (in which all vertices are
encountered, possibly more than once). If G is a connected
graph of size m, there is always a closed spanning walk of
length at most 2m. In [6, 7] Goodman and Hedetniemi
introduced the concept of a Hamiltonian walk in a
connected graph G, defined as a closed spanning walk of
minimum length in G. They denoted the length of a
Hamiltonian walk in G by A(G). Therefore, for a connected
graph G of order n 2 3, it follows that #(G) = n if and only
if G is Hamiltonian. Hamiltonain walks were studied
further

Manuscript received January 5, 2007
Manuscript revised January 25, 2007

by T. Asano, T. Nishizeki, and T. Watanabe [2, 3], J. C.
Bermond [4], and P. Vacek [9]. Thus # may be considered

as a measure of how far a given graph is from being
Hamiltonian.

In [5] an alternative way to define the length A(G) of a
Hamiltonian walk in a connected graph G was presented. A
Hamiltonian graph G contains a spanning cycle C : w,vy, .-,
Vp, Ve = V), Where then vy, € E(G) for 1 < i <n. Thus
Hamiltonian graphs of order » > 3 are those graphs for
which there is a cyclic ordering C : vy, v, «-+, ¥, Yoy = v, Of
G) such that 3" d(v,v,,) =n, where d(v,v;.,) is the

distance between v, and v, for 1 < j < n. For a connected
graph G of order n 2 3 and a cyclic ordering 5 : v,v3, ... ,V,,
v,+1=v, of the elements of V(G), the number d(s) is

defined as d(s) =Z,"=ld(v,,v”,). Therefore, d(s) 2 n for

each cyclic ordering s of the eclements of V(G). The
Hamiltonian number h(G) of G is defined in [5] by
h(G) = min{d(s)}, where the minimum is taken over all
cyclic orderings s of elements of V(G). It was shown in [5]
that the Hamiltonian number of a connected graph G is, in
fact, the length of a Hamiltonian walk in G.

¢!

Figure 1: A graph G with H(G)=6

To illustrate these concepts, consider the graph G =
K3 of Figure 1. For the cyclic orderings s, : vy, v3, vs, vy,
vs, vy and s; @ vy, v3, Vi, vy, s, v Of V(G), we see that d(sy)
= 8 and d(s;) = 6. Since G is a non-Hamiltonian graph of
order S and d(s;) = 6, it follows that /(G) = 6.

Let i be a non-negative integer. A connected graph G
of order n is called an i-Hamiltonian if h(G) = n + i.
Thus a 0-Hamiltonian graph is Hamiltonian. An almost
Hamiltonian graph is a graph G of order n and A(G) = n
+ 1. Thus K3 is an example of an almost Hamiltonian
graph.

The following results are known (see [5, 7]).
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Theorem A For every connected graph G of order n22,
n<h(G)<2n-2.
Moreover,
1. W(G) =2n -2 ifand only if G is a tree and

2. for every pair n, k of integers with3 < n < k<
2n-2, there exists a connected graph G of order n
having G) = k.

+

Thus for a connected graph G of order n, G is an i-
Hamiltonian graph for some i =0, 1, 2,..., n-2. Moreover,
for integers n and i with n 2 3 and 0 < i < n-2, there is
an /-Hamiltonian graph G of order n.

Let P(k, m) be a generalized Petersen graph such that
V(Pk, m))=A{u;, v : i =0,1,..., k—-1} and E(P(k, m))
= {Uldys, ViViom, UV 1 =0, 1, 2,..., k—1} where addition is

taken modulo £ and m < % In [1] Alspach completed

the determination of the parameters k&, m for which P(k,
m) is Hamiltonian as stated in the following theorem.

Theorem B The generalized Petersen graph P(k, m) is
non-Hamiltonian if and only if m = 2 and k = 5(mod 6).

+

2. Almost Hamiltonian cubic graphs

We have seen that a generalized Petersen graph is not a
Hamiltonian graph if and only if m = 2 and & = 5(mod
6). Thus in this case h(P(k, m)) 2 2k + 1. We will show
in the next theorem that P(k, m) is an almost
Hamiltonian graph if and only if m = 2 and & =5 (mod
6).

Theorem 2.1 Let P(k, m) be a generalized Petersen
graph. Then

2k+1 if m=2 and k =5(mod 6),

Pk m)) ={ +1 ifm an (mod 6)

2k otherwise.

Proof. Let m = 2 and k = 5§ (mod 6). By Theorem B, it is
suffice to show that h(P(k,2))= 2k+1. Consider a closed
spanning walk W : vy, vy, Vo1, V|, V3,eeuVil2, Upa,
U3, Uk.g4, ..., U1, Ug, Uk, Ug, Vo of P(k,2) It is clear
that W has length 2k +1. Thus A((P(k, m)) = 2k +1.

+

It was shown in [8] that all connected cubic graphs of
order n, where 4 < n < 8, are Hamiltonian. It was also
shown in [8] that the Petersen graph P(5,2) and the
Tietze graph (denoted by 7);) are the only 2-connected

cubic graph of order 10 and 12, respectively, that are not
Hamiltonian. They are, in fact, almost Hamiltonian cubic
graphs of respective order. Note that the T}, is obtained
from P(5,2) by replacing one vertex of P(5,2) to a
triangle, matching the vertices of the triangle to the
former neighbors of the replaced vertex. Thus T,
contains a triangle. Let G be a cubic graph and v € V(G).
We denote G *v to be the graph obtained from G by
replacing v to a triangle, matching the vertices of the
triangle to the former neighbors of v. Thus G #v is also a
cubic graph containing a triangle.

Theorem 2.2 Let G be a cubic graph of order n > 4 and
v € V(G). Then G is Hamiltonian if and only if G*v is
Hamiltonian.

Proof. Let G be a cubic graph and V(G) = {v;, v, ---, v,}.
Put v =v,. Thus G * v is the graph with /(G *v) = (V(G)
-v) U {x, », 21}, {x, y, i} induced a triangle in G *v
and ¥z, v, € E(G *v).

Suppose that G is Hamiltonian. Without loss of
generality we may assume that C : v, vy, «+. , V,, Vi is @
Hamiltonian cycle of G. Thus

Coizi X, Y1, V2, V3,000, Vi 0y
is a Hamiltonian cycle of G * v.
Conversely, suppose that G * v is Hamiltonian and let
Coiup, Uy, ooe, Unsa, U

be a Hamiltonian cycle of G *v. If x is not a neighbor of
y1 and 2y in C,, then dg *(x)) 2 4. Thus x, is a neighbor of
yiorzin C,. It is also true for y; and =,. Thus x, y;, =, must
appear as consecutive vertices in C,. Deleting the three
vertices and replacing by v,, we obtain a Hamiltonian
cycle of G.

it

Let G be a cubic graph of order »n with /(G) = {v,, v,,
v, V). PtG'=G#*viandfor1 < isn—1, putG™ =
G' # v,y Thus from Theorem 2.2 we have the following
corollary.

Corollary 2.3 Let G be a cubic graph of order n. Then G is
Hamiltonian if and only if G' is Hamiltonian for all 1< i< n.
,,

Now we consider when G is not Hamiltonian cubic
graph. Thus G *v is not Hamiltonian by Theorem 2.2. Let
K’y be the graph obtained from K and a subdivision to an

edge of K, (see Figure 2).

Figure 2 : Graph X',

K’..=

Let G be a graph obtained from three copies of K’y and
connecting three vertices of degree two to a new vertex v.
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Thus G is cubic of order 16 with A(G) = 21 but (G *v) =
24. That is G is a 5-Hamiltonian while G * v is 6-
Hamiltonian. Note that G *w is 5-Hamiltonian, for each
vertex w of G difference from v.

Theorem 2.4 For an even integer n 2 10, there exists an
almost Hamiltonian cubic graph of order n.

Proof. The Petersen graph P(5,2) is the unique almost
Hamiltonian cubic graph of order 10 and the Tietze graph
T), is also the unique almost Hamiltonian cubic graph of
order 12 and 7, = G *v, where G = P(5,2) and v € V(P(5,
2)). Let u,, v;, w; be the induced triangle of T,. Let Tjy =
T2 *v. Thus for an integer i > 1, let u, v;, w; be the
induced triangle of T2.5;-1yand Ti242 = Tize2¢-1) * Vio By
assuming that the graph 7.5, is almost hamiltonian,
we have that h(T|3.2) € 12 + 2i + 1. By Theorem 2.2 we
have that T, is not Hamiltonian. Therefore A(T|2.2;) =
12 + 2i+ 1 and T+, is almost Hamiltonian.

+

A Hamiltonian graph is necessary 2-connected. The
same result is also hold in the class of almost Hamiltonian
cubic graphs. The following results can be considered as a
characterization of cubic graphs for being almost
Hamiltonian.

Theorem 2.5 Let G be a connected cubic graph of order
n 2 10. [f G is almost Hamiltonian, then G is 2-
connected.

Proof. Suppose G is not 2-connected and v is a cut vertex
of G. Since G is cubic, there exists a vertex u such that u is
also a cut vertex of G and u is adjacent to v. Furthermore,
uv is a cut edge of G. Let G — e = G, v G,. It follows that
h(G) 2 KG))+h(Gy)+2 2 n + 2. The proof is complete.

+

Theorem 2.6 Let G be a connected non-Hamiltonian
cubic graph of order n 2 10. Then G is an almost
Hamiltonian graph if and only if for every Hamiltonian
walk W of G, W contains a cycle of order n -1.

Proof. Suppose A(G)=n+ 1. Letv, vz, .-, V2=V bea
Hamiltonian walk of length n + 1. Thus there exist v, and
v;with 1 <i<j < nandv,=v; and all other vertices are
distinct. Without loss of generality we may assume that i =
1.If j= 4, thend(v)) 2 4. Thus j=3 and vs, vy, -+, Vpe2
= v; is a cycle in G of length n — 1. Suppose G contains a
cycle vy, vy, ---, va=vy of length n — 1. Let v € V(G) —
{v| = Vn, V2, V3, .-+, Vo1 }. Thus there exists an integer &
with 1 < k <n - 1 such that v, is adjacent to v. We now
form a Hamiltonian walk v|, vy, -« , ¥, v, %, - .V, =V

and this walk has length n + 1. Therefore /(G) = n + 1.

+

Let G be a Hamiltonian cubic graph. We have shown in
Theorem 2.2 that for every v NG), G * v is
Hamiltonian and vise versa. We have also mentioned that
there is a 5-Hamiltonian graph G and v~ V(G) such that
G * vis 6-Hamiltonian.

Let G be a connected cubic graph of order n with V(G)
= {v), v3,-++, V,,}. Let G* = G". Figure 3 shows the graphs
P(5.2) and P*(5.,2).

# R

Figure 3: Graphs £(5.2) and P*(5, 2)

Theorem 2.7 If G is an almost Hamiltonian cubic graph of
order n, then (G*) = 3n + 2.

Proof. By Theorem 2.2, it follows that /(G*) = 3n + 1. As-
sume, to the contrary, that /(G*) = 3n+ 1. By Theorem 2.6,
let C : x), X3, --- , X3,1, X1 be a cycle of length 3n — 1 of G*,
where V(G*) = { x), x2, --+ , X3,}. Without loss of generality
we may assume that xs, is adjacent to x,. Since G* is non-
Hamiltonian, x3,%;, Xsnxs,1 € E(G*). Since G* is cubic,
there exist i, j with 1 <i <j< 3n -1 such that {x3,, x, x;}
induced a triangle in G*. Since G* is cubic, j =i+ 1 and
G* is Hamiltonian. This is a contradiction.

Yk=1 Xk+1
Figure 4: Part of G*

In order to show that A(G*) = 3n + 2, we will construct
a Hamiltonian walk of G* of length 3n + 2. In the proof of
Theorem 2.6, let

Wivi, v, oo, Via V, Vi oe, Vo =V
be a Hamiltonian walk of G.

For each i, | <i <n, we replace vertices v, and v in W
by triangles x,, 3, = and Xx, y, - respectively, and then
arrange them in such a way that x; is adjacent to ., for all
i=1,2,...,n-1 Without loss of generality we may
assume that = is adjacent to x as shown in Figure 4. Thus
the Hamiltonian walk
Wiz, X Yo 20 %200t Vet Sl Xils Yo S65% 0 55 X, 5
Xt Ve 1s Sk 1y Xk 152+ s Yels Sncls X ls Vi =n= 21
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has length 3n + 2.

+

The following result can be obtained as a direct
consequence of Theorem 2.7.

Corollary 2.8 h(P*(k, 2)) = 6k + 2, for every positive
integer k with kS (mod 6).

+

3. Conclusion

A Hamiltonian walk in a connected graph G of order n is a
closed opening walk of minimum length in G. Let A(G) be
the length of a Hamiltonian walk in G. The graph
parameter 4 is called the Hamiltonian number of G. Thus
h(G) may be considered as a measure of how far the graph
G is from being Hamiltonian. A connected graph G of
order n is called an i-Hamiltonian if A(G) = n + i. Thus a
0-Hamiltonian graph is Hamiltonian. A 1-Hamiltonian
graph is called an almost Hamiltonian graph. Some
characterizations of almost Hamiltonian cubic graphs are
obtained in this paper. In other words, we proved that a
cubic graph G of order » is almost Hamiltonian if and only
if G is 2-connected containing a cycle of length n —1. In
particular, we proved that the generalized Petersen graph
P(k, m) is almost Hamiltonian if and only if m = 2 and &

5(mod 6). Let G be a cubic graph of order n. we denote
G* the graph obtained from G by replacing each vertex of
G to a triangle, matching the vertices of the triangle to the
former neighbors. We proved that G is Hamiltonian if and
only if G* is Hamiltonian and if G is almost Hamiltonian,
then G* is 2-Hamiltonian.
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Abstract. Bau and Beineke [2] asked the following questions:

1 Which cubic graphs G of order 2n have decycling number ¢(G) =
[241?

2 Which cubic planar graphs G of order 2n have decycling number
6(C) = [2£11?

We answered the first question in [10]. In this paper we prove that if
P(3%") is the class of all connected cubic planar graphs of order 2n and
¢ (P(3*)) = {6(G): G ¢ P(3%")}, then there exist integers a. and by
such that there exists a graph G € P(3*") with ¢(G) = c if and only
if ¢ is an integer satisfying an < ¢ < bn. We also find all corresponding
integers a» and b,. In addition, we prove that if P (oS [1‘-'{—1]) is
the class of all connected cubic planar graphs of order 2n with decycling
number [2£L] and Gi, G2 € P (3%"; ¢ = [241]), then there exists a
sequence of switchings o1, 02, ..., o such that foreveryi=1, 2,..., t—
1, Gglaz“-di cP (321;; ¢ = !‘g_-zj-_l_]) and G2 = thndz"'ﬂc_

1 Introduction

We consider only finite simple graphs. For the most part, our notation and
terminology follow that of Bondy and Murty [3]. Let G = (V, E) denote a graph
with vertex set V = V(G) and edge set E = E(G). Let V(G) = {v1, v2,..., vn}
and E(G) = {e1, €2,---, em}. We use |S| to denote the cardinality of a set S
and define n = v(G) = |V| to be the order of G and m = €(G) = |E| the size of
G. We write e = uv for an edge e that joins vertex u to vertex v. A path of order
k in a graph G, denoted by P, is a sequence of distinct vertices uiuz - - - uk of
G such that for all i = 1, 2,..., k — 1, u;u;41 is an edge of G. The degree of a
vertex v of a graph G is defined as dg(v) = |{e € E: e = uv for some u € V}|.
The maximum degree of a graph G is usually denoted by A(G). If § C V(G),
the graph G[9] is the subgraph induced by S in G and we also use the notation
&(S) for £(G[S]). For a graph G and X C E(G), we denote G — X the graph
obtained from G by removing all edges in X. If X = {e}, we write G — e for
G — {e}. For a graph G and X C V(G), G — X is the graph obtained from G
by removing all vertices in X and all edges incident with vertices in X. For a
graph G and X C E(G), we denote G+ X the graph obtained from G by adding
all edges in X. If X = {e}, we simply write G + e for G + {e}. Two graphs G

* This work was carried out with financial support by The Thailand Research Fund.

J. Akiyama et al. (Eds.): CJICDGCGT 2005, LNCS 4381, pp. 149161, 2007.
© Springer-Verlag Berlin Heidelberg 2007



150 N. Punnim

and H are disjoint if V(G) N V(H) = 0. For any two disjoint graphs G and H,
G U H is defined by V(GUH) = V(G)UV(H) and E(GU H) = E(G) U E(H).
We can extend this definition to a finite union of pairwise disjoint graphs. For
a graph G and s € V(G), the neighborhood of s in G is defined by N(s) =
{v € V(G): sv € E(G)}. If S C V(G), then we define N(S) = J,cg N(s). If
F C V(G), we write Np(S) for N(S) N F. A graph G is called r-regular if all
of its vertices have degree r. A 3-regular graph is called a cubic graph. Let G
be a graph of order n and V(G) = {v1, vg,..., v, } be the vertex set of G. The

sequence (dg(v1), dg(vz2), ..., dg(vy)) is called a degree sequence of G, and we
simply write (d(v1), d(vz), ..., d(v,)) if the underlying graph G is clear from the
context. A sequence d = (d, da, ..., d,) of non-negative integers is a graphic

degree sequence if it is a degree sequence of some graph G. In this case, G is called
a realization of d. An algorithm for determining whether or not a given sequence
of non-negative integers is graphic was independently obtained by Havel [6] and
Hakimi [5]. We state their result in the following theorem.

Theorem 1. Let d = (dy, dg,..., dn,) be a non-increasing sequence of non-
negative integers and denote the sequence

(A 0 ™ . demiesdyd, % o 4.
Then d is graphic if and only if d’ is graphic.

Let G be a graph and ab, cd € E(G) be independent, where ac, bd ¢ E(G).
Define
Go@bed) — (G — {ab, cd}) + {ac, bd}.

The operation o(a, b; ¢, d) is called a switching operation on G. For a graph G,
put Go = G. We define G°1°2"? recursively by for each i = 1, 2,..., ¢, G; =
G;*,, where o; is a switching on G;_;. It is easy to see that the graph G; has
the same degree sequence as G. The following theorem was proved by Havel [6]
and later by Hakimi [5] independently.

Theorem 2. Letd = (di, da,..., d,) be a graphic degree sequence. If G and H
are any two realizations of d, then H can be obtained from G by a finite sequence
of switchings.

As a consequence of Theorem 2, Eggleton and Holton [4] defined in 1978 the
graph R(d) of realizations of d whose vertices are the set of all non-isomorphic
graphs with degree sequence d; two vertices being adjacent in the graph R(d) if
one can be obtained from the other by a switching. They obtained the following
theorem.

Theorem 3. The graph R(d) is connected.
The following theorem was obtained by Taylor [11] in 1980.

Theorem 4. For a graphic degree sequence d, let CR(d) be the set of all con-
nected realizations of d. Then the subgraph of the graph R(d) induced by CR(d)
s connected.



The Decycling Number of Cubic Planar Graphs 151
2 The Decycling Number

The problem of determining the minimum number of vertices whose removal
eliminates all cycles in a graph G is difficult even for some simply defined graphs.
For a graph G, this minimum number is known as the decycling number of G,
and is denoted by ¢(G). Let G be the class of all graphs. A function f: G — Z is
called a graph parameterif G, H € G and G = H, then f(G) = f(H).Let J C G.
A graph parameter f is called an interpolation graph parameter with respect to
J or f interpolates over J if G, H € J and a = f(G) < f(H) = b, then for every
integer ¢ between a and b, there exists K € J such that f(K) = c. If f interpolates
over J, then f(J) := {f(G): G € J} is uniquely determined by min(f, J) :=
min{f(G): G € J} and max(f, J) := max{f(G): G € J}. Letd = ™ be a
graphic regular degree sequence and let f be a graph parameter. We use the
following notation: min(f, r*) = min(f, R(r")), max(f, r") = max(f, R(r™)),
Min(f, ) = min(f, CR(r")), and Max(f, r") = max(f, CR(r")).

We proved in (8] that for a graph G and a switching o on G, |¢(G) — ¢(G°)| <
1. Thus we have the following results.

1 ¢ interpolates over R(d).

2 ¢ interpolates over CR(d).

3 Let J C R(d). If the subgraph of the graph R(d) induced by J is connected,
then ¢ interpolates over J.

Let G be a graph and F C V(G). F is called an induced forest of G if G[F)
contains no cycle. An induced forest F of G is mazimal if for every v € V(G—F),
G[F U {v}] contains a cycle. Let ¢(G) be defined as

t(G) := max{|F|: F is an induced forest of G}.

It is clear that, for a graph G of order n, ¢(G) + t(G) = n. Consequently, ¢
interpolates over J C R(d) if and only if ¢ does.

3 Cubic Graphs

The interest of studying the decycling number of cubic graphs was motivated
by the results of Zheng and Lu [12], Alon et al. [1], Liu and Zhao [7], and Bau
and Beineke [2]. We found in [8] the values of min(¢, 3?") in all situations and
proved that min(¢, 32") = Min(¢, 32").

The problem of finding upper bounds of ¢(G), where G runs over a class of
cubic graphs, has been investigated in the literature. First observe that if G is
a cubic graph of order n and F is a maximum induced forest of G, then it is
easy to see that G — F is also a forest. Thus |F| > %. The bound is sharp if and
only if n is a multiple of 4. We proved in [8] that if n = 4¢ + ¢, t = 0, 2, then
max(¢, 3") = 2q.

The problem of finding Max(¢, 3") is more difficult. We have considered such
problem in term of the graph parameter ¢ in [9]. A cubic tree is a tree whose
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vertices consisting of degree 1 or 3. Evidently, if T is a cubic tree of order n, then
n = 2k + 2, where k is the number of vertices of degree 3 of T. Let T denote the
family of cubic graphs obtained by taking cubic trees and replacing each vertex
of degree 3 by a triangle and attaching a copy of K4 with one subdivided edge
at every vertex of degree 1.

A lower bound for the order of maximum induced forest in connected cubic
graphs has been obtained by Liu and Zhao [7] as stated in the following theorem.

Theorem 5. Let G be a connected cubic graph of order 2n > 12. Then t(G) =
Sn—1ifGeTandt(G)>3nif G¢T.

By Theorem 5 and with the fact that a switching changes the value of ¢ by at
most 1 in the resulting graph, we proved in [9] the following results.

Theorem 6. Let n be an integer with n > 6. Then
8n+3i, ifn=1(mod4),

13n], otherwise.

Max(¢, 3%") = {

4 Cubic Planar Graphs

Note that ¢ interpolates over CR(3%") with

3n+ 1 ifn=1(mod4),
Min(g, 3%%) = [%41] and Max(g, 3) = § 1" ¥ by
(3n], otherwise.

For each c € ¢(3%"), let CR(3%*; ¢ = ¢) = {G € CR(3?"): ¢(G) = c}.

We answered Question 1 in [10] by determining all cubic graphs G of order 2n
and ¢(G) = [2£1]. In addition, we proved that the subgraph of CR(32") induced
by CR (3%"; ¢ = [2£L]) is connected.

Let P(32") be the class of all connected cubic planar graphs of order 2n. For
small n, the difference between Max(¢, 32") and Min(¢, 3%") is relatively small
and it is easy to show by construction that ¢(P(32")) = ¢(CR(3%")), for all n <
13. We now consider the interpolation property of ¢ with respect to P(334). Since
Min(¢, 334) = 1L = 9 and Max(¢, 334) = 317 + 1 = 13, CR(3%*) can be par-
titioned into five classes Ci(9 < i < 13), where C; = {G € CR(334): ¢(G) =i}
and C; # 0, for all i =9, 10, 11, 12, 13. Consider the following example.

Ezample 1. Planar graphs G!, G2, G3, G4, G®

pe o o a

=

= =

G? of order 34 = 8k + 10 and ¢(G') = 13 = Max(¢, 334).
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G2

X ]

J/

G? of order 34 = 8k + 10 and ¢(G?) = 12 = Max(¢, 33¢) — 1.

= G®

X XK 2!

J

G® of order 34 = 8k + 10 and ¢(G®) = 11 = Max (¢, 3%4) — 2.

P & o 4B

= G4

= 2

J/

G* of order 34 = 8k + 10 and $(G*) = 10 = Max(¢, 3%%) — 3.

= G°

J

G® of order 34 = 8k + 10 and ¢(G®) = 9 = Max(¢,3%*) — 4 = Min(¢, 334).

Thus for each i =9, 10, 11, 12, 13, C; N P(334) # 0. Therefore ¢ interpolates
over P(334). The same result can be obtained in P(32") for n € {14, 15, 16}.

In general if we write 2n = 8k + 2i,¢ = 2, 3,4, 5 and k > 4, then we can
construct a cubic planar graph G; of order 8k + 2i by a cubic tree T; of order
2k + 2, where k is the number of vertices of degree 3, replacing k — 5 + ¢ vertices
of degree 3, by a triangle and attaching a copy of K4 with one subdivided edge
at every vertex of degree 1. Thus G; € P(3?") and ¢(G;) = 3k —1+i =
Max(¢, 32*). Hence max(¢, P(32")) = Max(¢, 32*). By forming appropriate
sequence of switchings to G; as described in above example and with the fact
that a switching changes the value of ¢ of the resulting graph by at most 1, we
have the following theorem.
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Theorem 7. ¢ interpolates over P(3%"), with

min {¢(G): G € P(3**)} = Min(¢, 3*"), and
max {¢(G): G € P(3*")} = Max(¢, 3°").

Let G € CR(3%"; ¢ = [2£l]) and S be a minimum decycling set of G. Let
F =V(G — S). We proved in [10] the following results.

1 £(S)=0if n is odd and &(S) < 1 if n is even,

2 if n is odd, then G[F] is a tree,

3 if n is even and £(S) = 1, then G[F] is a tree,

4 if n is even and &(S) = 0, then G[F] has 2 components.

Lemma 1. There ezists G € P(3%") such that ¢(G) = [2£L] and G contains a
path of order | 3% | as its induced forest. Furthermore the induced subgraph of

the corresponding decycling set of G contains at most one edge and it contains
no edge if and only if n is odd.

A proof of above lemma can be obtained easily by introducing the graphs Gg
and Gg of order 6 and 8, respectively, as showed in the following figures and the
definitions of super subdivision.

Gs G8

Definition 1. Let G be a connected cubic planar graph and let F be an induced
forest of G. If u, v € F and uv € E(G), define a super subdivision with respect
to uv of G to be a graph G -uv obtained from G by inserting three vertices z, y, z
on the edge uv and joining x, y, z to a new verter w.

Definition 2. Let u € F, dp(u) = 1. Then there ezists a unique vertex v € F
that is adjacent to u and there exist two vertices p, ¢ € V(G — F) such that p
and q are adjacent to u. Define a super subdivision with respect to u of G to be a
graph G - u obtained from G by inserting three vertices x, y, z on the edge uv to
produce a path uxyzv in F, then deleting qu, and adding the edge gz, and finally
joining u, x, y to a new vertex w.
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G G-u

Super subdivision w. r. t. vertex u

Note that the concept of “super subdivision” may be defined by the concept of
a contraction. A contraction that maps the free vertex, all three of its neighbors
and a neighboring vertex = on the tree to the vertex z.

Let P (32"; ¢ = [2£1]) be the class of cubic planar graphs G of order 2n and
#(G) = [2£1]. Let G € P (3%"; ¢ = [241]). Then for any minimum decycling
set S of G, G— S is a tree or a union of two trees. Since G is cubic, A(G—S) < 3.
Let n3(G—S) be the number of vertices of degree 3 in G— S and n3(G) be defined
by

n3(G) = min{nz(G — S): S is a minimum decycling set of G}.

For nonnegative integer i, put

P = e e P (3 0= 1) imai) = ).

We first consider the class Py(2n) and prove that the subgraph of CR(32")
induced by Py (2n) is connected. In order to prove the result, we need to introduce
some notation and terminology which will be used from now on.

Let G € Po(2n) and put N = | 3271 |, Thus there exists a minimum decycling
set S of G such that G— S = Fy = PbLUPN_;, where | > N—-1 >0, B =
vivg -+ vy, and Py_; = vj41v142 - - un. For a planar embedding of G, put Fy
in the horizontal direction and the vertices in S are arranged either above or
below F. Thus the vertices in S can be partitioned into at most three subsets,
U, L, D, according to the following rules.

1 For s € S, s € U if s lies above Fy and all edges from s to F lie above Fy.
2 For s € S, s € L if s lies below Fx and all edges from s to Fx lie below Fl.
3 PutD=S—-(UUL).
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With a planar embedding we can also partition the edge set from S to Fy
into U’ and L’ according to it is incident to a vertex of Fiy above or below Fi. It
is clear that an edge from s € U to a vertex of Fiy is in U’ and likewise an edge
from s € L to a vertex of Fy is in L’ while an edge from s € D is either in U’ or
L’ depending on the direction to its end. Note that for each planar embedding
of G € Py(2n), the sets U’ and L' are uniquely determined. Thus we can write
U'(G) and L'(G) for U’ and L' if we work with more than one graph.

Definition 3. Let G € P;(2n). A switching o on G is called a P;-switching
with respect to G if G° € P;j(2n), for some j < i. A sequence of switchings
01, 02,..., 0 is called a sequence of P;-switchings with respect to G if for all
k=1,2,...,t there exists j such that j < i and G192 € P;(2n).

A Py-switching plays a crucial role in proving the main results. We introduce a
special type of Py-switching called elementary switching. Let G € Pp(2n). We
choose a planar embedding of G as described above. Let z, y be distinct vertices
of S, = is adjacent to v; and y is adjacent to v;y1, where i # . If zv; € U’ and
yvi+1 € L' or zv; € L' and yvi41 € U, then o(z, vi; viy1, y) is a Po-switching
with respect to G. This special type of Py-switching with respect to G will be
used throughout and we call it an elementary switching with respect to Fn. A
sequence of elementary switchings can be similarly defined.

- |
!

®
J

G G°

Po-switching: Elementary switching

By the definition of an elementary switching with respect to Fiy as described
above, we assume that = and y are distinct. If z = y and z lies above Fy, then
we can not apply the switching but we can redraw either an edge zv; or zv;41 so
that the two edges lie above Fj. Similarly when z lies below Fx. For a planar
embedding of G, we want to avoid this situation. Thus for a planar embedding
of G, if z € S is adjacent to v; and vi41 (¢ # l), then we draw zv;, zv;4; and
z on the same side of Fj. Clearly if o is an elementary switching with respect
to Fy, then the resulting graph G° € Py(2n) with S as its minimum decycling
set and Fy as its induced forest. The following lemmas are useful and they are
direct consequences of applying a sequence of elementary switchings.

Lemma 2. Let G € Py(2n). Suppose that there are k edges in U’ from S to
P, — {v1, vi} and there are h edges in L' from S to P, — {v1, vi}. Then there
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exists a sequence of elementary switchings o1, 03, ..., o, with respect to Fnx such
that Gy = G192 contains k edges in U'(G;) from S to {va, vs, ..., vg41} and
h edges in L'(G;) from S to {vk+2, Vk+3, - - - Vk+hs1}. It is clear that k+h = [—2.

The result in Lemma 2 is also true if P, is replaced by Py_;. Moreover, it is also
true that there exists a sequence of elementary switchings o1, 09,..., 0; with
respect to Fiy such that G; = G?192""?* contains h edges in L'(G;) from S to
{v2, v3,..., vp+1} and k edges in L'(G;) from S to {vh+2, Uh+3,- - - Vhskt1}-

Lemma 3. Let G € Py(2n). Ife=sv; eU’, f=sv; € L',1<i<j <! and
8 is not adjacent to any internal vertex between v; and v;, then there erists a
sequence of elementary switchings o1, 02,. .., 0, with respect to Fx such that s
is adjacent to consecutive vertices of P, in G7192%¢,

Proof. We have already mentioned that if e = sv; € U’ and f = sv; € L', 1 <
t < j <1, then i + 2 < j. Suppose that j = i + 2, there is a vertex s’ € §
such that s # s’ and s’ is adjacent to vi41. If v € U’, then o (s, vj; viy1, 8)
is an elementary switching and s is adjacent to v; and w;y; in Go(% viivi+1,8),
Similarly if s'v;41 € L’. Suppose j = i + k with k > 3. Let e; denote an edge
connecting with a vertex in S and vx, K = 4,4+ 1,...,j — 1. Let k be the
first integer such that i < k < j and ex € L’. Thus there exists a sequence of
k — i switchings o3, 03, ..., ox—; with respect to Fiy such that s is adjacent to
viy1 and v; in G192%-i_If k = j, then there exists a sequence of j — i — 2
switchings o1, 03,..., 0j_;_2 with respect to F such that s is adjacent to v;
and v;4; in G7192-7i-i-2, Thus the proof is complete by continuing the process
if necessary. O

The result in Lemma 3 is also true if P, is replaced by Py_;. As a direct con-
sequence of Lemma 3, if s € S is adjacent to v; and v;, where v; and v; are in
the same path, while sv; and sv; are in different sets, then there is a sequence
of elementary switchings with respect to Fy applying to G and s is adjacent
to consecutive vertices of the path in the resulting graph. Thus we can redraw
one of the edges so that s and the two edges lie on the same side of Fy. It can
happen that there is s € U, s is adjacent to v; and sv; € U’ but sv; lies above
and below Fy.

Lemma 4. LetG € Po(2n). Ife=sv; eU’, f=sv; €eU', 1 <i < j <l butsy;
lies above and below F and s is not adjacent to any internal verter between v;
and vj, then there exists a sequence of elementary switchings o4, 03, ..., o, with
respect to Fy such that s is adjacent to consecutive vertices of P, in G7192"'%t,

Proof. If there is an integer k, i < k < j such that e; € L’, then by Lemma 3
there exists a sequence of elementary switchings with respect to F applying to
G so that s is adjacent to v; and vj» with ¢ < j' and forallk,i < k < j', e, € U’
in the resulting graph. Thus we can redraw the edge sv;: so that sv; € L. The
proof follows by Lemma 3. O
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Thus if Fy = P,UPy_; and N — [ > 1, then n is even and for every s € S,
s is adjacent to three vertices in Fy. Therefore for every s € S, s is adjacent
to P, or Py_; by at least two vertices. If s is adjacent to three vertices in P,
then there exists a sequence of Py-switchings o4, 09, ..., 0y with respect to Fy
such that s is adjacent to three consecutive vertices in P, of G?192"'%t_ Similarly
if s is adjacent to three vertices in Py_;. If s is adjacent to two vertices in P
and one in Py_;, then there exists a sequence of Pyp-switchings o,, 09,..., o
with respect to Fiv such that s is adjacent to two consecutive vertices in P, of
G, = G192 Thus there exists i (1 < i < I) such that s is adjacent to v; and
Vi+1, and 8, sv; and sv;4; lie in the same side of Fiy. Suppose that s lies above
Fy and s is adjacent to v for some k(I +1 < k < N). If svp € L'(Gy), then
there exists a sequence of switchings o,41, 0,42, ..., 0; with respect to Fy such
that for each h ({ +1 < h < k), ex € L'(G:), where G; = G?192"'?t, Similarly
if svx € U’(G,) and sui lies above and below Fy. Thus we have the following
theorem.

Theorem 8. Let G € Py(2n). If the planar embedding of G is chosen in such a
way that the corresponding set D has minimum cardinality, then D = 0 or there
erists a sequence of elementary switchings o1, 02,. .., oy with respect to Fx such
that G°1°2"%t has a planar embedding with empty corresponding set D.

Definition 4. Let G € Py(2n). A vertex s € S is called a free vertex with
respect to F if s is adjacent to three consecutive vertices in Fy .

We have the following theorem.

Theorem 9. If G € Py(2n), then there erists a sequence of switchings o1, g,
.., 0t with respect to Fiy such that G°*?2'°t contains a free vertex with respect
to Fn.

Proof. By Theorem 8 we may assume that there is a planar embedding of G
such that the corresponding set D is empty.

Case 1. Suppose (S) = 0. Let s € U and Ng(s) = {vi, vj, v} with 1 < i <
j < k < N. We choose s € S so that k — 7 is minimum. If there exists x € U
such that z is adjacent to v, for some p with i < p < jor j < p < k, then
NFN(.'E) g {v,-+1, Vi42y:--y vj_l} or NFN(QI) - {Uj+1, Vit2y:- -y 'Uk—l}- This is
a contradiction to the choice of s. Thus we can assume that for every p with
i<p<jorj<p<k, v is adjacent to a vertex in L. By Lemma 4, there exists
a sequence of elementary switchings o1, 09, ..., oy with respect to P, such that
G?192°°9 contains s as a free vertex with respect to Fi.

Case 2. Suppose £(S) = 1 and s183 € E(G). Thus Fy = Px. Suppose s; € U
and s is adjacent to v; and v; with ¢ < j and if there exists s € U such that s
is adjacent to v, where i < p < j, then the result follows as in Case 1. Thus if
s € S and s # s; and s is adjacent to vp, then s € L. Thus we can assume that
s1 and s, are adjacent to consecutive vertices in Py. Let s € § — {s1, s2} and
Ng(s) = {vi,, viz, viz }, where 4; < i3 < i3. Choose s in such a way that i3 — i;
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is minimum. It follows by Case 1 that s is a free vertex with respect to Py or
there exists a sequence of elementary switchings o1, 03,..., o with respect to
Py such that G = G°192'%k contains s as a free vertex with respect to Py. O

Lemma 5. Let n be an even integer and G € Py(2n). Then G contains Py as
its induced forest or there exists a sequence of Po-switchings o1, 02, ..., o with
respect to G such that G7192"°°t contains Py as its induced forest.

Proof. Let S be a minimum decycling set of G and let G[S] be an empty graph.
Let Fn =G —-S = PbPUPy_, wherel > N—-1 > 1, B, = vjvy---v;, and
let PN_; = vj410142 - - - vn be an induced forest of G of order N = 37" — 1. By
Theorem 8 we can assume that there is a planar embedding of G with Fi in a
horizontal direction with empty corresponding set D. Further, by Theorem 9 we
can assume that G contains s € S as a free vertex with respect to Fy. Since sis a
free vertex with respect to Fi, it can freely belong to U or L. Thus, without loss
of generality, there exists a sequence of elementary switchings o,, 03, ..., o, with
respect to Fiy such that in G, = G°192""7» and s is adjacent to v;_q, vi_1, v;.
Let s; € S where s, is adjacent to v;. Thus s # s;. We put s and s; in different
sets, say s € U and s; € L. Let p, ¢ € S that are adjacent to v;;; and at least
one of which, say p, belongs to U. Then o(s, vi; p, vi41) is a Po-switching of
Gy, and GZ("’ vl ¢ Po(2n) having Py as its induced forest. Now suppose
that p, ¢ € L and p lies on the left of ¢ in the planar embedding of Gy,. Then
G7 € Po(2n) has Py as its induced forest, where o = o(s1, vi; p, vi41) if 81 # p
and o = o(s1, v; q, vi+1) if 81 = p. d

Theorem 10. Let G1, G2 € Py(2n). Then Gy = G5 or there erists a sequence
of Po-switchings 01, 03, ..., 0y with respect to G, such that G2 = GJ*9%%,

Proof. Up to isomorphism there is only one graph in Py(4). Suppose that n > 2.
Let G1, G2 € Py(2n). By Lemma 5 we can assume that both G; and G2 have
Py = v1v2---vn as their induced paths. By Theorem 9, we may assume that
each of G; and G2 contains a free vertex. Thus there exist G; and G such
that G; and G2 are super subdivisions of G] and Gj with either by edges or
vertices, respectively. By induction on n, there exists a sequence of elementary
switchings 01, 02, ..., 0, with respect to Py_3 such that G5 = G, 7*72"°*. Since
a free vertex of G € P;(2n) with respect to Py can be in U or L, the sequence
of elementary switchings o1, 02, ..., o, with respect to Py_3 as described above
can be regarded as a sequence of elementary switchings with respect to Py and
G2 = G7'?%"°*. This completes the proof. m]

We now consider the class P;(2n) when ¢ > 1. That is for a graph G € P;(2n),
G contains an induced forest Fy of order N = |32=1| with n3(Fn) = i. Note
that Fiy is a tree if n is odd or n is even and (S) = 1, where S = V(G — Fy),
otherwise Fiy is a union of two trees.

Theorem 11. Let G € Pi(2n), i > 1 and let Fnx be an induced forest of G of
order N = |32=1| and ng(Fn) = i. Then there ezists a sequence of P;-switchings
01, 02,..., 0y such that G°192°% ¢ P;_;.
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Proof. Let G € Pi(2n), i > 1 and let Fiy be an induced forest of G of order
N = [22=1] and n3(Fn) = i. Let P = v1vz--- v be a longest path of Fy
containing a vertex v; of degree 3 in the forest Fy. We choose a planar embedding
of G by placing Fi in such a way that v; lies in the leftmost vertex of Fx and
placing the path as in the following figure.

m V2 V3 v Vg

Suppose that [, 2 < I < k — 1, is the least integer such that dg, (v;) = 3.
Suppose further that v; is adjacent to a vertex u in Fy that lies above Py as
in above figure. Since dp, (v1) = 1, there exist p, ¢ € S = V(G — Fy) that are
adjacent to v;. Suppose further that p, ¢ lie above Pi and p lies on the left of q.
We now consider the following cases.

Case 1. If | = 2, then o(p, v1; vo, u) is a Pi-switching and Go@ v1iv2,u) ¢
Pi—1(2n).

Case 2. Suppose that | > 3. Note that if there is a vertex v € S such that v
is adjacent to v; for some j = 2, 3,..., i — 1 and ends under P;. Choose j to
be maximum with this property, then we can analogously apply a sequence of
elementary switchings with respect to Pr. Then we obtain the resulting graph
G’ with decycling set S and an induced forest Fy = V(G’ — S) containing Py as
a longest path. Therefore, there exists k, 2 < k <1 — 1, such that dp, (v¢) = 3.

Thus we may assume that every vertex in S that is adjacent to v;j =
2,3,...,1—1, ends at v; above F;.

If there exists v € S, v # p, and v # ¢ such that v is adjacent to v,, then
o(p, v1; va, v) is a P;-switching, GoP v15v2,v) ¢ Pi(2n), and p is adjacent to ve
under Pg. Thus there exists a sequence of P;-switchings that transforms G to G’
with decycling set S, and an induced forest Fy = V(G’' — S) containing Py as
its longest path. Therefore, there exists k, 2 < k <[ — 1, such that dg, (vk) = 3.

Thus we can assume that ¢ is adjacent to ve. Let x, y € Fy that are adjacent
to p. Thus o(p, z; ve, ¢) or o(p, y; v2, q) is a P;-switching. If o(p, z; vs, q) is a
P;-switching, then G° (p.:v2,9) contains an edge pvs which lies under Pi. Thus
there exists a sequence of P;-switchings that transforms G to G’ with decycling
set S and an induced forest Fy = V(G’ — S) containing P as its longest path.
Therefore, there exists k, 2 < k < i — 1, such that dg, (vi) = 3.

Therefore in any case there exists a sequence of P;-switchings o,, 02,..., 0%
such that G?:92'9* € P;_;. The proof is complete. a
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The following corollaries are immediate consequence of the preceding theorem.

Corollary 1. Let G € P;(2n),i > 1 and let Fy be an induced forest of G of
order N = |38=1|. Then there exists a sequence of P;-switchings 01, 03,..., 04
such that G°192°% € Py.

Corollary 2. The subgraph P(3%"; ¢ = [%£L]) is connected.
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Abstract

For positive integers m and n (1 < m < (3)), let Jn(n) be the class
of all distinct subgraphs of K, of size m. Let G,H € Jn(n). Then
G is said to be obtained from H by an edge jump if there exist four
distinct vertices u,v,w, and = of K, such that e = wv ¢ E(H), f =
wz € E(H) and o(e, f)H := H+e— f = G. The minimum number
of edge jumps required to transform H to G is the jump distance from
H to G. The graph J,,(n) is that graph having J.,(n) as its vertex set
where two vertices of J,(n) are adjacent if and only if the jump distance
between the corresponding subgraphs is 1. Let C,(n) be the subset of
Jm(n) consisting of all connected graphs. We prove in this paper that the
graph J,(n) is connected and the subgraph of the graph Jn(n) induced
by Cn(n) is also connected. Several graph parameters are proved to
interpolate over the class J,(n) and C,(n). Algorithms for determining
the extreme values for the chromatic number x and the clique number w
are also provided.

1 Introduction

We limit our discussion to graphs that are simple and finite. For the most part,
our notation and terminology follows that of Bondy and Murty [1]. Let G = (V, E)
denote a graph with vertex set V = V(G) and edge set E = E(G). Let V(G) =
{v1,v2,---,v,} and E(G) = {e1, €3, ,em}. We use |S| to denote the cardinality of
a set S and define n = v(G) = |V| to be the order of G and m = £(G) = |E| the size
of G. We write e = uv for an edge e that joins vertex u to vertex v. A path of order
k in a graph G, denoted by P, is a sequence of distinct vertices ujus - - - u; of G such
that for all i = 1,2,---,k — 1, u;u;4; is an edge of G. The degree of a vertex v of

* This work was carried out with financial support from The Thailand Research Fund.



104 NARONG PUNNIM

a graph G is defined as dg(v) = |{e € E : e = uv for some u € V}|. The maximum
degree and the minimum degree of a graph G is usually denoted by A(G) and 6(G),
respectively. If S C V(G), the graph G[S] is the subgraph of G induced by S. We
also use the notation £(S) for £(G[S]). For a graph G and X C E(G), we denote by
G — X the graph obtained from G by removing all edges in X. If X = {e}, we write
G — e for G — {e}. For a graph G and X C V(G), G — X is the graph obtained
from G by removing all vertices in X and all edges incident with vertices in X. For
a graph G and X C E(G), G + X denotes the graph obtained from G by adding
all edges in X. If X = {e}, we simply write G + e for G + {e}. Two graphs G and
H are disjoint if V(G) N V(H) = 0. For any two disjoint graphs G and H, GU H
is defined by V(G U H) = V(G) U V(H) and E(G U H) = E(G) U E(H). We can
extend this definition to a finite union of pairwise disjoint graphs.

For positive integers m and n (1 < m < (3)), let Jm(n) be the class of all distinct
subgraphs of K, of size m. Let G, H € J(n). Then G is said to be obtained from
H by an edge jump if there exist four distinct vertices u, v, w, and z of K, such that
e=uw ¢ E(H), f=wz € E(H) and o(e, f)H := H+e — f = G. The minimum
number of edge jumps required to transform H to G is the jump distance from H
to G. The graph Jn,(n) is that graph having J,(n) as its vertex set and where two
vertices are adjacent if and only if the jump distance between the corresponding
subgraphs is 1. Let Cy, (n) be the subset of J(n) consisting of all connected graphs.
It is clear that the graph Ju(n) has order (7)), where N = (3).

Note that the operation o(e, f) is well defined on G if and only if o(f,e) is well
defined on o(e, f)G and o(f,e)o(e, f)G = G. Thus the graph J,(n) is simple.

The concept of the edge jump is not new. Harary et al. [6, 7, 8, 9, 10, 11, 12]
introduced this concept in late 1980 and called it an edge exchange. They used this
concept to prove interpolation problems raised by Chartrand. Structure of specific
classes of jump graphs were also studied by Chartrand et al. [2, 3].

Theorem 1.1 Let G,H € J,(n). Then G = H or there is o finite sequence of edge

Jumps a(ey, f1),o(ez, f2),- -+, 0(es, fi) such that
H=o0(e, ft)a(et—la JRYEE U(el,fl)G-

Proof. Let G,H € Jp(n). If G # H, then E(G)— E(H) # 0. Let E(G) — E(H) =
{f1, fas--+, f:} and E(H) — E(G) = {e1,€2,---,ex}. Since G and H are of the same
size, it follows that ¢ = k. Since e; € E(G) and f; € E(G), it follows that o(ey, f1)
is a well defined edge jump on G and |E(G,) N E(H)| = |E(G) N E(H)| + 1, where
G, = o(e1, f1)G. Further, for all i = 2,3,--- ¢, o(e;, fi) is a well defined operation
on G;_; and |E(G;)NE(H)| = |E(Gi-1)NE(H)|+1, where G; = o(e;, f;)Gi—1. Thus
G; = H and the proof is complete. m]

Corollary 1.2 The graph Jn(n) is connected.

Theorem 1.3 Let G,H € Cyp(n). Then G = H or there is a finite sequence
of edge jumps o(ei, f1), o(ez, f2), -+, o(es fi) such that for all i = 1,2,---,¢,
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o(ei, fi)o(ei-1, fi-1) -+~ o(e1, 1)G € Cr(n) and
. H-= U(Ct, ft)U(et-l,ft—l) .- '0(31,f1)G-

Proof. Note that C,(n) # 0 if and only if m > n — 1. If m = n — 1, then Cy,(n)
contains all trees of order n. We first prove the theorem when m = n — 1. Let
T\, T, € C,._l(n) and Ty # T,. Then E(Tl) = E(Tz) # 0), E(Tz) - E(Tl) # @,
and IE(T;[) - E(Tz)l = |E(T2) - E(Tl)l For any e; € E(Tz) - E(Tl), T, + e; con-
tains a cycle. Thus there exists f € E(T,) — E(T:), say fi, such that T} +e; — fi
is a tree. In this case |[E(Ty + e, — fi) N E(T2)| = |E(T1) N E(T)| + 1. Thus
there exists a finite sequence of edge jumps o(ey, f1),0(eq, f2),--+,0(es, f) such
that for all ¢ = 1,2,.--,%, o(ei, fi)o(ei—1, fi-1)---o(e1, f1)G € Cpy(n) and Ty =
o(ei, fi)o(ei-1, fi-1)---oler, f1))Ti. Let G,H € Cpr(n), m > n. Let T; and T, be
spanning trees of G and H, respectively. Then, by the previous argument, we may
assume that Ty = T,. Thus E(G) N E(H) contains E(T}). Put E(G) — E(H) =
{f1, f2s-+-, f:} and E(H) — E(G) = {e1,ez, *-,&}. Thus there is a finite se-
quence of edge jumps o(ey, f1),0(ez, f2), -+ ,0(es, fi) such that for all i = 1,2,---,¢,
U(ei,fi)a(ei-l,fi—l) gl [1)G € Cn(n) and H = U(f?t,ft)a(et—l,ft-l)"'
0'(61, fl)G. O

Corollary 1.4 The graph C,(n) is connected.

Let G be the class of all simple graphs. A function 7 : G — Z is called a graph
parameter if 7(G) = n(H) for all isomorphic graphs G and H. A graph parameter 7
is called an interpolation graph parameter over J C G if there exist integers = and y
such that

{n(G):Gel}:=[r,y={k€Z:z2 <k <y}

If m is an interpolation graph parameter over J, then {n(G) : G € J} is uniquely
determined by min(r,J) := min{r(G) : G € I} and max(w,J) := max{n(G) :
G € J}. In the case where J = J(n) we write min(m;m,n) and max(m;m,n) for
min(7, J;m(n)) and max(m, Jm(n)), respectively, and in the case where J = C,,(n) we
write Min(7;m,n) and Max(w; m,n) for min(r, Gy, (n)) and max(w, Cy, (n)), respec-
tively.

2 Interpolation Theorems

Studying interpolation theorems for graph parameters may be divided into two parts.
The first part deals with the following question: Given a graph parameter 7 and a
subset J of G, does 7 interpolate over J? If 7 interpolates over J, then {#x(G) :
G € J} is uniquely determined by min(7,J) and max(m,J). The second part of the
interpolation theorems for graph parameters is to find the values of min(x,J) and
max(w,J) for the corresponding interpolation graph parameters and this part is, in
fact, the extremal problem in graph theory.



106 NARONG PUNNIM

The interest in the interpolation properties of graph parameters was motivated by an
open question posed by Chartrand during a conference held at Kalamazoo in 1980.
He posed the following question: If a graph G contains spanning trees having m and
n end-vertices, with m < n, does G contain a spanning tree with % end-vertices for
every integer k with m < k < n? This question (which was answered affirmatively)
led to a host of papers studying the interpolation properties of invariants of spanning
trees of a given graph. The details can be found in [6, 7, 8, 9, 10, 11, 12]. In [16],
several graph parameters were proved to interpolate over the class of all graphs with
the same degree sequence and presented the two parts of the interpolation theorems.

For any integers m and n, it was shown in the previous section that the graph J,,(n) is
connected and the subgraph of the graph J,(n) induced by G, (n) is also connected.
Let m be a graph parameter. Thus we have the following theorems.

Theorem 2.1 For a graph G € Jn,(n) and an edge jump o(e, f), if
|m(G) — (a(e, £)G) £ 1,

then 7 is an interpolation graph parameter over J,(n).

Theorem 2.2 For a graph G € C,(n) and an edge jump o(e, f), if
|7(G) — (a(e, £)G)| £ 1,

then m is an interpolation graph parameter over C,(n).

Theorem 2.3 Let J C J(n) and the subgraph of the graph J,(n) induced by J be
connected. For a graph G € J and an edge jump o(e, f), if |n(G) —n(o(e, f)G)| < 1,
then m is an interpolation graph parameter over J.

3 Interpolation Graph Parameters

We will now present various graph parameters and prove interpolation results on the
corresponding graph parameters with respect to Jn(n) and C,(n). We first state
the definition of x. A k-coloring of a graph G = (V, E) is a partition of its vertex set
V as iUV, U--- UV, such that no two vertices in V; (1 < i < k) are adjacent. The
Vi’s are called the color classes. A function ¢: V — {1,2,---,k} such that c(v) =i
for each v € Vi(1 < @ < k) is called a color function. If G has a k-coloring, it is
said to be k-colorable and the minimum integer  for which G is k-colorable is called
the chromatic number of G and is denoted by x(G). If x(G) = k, we say that G is
k-chromatic.

Remark 3.1 In a proper coloring, each color class contains no edge, so G is k-
colorable if and only if G is a k-partite graph. Thus a graph is 2-colorable if and
only if it is bipartite. Thus a graph containing an odd cycle must be at least 3-
colorable.
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Theorem 3.2 Let G € Jn(n) and o(e, f) be an edge jump on G. Then |x(G) —
x(o(e, /)G)| < 1.

Proof. Let G be a graph. If e ¢ E(G), then x(G) < x(G +¢€) < x(G) + 1 and if
f € E(G), then x(G+e)—1 < x(G+e— f) < x(G+e). Since either x(G+e€) = x(G)
or x(G +e) = x(G) + 1, it follows that x(G) < x(G +e — f) < x(G) + 1. Hence
IX(G) — x(a(e, /)G)| < 1. m

A maximal complete subgraph of a graph G is called a cligue of G. The maximum
order of clique of G is called the cligue number of G and is denoted by w(G).

In general there is no formula for the chromatic number of a graph. Determining the
chromatic number of even a relatively small graph is often a challenging problem.
However, lower bounds for the chromatic number of a graph G can be given in term
of the clique number of G. That is x(G) > w(G), for any graph G.

Theorem 3.3 Let G € Jn(n) and oe, f) be an edge jump on G. Then |w(G) —
w(o(e, f)G)| £ 1.

Proof. Let G be a graph. If e g E(G), then w(G) < w(G +e€) < w(G) +1 and if
f € E(G), then w(G+e)—1 < w(G+e—f) < w(G+e). Since either w(G+e) = w(G)
or w(G +e) = w(G) + 1, it follows that w(G) < w(G +e — f) < w(G) + 1. Hence
lw(G) = w(a(e, f)G)| < 1. o

A graph containing no cycle as its subgraph is called an acyclic graph. An acyclic
graph is called a forest. Thus each component of an acyclic graph is a tree.

Let G be a graph and F C V(G). This subset F is called an induced forest of G if
the subgraph of G induced by F contains no cycle. The maximum cardinality of an
induced forest of a graph G is called the forest number of G and is denoted by I(G).
That is

I(G) := max{|F| : F is an induced forest in G}.

We have the following theorem.

Theorem 3.4 Let G € J,(n) and o(e, f) be an edge jump on G. Then |I(G) —
I(o(e, f)G)| < 1.

Proof. Let G be a graph and F be a maximum induced forest of G. For any e € E(G)
we see that the subgraph of G + e induced by F contains at most one cycle. Thus
I(G +e€) 2 I(G) — 1. It is clear that any induced forest F' of G + e is an induced
forest of G. Thus I(G +€) < I(G). Therefore I(G) — 1 < I(G +¢€) < I(G). Let
f € E(G). Then I(G+e) < I(G+e—f) < I(G+e)+1. Since either I(G+e) = I(G)
or I{(G +¢e) = I(G) — 1, it follows that I(G) — 1 < I(G + e — f) < I(G). Hence
[I(G) - I(o(e, )G)| < 1. o

There is a counterpart graph parameter of I called the decycling number. Let G be a
graph. The minimum number of vertices of G whose removal eliminates all cycles in
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the graph G is called the decycling number of G and is denoted by ¢(G). Evidently,
for a graph G of order n, ¢(G) + I(G) = n. Thus we obtain the following corollary.

Corollary 3.5 Let G € Jn(n) and o(e, f) be an edge jump on G. Then |¢(G) —
#(o(e, /)G)| < 1.

A subset U of the vertex set V(G) of a graph G is said to be an independent set of
G if the subgraph of G induced by U contains no edge. An independent set of G
with maximum number of vertices is called a mazimum independent set of G. The
number of vertices of a maximum independent set of G is called the independence
number of G and is denoted by ag(G).

It is clear that ag(G) = w(G), for any graph G. Observe that a graph G € Jn(n)
if and only if G € J » _m(n). Thus we have the following corollary as a direct

consequence of Theorem 3.5.

Corollary 3.6 Let G € J(n) and o(e, f) be an edge jump on G. Then |ao(G) —
ap(o(e, f)G)| < 1.

A vertex of a graph G = (V, E) is said to cover the edges incident with it. A vertez
cover of a graph G is a set of vertices covering all the edges of G. The minimum
cardinality of a vertex cover of a graph G is called the vertez covering number of G
and is denoted by 5o(G).

A subset M of the edge set E(G) of a graph G is an independent edge set or matching
of G if no two distinct edges in M have a common vertex. A matching M of G is
mazimum if there is no matching M’ of G with |M’| > |M|. The cardinality of a
maximum matching of G is called the matching number of G and is denoted by
al(G).

There is an analogous covering concept for edges. An edge of a graph G is said to
cover two vertices incident with it. An edge cover of a graph G is a set of edges
covering all the vertices of G. The minimum cardinality of an edge cover of G is
called the edge covering number of G and is denoted by 5,(G).

Theorem 3.7 Let G € Jn(n) and o(e, f) be an edge jump on G. Then |a;(G) —
ai(o(e f)G) < 1.

Proof. Let G be a graph and M be a matching of G. For any e ¢ E(G) we see that
M is also a matching of G + e. Thus a;(G + €) > a;(G). On the other hand, for
any matching M’ of G + e we see that M’ is a matching of Gife ¢ M’ and M’ — e
is a matching of G if e € M’. Thus a;(G) — 1 < a(G +€) < a1(G). Let f € E(G).
Then ay(G +¢€) =1 < a1(G+e— f) < a1(G +e). Since either a;(G + €) = ay(G)
or I(G +e) = I(G) — 1, it follows that a;(G) — 1 < a;(G + e — f) < 2;1(G). Hence
la1(G) — au(a(e, )G)| < 1. o
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Let n be a positive integer. The star of order n + 1 is the complete bipartite graph
Ko, 1. The edges covered by one vertex in a vertex cover are the edges incident to it;
they form a star. The vertex cover problem can be described as covering the edge
set with the fewest number of stars. This is equivalent to our next graph parameter.

A dominating set of a graph G is a subset D of V(G) such that each vertex of

V(G) — D is adjacent to at least one vertex of D. The domination number, v(G), is
the cardinality of a minimal dominating set with the least number of elements.

Theorem 3.8 Let G € Jn(n) and o(e, f) be an edge jump on G. Then |v(G) —
V(o(e, /)G)| < 1.

Proof. Let G be a graph and D be a dominating set of G. For any e ¢ E(G)
we see that D is also a dominating set of G + e. Thus (G +e€) < 4(G). On the
other hand, for any dominating set D' of G + e, where e = uv, we see that D’ is a
dominating set of G if either u,v € D' or u,v € D', otherwise D’ U {u} or D’ U {v}
is a dominating set of G. Thus 7(G) — 1 < 4(G +¢) < ¥(G). Let f € E(G).
Then ¥(G +e) < ¥(G+e— f) < 7(G +¢€) + 1. Since either v(G +e) = v(G)
or v(G +e) = 7(G) + 1, it follows that ¥(G) < v(G + e — f) < 7(G) + 1. Hence
(G) - 1(ale, NG < 1. o

Gallai [5] and Norman-Rabin [14] proved the following results concerning relationship
between og and Sy, and between a3, and 8, respectively.

Theorem 3.9 For any graph G of order n, ag+ By = n.
Theorem 3.10 For any graph G of order n and § > 1,07 + 51 = n.
As a direct consequence of the previous two theorems, we have the following corollary.

Corollary 3.11 Let G € Jn(n) and o(e, f) be an edge jump on G. Then |By(G) —
Bo(o(e, f)G)| < 1. and |B1(G) — Bi(o(e, £)G)| < 1.

The following theorems are obtained as consequences of our results.

Theorem 3.12 x, w, I, ¢, ap, a1, P, B1 and v are interpolation graph parame-
ters over Jn(n).

Theorem 3.13 x, w, I, ¢, aqg, a1, By, 1 and 7 are interpolation graph parame-
ters over Cp(n).

Theorem 3.14 Let 7 € {x,w,I,d, ap,a1,B0,81,7}- Then there exist integers a :=
min(7;m,n) and b := max(m;m,n) such that there ezists G € J,(n) with 7(G) = ¢
if and only if ¢ is an integer satisfyinga < c < b.

Theorem 3.15 Let w € {x,w,I,®, ag,a1,B0,81,7}. Then there erist integers a :=
Min(m;m,n) and b := Max(m; m,n) such that there exists G € Cp(n) with n(G) = ¢
if and only if c is an integer satisfyinga < c < b.
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4 Extremal Problems for Graph Parameters

We have already proved interpolation property of various graph parameters in Section
3. Thus for an interpolation graph parameter 7 over J C G, the values of {n(G) :
G € J} is uniquely determined by min(w,J) and max(r,J). The problem of finding
min(x,J) and max(x,J) is so called the extremal problem in graph theory.

An extremal problem asks for minimum and maximum values of a function over a
class of objects.

Remark 4.1 Proving that A = min{n(G) : G € J} requires showing two things:

1. 7(G) 2 Afor all G € J.
2. m(G) = A for some G € J.

The proof of the bound must apply to every G € J. For equality it suffices to obtain
an example in J with the desired value of «.

Changing “ > ” to “ < ” yields the criteria for a maximum.

A study of extremal problems for graph parameters was motivated by Dirac’s con-
jecture as state in the following.

In the graph-theoretic colloquium at Smolenice in 1963, Dirac conjectured that the
chromatic number of a proper regular subgraph of a complete n-gon is at most 3?"
Erdds and Gallai answered this conjecture immediately and presented their result
during the conference. Their article was entitled “Solution to a problem of Dirac”
[4], and it appeared in the proceedings of the symposium, Smolenice, in 1964. In
fact, the result was more than Dirac asked for. In addition, they found all regular
graphs reaching the upper bound as stated in the following theorem.

Theorem 4.2 An r-regular graph G of order n > r + 1 has chromatic number
k< ‘"’?", with equality holds if and only if the complementary graph G of G is a union
of 5-cycles.

In [15] we generalized the result of the above theorem by introducing the notion of
F(j)-graphs and using these graphs to obtain generalized results.

Let j be a positive integer. An F(j)-graph is a (j — 1)-regular graph G of minimum
order f(j) satisfying x(G) > f(5)/2.

It is easy to see that an F'(3)-graph is Cs and f(3) = 5. We will see that F(j)-graphs,
j 2 5, are not unique.

We have found F'(j)-graphs for all odd integers j as we state in the following theorem.

Theorem 4.3 For odd integers j with j > 3, we have f(j) = %(j—l) ifj = 3(mod 4)
and f(j) =1+ 3(j — 1) if j = 1(mod 4).



INTERPOLATION THEOREMS IN JUMP GRAPHS 111

The following result can be found in [15] which is a generalization of Theorem 4.2.

Theorem 4.4 Any r—regular_gmph of order n withn —r = j odd and j > 3 has

chromatic number at most ! 2]f ;_ 1 -n, and this bound is achieved precisely for those

graphs with complement equal to a disjoint union of F(j)-graphs.

As we have already proved the interpolation property of x with respect to J(n) and
Cn(n) in Section 3, it is natural to ask the same for min(x;m,n), max(x; m,n),
Min(x;m,n) and Max(x;m,n). We will consider this question in this section.

First, we state some elementary facts concerning the chromatic number of graphs of
order n and size m.

1. Every k-chromatic graph with n vertices has at least (§) edges. Equality holds
for the graph K U (n — k) K.

2. If the connectivity is concerned, one can ask for the minimum size among
connected k-chromatic graphs with n vertices. This question was answered in
[18): the minimum size of such a graph is at least (5) +n—k. Equality holds for
a graph G with V(G) = {v1,v3,+,vn} and E(G) = {v1v; : 2 < i < n}U{vw;
2<i<j<k}

3. Ma,ntel2 proved in [13] that the maximum size of a triangle-free graph of order
n is | %-]. Equality holds for the complete bipartite graph K|z 31

Mantel’s theorem provides the maximum number of edges that a 2-chromatic graph of
order n can have. On the other hand the minimum number of edges in a 2-chromatic
graph of order n > 2 is 1 and the minimum number of edges in a 2-chromatic
connected graph of order n > 2 is n — 1. Turan [17] extended the result of Mantel
by introducing the Turdn graph. The famous result of Turén is viewed as the origin
of extremal graph theory.

The Turdn graph T, is the complete r-partite graph of order n whose partite sets
differ in size by at most 1.

Theorem 4.5 Among the graphs of order n containing no complete subgraph of
order v + 1, T, , has the mazimum number of edges.

In order to apply Turan’s theorem in our context, we would like to state the following
facts.

1. Ifn=rq+t, 0<t<r,then T, consists of ¢ partite sets of cardinality [2]
and r — t partite sets of cardinality |2].

2. Let G € Jn(n). If w(G) < r, then m < &(Th,,).
3. &(Tnr) = (3%) + (r — 1)(*}"), where a = |2].
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4. Let t(n,r) = &(Ty,,). Then for a fixed n, by using elementary arithmetic, we
have t(n,r—1) < ¢(n,r) forallr, 2 < r < n. Infact t(n,r) —t(n,r—1) > (°}"),
where a = | 2].

We have the following theorems.

Theorem 4.6 Let n,m and k be posztwe integers satisfyingn > k > 3 and (“)
m < (*'). Then max(x;n,m) =

Proof. By above observation, we see that every k-chromatic graph has at least (%)
edges. Thus for n,m and k satisfying condxtlons of the theorem, max(x;n,m) < k.
Observe that if n = k, then m = (£). Thus max(x; k, ()) = k. Suppose n > k. Since
(5) <m < (*4"), it follows that m — (§) < (*{!) — (¥) = k. Let G be a graph with
V(G) = {v1,v2,- -, v} and E(G) = {vw; : 1 i< j < k}U{vpv; : 1 <5 < m— (")}
It is easy to see that G € Jm(n) and x(G) = k. Thus max(x;n,m) = k.

Theorem 4.7 Let n,m and k > 2 be positive integers satisfying t(n,k — 1) <m <
t(n,k). Then min(x;n,m) =*k.

Proof. By definition of T, , and above observation, we find that if ¢(n,k—1) <m <
t(n, k), them min(x;m,n) > k. Let G be a graph of order n obtained from removal
t(n, k) —m edges from T, ;. Thus G € Jm(n) and G is a subgraph of Ty, ;. Therefore
X(G) £ x(Twx) = k. This proves that min(x; m,n) = k. a

As we have mentioned earlier, the graph parameters x and w are closely related in
the sense that x(G) > w(G). However, it is known that for any positive integer ¢,
there exists a graph G such that x(G) — w(G) > t. But this situation does not occur
from the results of the previous two theorems. The results are still true if we replace
x by w as state in the following corollaries.

Corollary 4.8 Let n,m and k be positive integers satisfying n > k and (£) < m <
(*3Y). Then max(w;n,m) =

Corollary 4.9 Let n,m and k be positive integers satisfying t(n,k — 1) < m <
t(n,k). Then min(w;n,m) =

Since Cr, (n) € Jm(n), one sees that min(x; m,n) < Min(x; m,n) and Max(x; m,n) <
max(x;m,n). A graph G that we constructed in the proof of Theorem 4.7 contains
enough edges to be connected. Thus min(x;m,n) = Min(x;m,n).

Corollary 4.10 Let n,m and k > 2 be positive integers satisfying t(n,k—1) <m <
t(n,k). Then Min(x;n,m) = k.
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Corollary 4.11 Letn,m and k > 2 be positive integers satisfying t(n,k—1) < m <
t(n,k). Then Min(w;n,m) = k.

Results can be obtained similarly as stated in the following theorems.

Theorem 4.12 Let n,m and k be positive integers satisfyingn > k > 3 and (%) +
n—k<m< (') +n—k-1 Then Max(x;n,m) = k.

Theorem 4.13 Let n,m and k be positive integers satisfying n > k > 3 and (';) +
n—k<m< (k;l) +n —k—1. Then Max(w;n,m) = k.

Thus all extreme values of x and w in Jn,(n) and C,, (n) are obtained in all situations.
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Abstract
The packing number D(v, k,t) is the maximum number of blocks
for any (-(v,k, 1) packing. A construction for 3-(v,4,1) is given, which
when applied to v = H(mod 6) produces packings which can improve the
packing number for 2v + 1 in certain cases. In some casces, it can achieve
the bound c¢.g. it is shown that [)(27,4,3) = 702.

1 Introduction

Let v > k>t A t-(v,k,A) packing is a pair (X.B), where X is a v-sct of
clements (points) and B is a collection of k-subscts of X (blocks), such that
every t-subsct of points occurs in at most A blocks in B. The packing number
Dy (v. k.t) is the maximum munmber of blocks in any -(v, k, A) packing., A t-
(v, k, A) packing (X, B) is optimal if |B| = Dy (v, k.t). If A = 1, we usually writc
D(v. k, t) for Dj(v, k. t).

Upper bounds for Dy (v, k,t) were given by Johnson cited from [1; page
409-410} as stated in the following theorems.

Theorem 1.1. Dy(v, k1) < | =22 "_1""_”‘_1 j ]fwaﬁm this bound yields
Dx(v k. 1) < Ur(v. k. t). where Ux(v.k, t) =%l c | A=t ),
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Purther, if (v — 1) = 0(mod (k — 1)) and Mv(v — 1) = —=1(mod k). then
Dy (v, k,2) S Ur(v. k.2) — 1.

Theorem 1.2. Suppose d = Dy(v,k,t) = qu+r, where 0 <r <v-1. Then
q(g — 1)v + 2gr < (t — 1)d(d — 1). From this it follows that Dy(v,k.t) <

L)

This note is motivated by a remark in Stinson_([1]; page 410) that for
v = 5(mod 6), v > 17, essentially nothing is known about the number D(v, 4, 3),
the packing number for a 3-(v, 4, 1) packing and by the well known construction
of SQS(2v) from SQS(w), sec for example Lindner and Redger [2).

For the most part, our notation and terminology follows that of Lindner
and Rodger [2].

2 Construction from v to 2v

Observe that the well known 2v construction for SQS to produce BQS(2v)
from an SQS(v), can be applied for packing and for any even integer v where
a packing exists.

Theorem 2.1. A 3-(v,4,1) packing (X, B) for even v implics the existence of
a 3-(2v,4,1) packing.
‘Proof A 3-(v.4,1) packing (X,B) is given. Let F = {F, F2, -+, Fuzt}
be a 1-factorization of K, dcfined on X. Then the following blocks together

produce a 3-(2v, 4, 1) packing on the set of vertices X x {1,2} and sct of blocks
B’, where B’ is defined as follows.

1. For cach block B € B, B x {1}, B x {2} € B'.

2. Foreach Fj € F, {(a,1), (b 1), (¢,2),(d,2)} € B if and only if {0, b} € F;
and {c¢.d} € F :

a

Corollary 2.2. The construction produces optimal pﬁckinq Jor v = O(mod 6)

Proof  Let v = 6t. Then D(6t,4,3) = |L8C= "“""J 187931 )y, the

other haud the construction produces B with |B/| = 2- —l-'\“d—;"—'ﬂ +(3t) - (3¢t) -

(6t — 1) = 7213 — 18¢2 — 3¢, the exact number needed for optimal packing for
3-(v.4.1), i.e, D(12¢. 4, 3) is achicved. This means, the construction produces
an optimal 3-(2v.4, 1) packing. just like in the case of SQS(v). - (m}

For example, when v = 6, the packing nunber D(6,4.3) is 3. Let F =
{F1.F,,---  F5} be a sct of 1-factorization of K¢. For cach F; € F, I
contains 3 independent edges. Therefore we get a packing for 2v = 12 with -
3+3+3-3-5 =051 blocks. Note that D(12,4.3) is 51.
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3 Construction from v to 2v + 1

A slight modification of above construction is very useful as it can be used to
get 3-(v, 4, 1) packing for v = 5(mod 6).

Theorem 3.1. Packings 3-(v,4,1) and 3-(v + 1,4, 1) implies the ezistence of
a 34(2v 4+ 1,4,1) packing.

Proof Let » be an odd integer. Suppose a packing 3-(v,4, 1) and a pack-
ing 3-(v + 1,4,1) with scts of blocks B; and By, respectively, are given. Let
F ={FR,F,,---,F,} be a 1-factorization of K,;;. Then the following blocks
together produce a 3-(2¢ + 1,4,1) packing on the set of vertices {(i,1) : 5 =
1,2, ,0}U{(i,2) :i=1,2,--- ,u+ 1} with set of blocks B’ according to the
following rules.

1. For cach block B € By, B x {1} € B'.
2. For cach block B € By, B x {2} € B'.

3. For cach F}j € F, {(a,1), (b 1), (¢, 2),(d, 2)} € B' if and only if {a, b} € F;
and {c¢, d} € Fj. : .

a

‘The construction produces |Bi| + |Bz| + 251 - 2L .y blocks. Morcover the
construction gives blocks with more structure than the packing obtained from
deleting an clement from a 3-(2v+2,4,1) and it can produce optimal packing. -
For exariple, when v = 7, we get 7+ 14+ 3 -4 - 7 = 105 blocks, which gives an
optimal packing as D(15.4,1) = 105.

Note that if # = 5(mod 6), then 20 + 1 = 5(mod 6). Let us first consider in
the ease when © = 5. It is known that D(5,4,3) = 1 and D(6,4,3) = 3. Thus
by the above construction, we get D(11,4,3) > 1+3+4+2-3.5 = 34. Tt is
also known that D(11.4,3) = 35. So, the construction achieves one block less
than an optimal packing in this case. Now consider when v = 11. It is known
that D(11,4,3) = 35 and D(12.4,3) = 51. Thus hy the above construction,
we get D(23.4,3) > 354+ 514+ 5-6-11 = 416. Tt is known that D(23,4,3) <
L2 [21%]]) = 419. Thus 416 < D(23.4.3) < 419. For v = 17, we know
that D(35,4.3) < 1583 and by the construction gives that D(35,4,3) > 1579.
Finally, it is known that D(27,4,3) = 702, and the construction of 3-(27,4,1)
above produces 65+ 91+ 6- 7 - 13 = 702 blocks. In fact, we have the following
corollary.

Corollary 3.2. If v = 1(mod 12), say v = 125 + 1. D(24s5 4+ 3,4,3) = (245 +
2)(24s +3)s = 5765% + 12082 + Gs and the construction also produces the same
number of blocks required to give optimal packing.
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4 Generalization of v to 2v construction from
SQS(v) to (2t —1)-(v,2t,1) packing for any ¢

Suppose large set exists for (v,t), in other words assume that all t-subsets of
v-set can be partitioned to BIBD(v, t, 1) Note that the set of all 2t—subbvte
of a v-sct is a (v, (}), (X)) t. (%) - (‘ 1)) Sothcrczuoa:( ) - (2=
BIBD(v,t, (A = 1)—dcmgns Call them I"l‘l"z, , Fy. We have the following
construction. ' ‘

Theorem 4.1. Suppose there exists a (2t —1)-(v, 2t, 1) packing with M blocks.
then there exists a (2t—1)-(2v, 2t, 1) packing with 2M + (=% (,,))* [-(—,,—%),—;—1-]
=1/ u=-1

Proof  Asusual let V = {1,2,.--,v} and the blocks of (2t — 1)-(v, 2t,1)
packing be B. The blocks of (2t — 1)-(2v, 2t,1) are in B’ on the set V x {1, 2},
according to the following rules.

1. If B € B, then B x {1} and B x {2} are in B'.

2. For cach Fj, if {a1, a2, -+ . @} and {b1,b2, -+ b} are any two not nec-
essary distinet blocks in Fj, then {(a1,1), (a2,1), -+, (@, 1), (b1, 2),
(b2,2),- -+, (be,2)} is in B'. :

Note that two blocks of size t in F; intersect in only 1 point. Therefore the
intcrsection between any two distinct blocks directly obtained from B and from
F; is at most ¢t and the intersection between the blocks from B can be (2t —
1). Intersection of blocks obtained from the same Fj can be at most (¢ + 1).
" Intersection of blocks obtained from different F; can be at most 2(¢—1) = 2t—-2.

O

For cxample; let v = 7, we have D(7,6,1) = 1. Since (;) = 35, therc is a
partition of all subsets of size 3 into 5 2-(7,3,1). So therc cxists 5-(14,6,1)
pd(kmg, with 14+ 148 x 7 x 7 = 247 blocks. The bound for 5-(14,6,1) is

Ha3 2218 4)]])) = 326. The construction does not provide close cnough
numbm of blocks but notice that block intersections are much lower than 2¢ — 2

for many pairs.
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A Construction For Group Divisible Designs With
Two Groups

Narong Punnim and Dinesh G. Sarvate

ABSTRACT. We construct new group divisible designs with two groups
with any block size. As special cases block size six and with 2 groups
and group divisible designs with block size 6 and 8 groups are con-
structed.

1. Introduction

A group divisible design, GDD(m, n, k; A1, A2), is a collection of k- sub-

sets of a mn = v-set X called blocks and a partition of the v = nm elements
of X into m subsets (called groups) of size n which satisfies the following
properties: each point of X appears in r of the b blocks; each pair of distinct
points within the same group appear \; times together in blocks. Any two
points not in the same group appear together in Ay blocks. In general it is
hard to construct GDDs where the number of groups is less than the block
size. This note gives a new construction for GDD(2k, t, k+2; (5)+1,2(k—1))
for any t for which ¥ mutually orthogonal latin squares exist, which can be
improved to a GDD counstruction with two groups of size kt for any ¢ and
with block size k + 2 if a BIBD(¢, k + 2, (;) +1). Observe it means we have
a construction for new GDD family with two groups of size 4t for any ¢ for
which there are four mutually orthogonal latin squares and with block size
6. For necessary definitions, the reader is referred to [2].
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2. The Construction

The following theorem generalizes a construction given in 3] for block
size 5.

THEOREM 1. If for any positive integer t, k mutually orthogonal latin
squares of order t exist then there erists a GDD(2k,t,k + 2; (g) +1,2(k -
1)) and further if a BIBD(t,k + 2,\ = (’2‘) + 1) exists then there exists a
GDD(2,n = kt,k+ 2; A = ((g) +1)s,A2 = 2(k — 1)s) for any positive
integer s.

PROOF. Suppose the mutually orthogonal latin squares L;, i = 1,2,...,k
of order ¢ are on symbols 1,2, 3,...,t and rows and columns are also labeled
by 1,2,3,...,t. Arbitrarily partition the group G; for i = 1,2 into subsets
Gij, j = 1,2,...,k. Identify elements of Gij with 1,2,...,t arbitrarily by
a one-to-one correspondence. When we use the phrase replace the entries
or labels of a latin square by elements of some G;, this correspondence is
intended to be used. Replace labels of the rows of latin squares with Gy,
and columns by Gi2 and replace the entries of L; by the elements of Gy j
for j =1,2,...,k Construct t? blocks

{label of z** row, label of y** column, L, (z,y), Ly(z,y),..., Lg(z,y)}

where L,(z,y) is (z,y)*? entry of L, for z = 1,2,...,k. Repeat this con-
struction for blocks by replacing the row and column labels by all remaining
pairs (G5, Gy;) from 1 < i < j < k respectively.

At this time we have (§)¢2 blocks. Observe, for i # 7, each element from
G1: comes with every element of G; exactly once and also each element
from G2; comes with every element of Gg; exactly (;) times. Also, for
all 7,7, including i = j, each element from Gy; comes with every element
of Gg; exactly k — 1 times. Now interchange the roles of G; with Go;
and again construct (£)t? blocks. These 2(¥)#2 blocks together satisfy the
condition that an element from G; comes with every element of G exactly
2(k—1) blocks and elements from G;z with G;y for i = 1,2 and z # y occur
together in exactly (5) +1 blocks. Hence, we have a GDD(2k, ¢, k +2; * +
1,2(k — 1)) for any ¢ for which k£ mutually orthogonal latin squares exist.
Now, assuming the existence of a BIBD(t,k + 2, (£) + 1), include in the

collection of blocks so far constructed, the blocks of BIBD(t, k + 2, (’;) +1)
on G;j for i =1,2 and j = 1,2,...,k. This completes the construction of
GDD(2,n = kt,k+2; A1 = ((5) +1), A\a = 2(k — 1)). Taking s copies of the
constructed GDD gives the required design for any s.

O

We would like to restate an useful version of the above result for block
size 6 and the proof is repeated to serve as a concrete example.
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COROLLARY 1. If for any positive integer t, four mutually orthogonal
latin squares of order t and a BIBD(t,6,A = T) exist then there exists a
GDD(2,n = 4t,6; \; = 7s, Ay = 65) for any positive integer s.

PROOF. Suppose the mutually orthogonal latin squares Ly, Ly, L3, and
L4 of order t are on symbols 1, 2, 3, ...t and rows and columns are also labeled
by 1,2,3...,t. Arbitrarily partition the group G; for i = 1,2 into subsets
Gij, 7 = 1,2,3,4. Identify elements of G;; with 1,2,...,t arbitrarily by a
one-to-one correspondence. When we use the phrase replace the entries
or labels of a latin square by elements of some G;;, this correspondence is
intended to be used. Replace labels of the rows of all four latin squares
with G1; and columns by G;5 and replace the entries of L, by the elements
of Gy, for z = 1,2,3,4. Construct t2 blocks

{label of zt* row, label of y** column, L (z,y), La(z,y), L3(z,y),
L4(.’E, y)}

where L, (z,vy) is (z,y)t" entry of L, for z = 1,2,3,4. Repeat this construc-
tion for blocks by replacing the row and column labels by all remaining five
pairs (G1;, G1;) from 1 < i < j < 4 respectively.

Note at this time we have 6t2 blocks. Observe, for i # j, each element
from G1; comes with every element of G; exactly once and also each ele-
ment from Ga; comes with every element of G; exactly six times (in both
cases ). Also, for all ¢, 7, including 7 = j, each element from Gy; comes with
every element of G3; exactly three times. Now interchange the roles of
G1; with Go; and again construct 6t2 blocks. These 12t2 blocks satisfy the
condition that an element from G, comes with every element of G5 exactly
six blocks and elements from G;z with G;y for i = 1,2 and = # y occur
together in exactly 7 blocks. Hence, we have a GDD(8,t,6;7,6) for any
t for which four mutually orthogonal latin squares exist. Now, assuming
the existence of a BIBD(t,6,7), include in the collection of blocks so far
constructed, the blocks of BIBD(¢,6,7) on G;; fori =1,2 and j = 1,2, 3,4.
This completes the construction of a GDD(2, 4t, 6;7,6). Taking s copies of
the constructed GDD gives the required design for any s. a

COROLLARY 2. (a) Fort > 5 exceptt = 14,18,22, a GDD(8,t,6;7,6)
exists as according to Table 2.73 in (1] for all other values of t 4 MOLS
exist.

(b) Except for finitely many t's, for allt = 1,6(mod 15), a BIBD(t,6,7) ez-
ists and hence for infinitely many values of t's, there exists a GDD(2,t,6;7s, 6s).
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The Hamiltonian Number of Cubic Graphs
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Abstract. A Hamiltonian walk in a connected graph G of order n is a
closed spanning walk of minimum length in G. The Hamiltonian number
h(G) of a connected graph G is the length of a Hamiltonian walk in G.
Thus h may be considered as a measure of how far a given graph is from
being Hamiltonian. We prove that if G runs over the set of connected
cubic graphs of order n and n # 14 then the values h(G) completely
cover a line segment [a, b] of positive integers. For an even integer n > 4,
let C(3™) be the set of all connected cubic graphs of order n. We define
min(hk, 3") = min{h(G) : G € C(3")} and max(h,3") = max{h(G) : G €
C(3™)}. Thus for an even integer n > 4, the two invariants min(h, 3") and
max(h,3") naturally arise. Evidently, min(k,3") = n. The exact values
of max(h,3") are obtained in all situations.

Key Words: Hamiltonian walk, Hamiltonian number, cubic graph.

AMS Subject Classification: 05C12, 05C45

1 Introduction

If G is a connected graph of size m, there is always a closed spanning walk
of length at most 2m. Goodman and Hedetniemi [6] introduced the concept
of a Hamiltonian walk in a connected graph G. It is defined as a closed span-
ning walk of minimum length in G. They denoted the length of a Hamiltonian
walk of G by h(G). Therefore, for a connected graph G of order n 2> 3, it
follows that h(G) = n if and only if G is Hamiltonian. Thus h may be con-
sidered as a measure of how far a given graph is from being Hamiltonian.
Hamiltonian walks were studied further by T. Asano, T. Nishizeki, and T.
Watanabe [2,3], J. C. Bermond [4], and P. Vacek [11]. Since every connected
2-regular graph is Hamiltonian, it is reasonable to investigate the Hamilto-
nian number in the class of cubic graphs. In [10], it was shown that all cu-
bic graphs of order n for n = 4,6,8 are Hamiltonian. Let P(k,m) be a gen-
eralized Petersen graph such that V(P(k,m)) = {u;,v; : ¢ = 0,1,---,k — 1}
and E(P(k,m)) = {uiUit1,ViVitm,uiv; : © = 0,1,---,k — 1} where addition

* This research was carried out under financial support from the Thailand Research
Fund.



II

is taken modulo k and m < %. In [1] Alspach completed the determination of
the parameters k, m for which P(k,m) is Hamiltonian. He proved that the gen-
eralized Petersen graph P(k,m) is non-Hamiltonian if and only if m = 2 and
k = 5(mod 6). We showed in [8] that h(P(5,2)) = 11 and h(k,m) = 2k + 1 for
all integers k£ = 5(mod 6) and m = 2.

The following result is known [5] and will be applied throughout the paper.

Theorem 1. Let G be a connected graph and By, Bs, - - -, By be the blocks of G.
Then h(G) = F_, h(B;). O

2 Graph notations

For a graph G = (V,E) and X C E, by G — X we denote the graph obtained
from G by removing all edges of X. If X = {e}, we write G — e for G — {e}. For
a graph G and X CV, G — X is the graph obtained by removing all vertices of
X and all edges incident with these vertices from G. If X C E(G), we denote
G + X the graph obtained from G by adding all edges from X. Similarly, if
X = {e}, we simply write G + e for G + {e}. Two graphs G and H are disjoint
if V(G)NV(H) = 0. For any two disjoint graph G and H we define their union,
GUH,by V(GUH) = V(G)UV(H) and E(GU H) = E(G) U E(H). Since
the operation “U” is associative, we can extend this definition to a finite union
of pairwise disjoint graphs. If G; 2 G2 = -+ 2 G = G and G1,Ga, -+, G are
pairwise disjoint graphs, then we will use kG for Gi UG U --- U Gg. A cubic
graph is a graph in which every vertex has degree 3. Let C(3"™) be the set of
all connected cubic graphs of order n. It is well known that, for n > 10, C(3")
can be partitioned as C;(3™) U C2(3") U C3(3™), where C;(3") is the set of all
connected cubic graphs of order n containing a cut edge, C2(3") is the set of
all 2-connected cubic graphs of order n containing a set of two cut edges, and
C3(3") is the set of all 3-connected cubic graphs of order n. It is also well known
that the edge-connectivity and the vertex-connectivity of a given cubic graph
are equal.
The following graph constructions and notations will be used from now on.

1. Let G be a cubic graph and v € V(G). We denote G * v to be the graph
obtained from G by replacing v by a triangle, matching the vertices of the tri-
angle to the former neighbors of v. Thus G * v is also a cubic graph containing
a triangle.

2. Let G be a cubic graph. We denote G* for a graph obtained from G by
subdivision an edge of G. Thus K is unique. When the subdivision vertex
is specified, say u, we use G(u) for a graph with V(G(u)) = V(G) U {u} and
E(G(u)) = (E(G) — zy) U {zu, uy}, where zy € E(G).

3. Let G and H be vertex disjoint cubic graphs. Let u,v be new vertices. We
denote (G(u), H(v)) for a connected cubic graph of minimum order containing
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G(u)UH (v) as its induced subgraph. Note that the graphs G(u) and H (v) are not
unique but the graph (G(u), H(v)) is uniquely determined by G(u) and H(v).

4. Let G, H and K be pairwise vertex disjoint cubic graphs. Let z,y,z be
new vertices. A connected cubic graph of minimum order containing G(zx) U
H(y) U K(z) as its induced subgraph is denoted by (G(z), H(y), K(z)). Note
that the graph (G(z), H(y), K(z)) is uniquely determined by G(z), H(y) and
K(2) and [(G(z), H(y), K(2))| = |G(z)| + |H(y)| + |K(2)| + 1. More generally, if
G1,Ga, -+, Gy, are pairwise disjoint graphs and for all i = 1,2.- - -, k, vertices of
G are of degree 2 or 3 with at least one vertex of degree 2, then (G;,Gs, - - -, Gk)
denotes a connected cubic graph of minimum order containing G;,Ga, - - -, Gk.

5. We use K; for the graph obtained from K, by removing an edge.

3 Cycles in 2-connected cubic graphs

A factor of a graph G is a spanning subgraph of G. A k-factor is a spanning k-
regular subgraph. In particular, a 1-factor of a graph G is a 1-regular spanning
subgraph of G and a 2-factor is a 2-regular spanning subgraph of G. Let G
be a connected cubic graph containing a 1-factor F; and F be a graph with
V(F)=V(G) and E(F) = E(G) — E(F}). Then F is a 2-factor of G.

By a well-known theorem of Petersen [7], every 2-connected cubic graph G
has a 2-factor. Thus if G is a 2-connected cubic graph, then the edge set of G
can be partitioned into a 1-factor and a 2-factor. The following theorem due to
Schénberger [9] and it is considered as an extension of the Petersen theorem.

Theorem 2. Let G be a 2-connected cubic graph and e € E(G). Then G has a
1-factor containing e. a

As a consequence of Theorem 2, if G is a 2-connected cubic graph and e, f
are two incident edges of G, then G has a 2-factor containing both e and f.

In [10], it was shown that there are two 2-connected cubic graphs of order 6
and five 2-connected cubic graphs of order 8. All of those graphs are Hamiltonian.
For an integer m > 3, let C,, denote an m-cycle, a cycle of order m.

Let G be a 2-connected cubic graph of order n > 10 and F = Ule Cp; be a
2-factor of G. If the girth of G is at least 5, then for each i =1,2,---,k, p; > 5.

Let T = {z,y, 2} be a triangle of a cubic graph G. Then T is called a pure
triangle if z, y, z have no other neighbor in common. If G contains a pure triangle
T = {z,y, 2}, then we define G’ to be the graph obtained from G by identifying
the vertices z, y, 2 to a new vertex v, and joining v to the third neighbors of z,y
and z. Thus G’ is a 2-connected simple cubic graph of order n — 2.

Theorem 3. Let G be a 2-connected graph of order n > 6. Then G has a 2-
factor F = Uf=l Cp, of G such that for alli =1,2,---,k, p; > 4. Moreover, if
n = 4q, for some integer q, then k < %.
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Proof. Let G be a 2-connected graph of order n > 6. The result of this theorem
holds if the girth of G is at least 5. Thus we can assume that the girth of G is
at most 4.

Suppose that G contains a pure triangle T = {z,y, z}. Let =’,3/, 2’ be the
third neighbors of z,y, 2, respectively. Then we define G’ to be the graph ob-
tained from G by identifying the vertices z,y,z to a new vertex v, matching
v to the neighbors of z,y, z not in V(T'). Thus G’ is 2-connected simple cubic
graph of order n — 2. By induction, there is a 2-factor F' = |J;~, Cy, of G’ such
that for all ¢ = 1,2,---,m, ¢; > 4. Let C’ be the cycle in F’ containing v and
suppose without loss of generality that C’ contains z’, v, 2’ as its consecutive ver-
tices. By replacing v by z,y, z yields a cycle C of G. Thus we obtain a 2-factor

= (F' — {C'}) U{C} of G satisfying the desired property.

Since K consists of two triangles with a common edge, any triangle of K
can not belong to any 2-factor of G. Therefore, if G does not contain a pure
triangle, then any 2-factor of G is a union of cycles of length at least 4.

Suppose that n = 4q, for some integer q. Suppose further that G does not
conta.ln a pure triangle and all 2-factors of G is a union of 4-cycles. Let F =
Us_, Cy be a 2-factor of G such that g, = g; = --- = g = 4. Let C be a
4-cycle in F, V(C) = {z,y, 2,w}, E(C) = {zy, yz, zw,w:n} and z/,y’, 2/, w’ are
the third neighbors of z, y, 2, w, respectively. If zz ¢ E(G) and yw ¢ E(G), then
zz',yy’, 22, ww’ are independent and hence z’,y/, 2/, w' are pairwise distinct. By
Theorem 2, let F’ be a 2-factor of G containing z’z, zy. Then, by assumption that
all cycles in F' are 4-cycles, either {’,z,y,y'} or {2, z,y, 2} induces a 4-cycle
in G. Since 2’ # 2/, it follows that {z’, z,y, %'} induces a 4-cycle in G. Similarly,
each of {7/, z,w,w'}, {2/, z,w,w'}, {¥/, y, 2, 2’} also induces a 4-cycle in G. Thus
G is a Hamiltonian graph of order 8. Suppose that all 4-cycles in F induce K
in G. Then G is Hamiltonian. Therefore, G has a 2-factor F = U1 1 Cp, of G
with k£ < %, as required.

By using the result in Theorem 2, we obtain the following stronger result :

Theorem 4. Let G be a 2-connected graph of order n > 6 and e € E(G). Then
G has a 2-factor F = Ule Cp, such that for all i = 1,2,---,k, p; > 4 and
e & E(F). Moreover, if n = 4q, for some integer q, then k < 2.

Proof. By Theorem 2 and Theorem 3, the result of this theorem holds G does
not contain a pure triangle as its subgraph. The result also holds if n = 6, 8.
Suppose that G contains a pure triangle T = {z,y, z}, n > 10, and let G’ be the
graph as described earlier. Thus G’ is of order n —2. By induction, for every edge
e € G/, G’ has a 2-factor F' = |-, C,, such that foralli=1,2,---,m, ¢; > 4
and e ¢ E(F). Let C’ be the cycle in F' containing v. If e ¢ {vz’,vy,v2'},
then, without loss of generality, we may assume that 3’, v, 2/ are as consecutive
vertices in C’. Let C be a cycle obtained from C’ by replacing v by y, z, z. Thus
F = (F — {C'}) U {C} is a 2-factor of G with the desired property. If e €
{vz’,vy/,v2'}, say e = va’, then y', v, 2’ are as consecutive vertices on C’. Let C
be a cycle obtained from C’ by replacing v by y, z, 2. Thus F = (F' - {C'})U{C}
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is a 2-factor of G with the desired property. If e € {zy, yz, z2}, say e = yz, then
there exists a 2-factor F' = |J*,Cy, of G’ for all i = 1,2,---,m, ¢; > 4,
vz’ & E(F"). Thus there exists a cycle C’ in F' such that C’ contains y', v, 2’ as
its consecutive vertices. Thus we can extend F’ to a 2-factor F of G as described
above. Thus the proof is complete. a

4 The range of Hamiltonian numbers

For an even integer n > 4, we have already denoted that A(3") = {h(G) :
G € C(3")}. We put min(h,3") = min{h(G) : G € C(3")} and max(h,3") =
max{h(G) : G € C(3")}. It is well-known that for any even integer n > 4, there
exists a Hamiltonian cubic graph of order n. Thus min(h,3") = n. It is also
well-known that max(h,3") = min(h,3") = n if and only if n = 4,6,8. For
n = 10,12, we have max(h,3") = n+2. Observe that for n = 10, 12, a connected
cubic graph G having h(G) = max(h,3") being a graph with a cut edge. The
problem of determining max(h, 3™) is more challenging. The following facts are
useful.

1. If a connected graph G contains an edge e such that G — e is connected, then
h(G) £ h(G —e).

2. If G is a 2-connected cubic graph of order n and F = Ule Cp, is a 2-factor
of G, then there exists a set X = {ej,ez,...,ex—1} C E(G) — E(F) such that
F + X is connected. Thus h(G) < h(F + X) = n+2(k —1). In particular, if G is
a 2-connected cubic graph of order n, then, by Theorem 3, h(G) < n +2(k — 1),
where k < [232].

3. For an integer n > 10, let H = ((¢ —2)K; ,2K]) ifn =4¢+2 and H = ((¢—
2)K;, K], K) if n = 4(g+1), where K is a graph obtained from a cubic graph of
order 6 and a subdivision of an edge. Then, by Theorem 1, h(H) = n+2(q —1).

As a consequence of above observations, we obtain the following lemma.

Lemma 1. Let G be a 2-connected graph of order n > 14. Then there exists a
graph H € C1(3™) such that h(G) < h(H).

Proof. By using above observation and Theorem 3, we have k < g. Thus h(G) <
n+2(k—1) <n+2(q—1) = h(H). Note that H € C,(3"). O

By Lemma 1 and Theorem 4, we obtain the following result.

Corollary 1. Let G be a 2-connected graph of order n > 14 and e = zy €
E(G). Then there exist a closed spanning walk W of G such that x,y appear
as consecutive vertices on W exactly once and a graph H € C,(3") such that

|W| < h(H). O

Thus in order to find the value of max(h,3"), by Lemma 1, it is enough to
search for a connected cubic graph G € C;(3") with h(G) = max(h,3"). Let
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G € (C1(3") with h(G) = max(h,3"). Let B;, Bs,..., By be the blocks of G
with |B;| > 3, for all ¢ = 1,2,...,k. Thus there are k¥ — 1 blocks of G of order
2. A block of G of order 2 is called trivial, otherwise, it is called nontrivial. A
nontrivial block B is called a leaf block if B has exactly one vertex of degree 2.
It is clear that G has at least two leaf blocks. Thus by a nontrivial block B, we
mean in this paper, a 2-connected graph of order at least 3, 2 < d(z) < 3, for
all z € V(B), and B contains at least one vertex of degree 2. Similarly, by a leaf
block, we mean a nontrivial block with exactly one vertex of degree 2.

Lemma 2. Let B be a leaf block of order b and 5 < b < 9. Then B is Hamilto-
nian.

Proof. Since B is a leaf block of order b, b is odd and b > 5. Let v be the vertex of
degree 2 of B. Then B can be pictured as in Figure 1. Let B; = Bf +u,v,. Then
B, is a 2-connected cubic graph of order at most 8 and hence B; Hamiltonian.
By Theorem 2, B; has a Hamiltonian cycle C’ containing u,v,. The cycle C’
can be extended to a Hamiltonian cycle C of B. Thus B is Hamiltonian. O

Let B be a nontrivial block. If W : 1, z,...,Z:+1 = z; is a closed spanning
walk of B and e = zy € E(B), then we say that z,y appear as consecutive
vertices in W if there exists ¢, 1 <4 < ¢, such that {z,y} = {z;,zi11}.- H 7,9,z
appear in W as consecutive vertices, then we say that z,y appear twice in W.

uo u1 u2 Ur—1| ur

v B;

v v v e ] vn
Figure 1

Lemma 3. Let B be a leaf block of order b > 11. Then there exist a closed
spanning walk W : x1,z3,...,Zs41 = 1 of B and a connected graph H with a
cut edge such that B and H are of the same degree sequence, and |W| < h(H)

Proof. Let B be a leaf block of G of order b > 11. Thus B can be pictured as
shown in Figure 1. If B is Hamiltonian of order b > 11, then we can choose
a Hamiltonian walk W of B and a graph H obtained from a connected cubic
graph of order b — 1 with a cut edge e and a subdivision to the edge e. Thus
|W| < h(H) and H and B are of the same degree sequence. Suppose that B is
not Hamiltonian. Let B; = Bj + u,v,. Thus B; is 2-connected cubic graph of
order b < b—1.1If b; <8, then B is Hamiltonian and the result follows. Suppose
that b; > 10. By Corollary 1, there exists a closed spanning walk W; of B; such
that u,,v, appear as consecutive vertices in W7 by exactly once and a graph
H; € C1(3") such that |W7| < h(H,), where B; and H; are of the same degree
sequence. Thus W7 and H; can be easily extended to W and H with desired
result. Thus the proof is complete. ]
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For a 2-connected cubic graph G, we have constructed a closed spanning
walk W of G traveling along the cycles in a given 2-factor of G and k — 1 edges
connecting between k cycles in the 2-factor. It turns out that for every edge on
the k cycles appears exactly once in W while every edge that connects to the
cycles appears exactly twice in W. Lemma 2 showed similar result for a leaf
block.

Let B be a block of order b > 3. If b = 3,4, then B is Hamiltonian. If b= 5
and B is not Hamiltonian, then B & K, 3 and h(B) = 6. Note that the graph
K33 has a property that for every edge e = xy, there is a Hamiltonian walk
containing z,y as its consecutive vertices exactly once.

If b € {6,8}, B contains exactly two vertices of degree 2, and the two vertices
x, y are not adjacent, then the graph B’ = B+xy is a cubic graph of order b. Thus
B’ is Hamiltonian. By Theorem 4, B’ has a Hamiltonian cycle not containing
zy. Thus B is Hamiltonian. Suppose that the two vertices are adjacent. Let B’
be the graph obtained from B by removing the two vertices of degree 2. Thus
B' = K, ifb=6,and B’ = K if b = 8, where K is obtained from a cubic graph
of order 6 by removing one edge. Thus B’ is Hamiltonian and consequently B is
Hamiltonian.

If b € {7,9} and B contains exactly three vertices of degree 2, then the three
vertices are not pairwise adjacent. Thus there are two vertices x, y of degree 2 in
B that are not adjacent and B’ = B + zy is a leaf block of order b. By Lemma
2, B’ is Hamiltonian.

Theorem 5. Let B be a nontrivial block of order b > 6. Then B is Hamiltonian
or there ezist a closed spanning walk W : 21,Z2,...,Z441 = 1 of B and a
connected graph H with a cut edge satisfying the following conditions.

1. For every edge xy of B, x,y appear as its consecutive vertices in W by at
most twice,

2. H and B are of the same degree sequence, and
3.t < h(H).

Proof. Let B be a nontrivial block of order b > 6. Suppose that B is a non-
Hamiltonian graph. If b = 6, then B contains exactly four vertices of degree 2
and h(B) = 7. Let H be a graph of order 6 obtained from two disjoint triangles
and one edge connecting from one vertex of a triangle to one vertex of another
triangle. Thus H contains a cut edge and h(H) = 8. Thus the result follows if
b = 6. Suppose b > 7, B can be pictured as in Figure 1. Let B’ be the subgraph
of B induced by {v,uo,v0,u1,V1,...,Ur—1,Vr—1}. Thus V(B) = V(B')UV(B})
and E(B) = E(B')UE(B})U{ur—1ur,vr—1v,}. Let B; = B} +u,v,. Then B, is
a block of order at most b — 1. If B, is of order 5, then either B; is Hamiltonian
or B; 2 Kj3. Since every block of order 5 has a property that every edge is
contained in its closed spanning walk of length 6, it follows that A(B) < b+ 1.
It is easy to construct a graph H with the desired property. Suppose that B;
is order at least 6. By induction, there exist a closed spanning walk W, of B;
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in which for every edge zy of B;, x,y appear as its consecutive vertices at most
twice and a connected graph H; with an edge cut such that |W;| < h(H;), where
B, and H; are of the same degree sequence. We now construct a closed spanning
walk W of B according to the following properties of W;.

1. If u,, v, appear exactly once as consecutive vertices on Wj, then we obtain a
closed spanning walk W of B from W, by replacing 4., v, by %, #r—1, .. ., ug, v, vg,
Viy...yUp—1,Vp. Thus [W|=|Wi| -14+2r+2=|W;|+2r+1.

2. If u,, v, appear exactly twice as consecutive vertices on W;, then we obtain a
closed spanning walk W of B from W; by replacing u,, v, by 4, ur—_1, ..., uq, v, vo,
V1,...,Vr_1, 0, for the first pair and replace u,,v, by u,, u,_1,v,_1,v, for the
second pair. Thus |W| = |Wi|-1+2r+2—-1+3=|W;|+2r+3.

3. If u,, v, u, appear as consecutive vertices on Wi, then we obtain a closed span-
ning walk W of B from W1 by replacing u,, vy, ur by 4, Ur—1,...,ug, v, V9, V1, ..,
Ur—1,Ur, Up—1,Ur—1,%r. Thus |W|=|Wi| -14+2r+2-1+3=|Wy|+2r+3.

4. If u,, v, do not appear as consecutive vertices on W7, then we obtain a closed
spanning walk W of B from W; by replacing u, by u,,u,_1,...,uq,
U, V0, V1, .+, Up—1, Up—1,Up. Thus [W| = |Wi| —142r +3 = |[Wy| +2r +2.

Thus W is a closed spanning walk of B and |W| < |W;| + 2r + 3 and for every
edge e = zy € E(B), z,y appear as consecutive vertices in W at most twice. On
the other hand, let B’ be a graph with V(B') = V(B) — V(B,) and E(B’) =
E(B) — E(B,). Since H; contains a cut edge e = pq, it follows that a graph H,
where V(H) = V(B')UV(H,) and E(H) = E(B')UE(H, —e)U{ur-1p, vr—1q},
is a graph containing a cut edge. Thus h(H) = h(B') + h(H,) — 2+ 4 =
h(H1) 4 2r 4+ 142 = h(H;) + 2r + 3 > |W|. Thus the proof is complete. m]

Let G € C1(3™) such that n > 14 and h(G) = max(h, 3"). Then, by Lemmas
2 and 3, there exists a leaf block of G that is isomorphic to K}, and by Theorem
5, all nontrivial blocks of G are K33 or Hamiltonian. The following lemma. is
easily obtained.

Lemma 4. max(h,3'*) = 18, max(h,3'%) = 21 and max(h, 3'8) = 24.

Proof. We have constructed graphs G14, G16 and G1g with h(G14) = 18, h(G16) =
21 and h(G1s) = 24. Let G € C;1(3'*) such that h(G) = max(h, 3'4) and G con-
tains K 4+ as a leaf block. Thus G = (K 2’ ,G1), where G is a connected graph
of order 9 containing 8 vertices of degree 3 and a vertex of degree 2. If G, is
2-connected, then G; is Hamiltonian and hence h(G) = 16 < 18 = h(G14).
Thus G; contains a cut edge. Therefore G = G14. Thus max(h,3!4) = 18. Let
G € (1(3') and h(G) = max(h,3). If G has only two trivial blocks, then
h(G) <16 +4 = 20 < 21 = h(Gi6). Thus G must have at least three trivial
blocks. Since the order of G is 16 and G has at least two block leave of order
5, G = G16. Let G € C;(3™) and h(G) = max(h,3"). If G contains a nontrivial
block of order 3, then the block is a pure triangle and we can form a new graph
G’ of order n — 2 by identifying the triangle to a new vertex, matching this
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new vertex to the former neighbors of the triangle and h(G) = h(G’) + 3. Let
G € C1(3'®) and h(G) = max(h,3'8). Thus if G has a block of order 3, then
G = Gy3 and h(G) = 24. If G does not have a nontrivial block of order 3, then
G = (2K} ,2K ). Thus max(h,3!%) = 24. |

Let G € C1(3") and e = zy be a cut edge of G. A graph G(K,(v)) is a graph
obtained from G and K4(v) by deleting zy and adding edges zz, 2y, zv, where
z is a new vertex. By Theorem 1, it follows that h(G(K4(v)) = h(G) + 9. Note
that the graph G(K4(v)) € 61(3""'6) Let Gis = (2K, K, ),G16 = (3K]) and
Gig = (3K4 , K3). Thus G14,G16 and G are connected cubic graphs of order
14, 16, and 18, respectively, and h(G14) = 18,h(G16) = 21 and h(Gyg) = 24.
Note that each of the graphs G14,G16 and G1s contains a cut edge. Thus for
an integer n; = 14 + 24, i > 3, a graph G, = G,,_,(K4(v)) € C1(3™) and
h(Gr,) = 18 + 3i. Thus max(h, 3'4+2¢) > 18 + 3i, for all non-negative integer i.
We show in the next theorem that the graph Gy, satisfies h(Gy,) = max(h, 3™).

Theorem 6. Let i be a non-negative integer and n; = 14 + 2i. Then
max(h, 314+2%) = 18 + 3i.

Proof. We have already mentioned that max(h,3'4+%!) > 18 4 3i, for all non-
negative integer i. We have also obtained max(h, 3!4+%") = 18434, for i = 0,1, 2.
Suppose ¢ > 3 and G € C;(3'%*%) with h(G) = max(h,3'4*%). Let B be a non-
trivial block of G of order b which is not a leaf block and B is of minimum order.
The following five cases are considered.
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Case 1. If b = 3, then B is a pure triangle. Let G’ be a graph obtained from G
by identifying B to a new vertex v, matching v to the former neighbors of B (see
Figure 2(a)). Clearly G’ € C;(3'4*2(-1)) and by induction, #(G) = h(G’) +3 <
18+3(t —1)+3 =18+ 3i.

Case 2. If b = 4 and the induced subgraph of B in G is a 4-cycle, then we can
replace B by a graph in Figure 2(b) and the result follows by Case 1.

Case 3. If b = 4 and the induced subgraph of B in G is a K, then let G’ be
a graph obtained from G by deleting the K, and connecting the two neighbors
of K (see Figure 2(c)). Then G’ € C;(3'4*t2(:-2)) and by induction, h(G) =
h(G')+6<18+3(i —2)+6 =18 + 3i.

Case 4. If b = 5, then B is one of the graphs shown in Figure 2(d, e, f) and the
result follows by Case 1, Case 2 or Case 3.

Case 5. If b > 6, then, by Theorem 5, B is Hamiltonian. By an arrangement of
blocks of G, we may assume that B is adjacent to a leaf block KI. Let v be a
vertex of degree 2 of B such that v is adjacent to the vertex of degree 2 of K.
Since b > 6, we may assume that the neighbors z, y of v in B are not adjacent.
Let G’ be a obtained from G by removing V(K] ) U {v} and adding an edge zy.
Thus G’ € C;(3'14+2(:-3)). Since h(G) = h(G')+1+7 = h(G’) + 8, by induction,
h(G) = h(G") + 8 < 18 + 3(i — 3) + 8 < 18 + 3i. Thus the proof is complete. 0O

Recall that the range of Hamiltonian numbers of connected cubic graphs of
order n is h(3") = {h(G) : G € C(3™)}. It is easy to obtain h(3") for small values
of n. In other words, h(3") = {n} if and only if n = 4,6,8 and h(3") = {n,n +
1,n+2} if and only if n = 10, 12. By using Theorems 1, 6 and Lemma 4, it is not
difficult to show that h(3!4) = {14, 15,16,18}, h(3!6) = {16,17,18,19, 20,21},
h(318) = {18,19,20,21,22,23,24} and h(3%0) = {20,21,22,23,24,25,26,27}.
Observe that for even integers n, 4 < n < 20, h(3™) completely covers all integers
from min(h,3") to max(h,3"), except n = 14.

Let j be a non-negative integer. A connected graph G of order n is called
a j-Hamiltonian if h(G) = n + j. Thus a 0-Hamiltonian graph is Hamiltonian.
A 1-Hamiltonian graph is called an almost Hamiltonian graph. We proved in [8]
that for an even integer n > 10, there exists an almost Hamiltonian cubic graph
of order n. Furthermore, we proved that an almost Hamiltonian cubic graph is
2-connected. Thus for an even integer n > 10, {n,n + 1} C h(3").

Let n be an even integer and n > 10 and H be a Hamiltonian cubic graph
of order n — 6. Then G = (K4(u), H(v)) exists and h{(G) = n + 2. Thus for an
even integer n > 10, {n,n + 1,n + 2} C h(3").

Let n be an even integer with n > 16. Consider the following elementary
facts.

1. A graph G = (P(u), K(v)) satisfies h(G) = n + 3, where P is the Petersen
graph of order 10 and K (v) is a Hamiltonian graph of order n— 11 obtained from
a Hamiltonian cubic graph K of order n—12. Thus {n,n+1,n+2,1n+3} C h(3").

2. A graph G = (2K}, K — e) satisfies h(G) = n + 4, where K is a Hamiltonian
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cubic graph of order n — 10 and e € E(K). Thus {n,n+1,n+2,n+3,n+4} C
h(3™).

3. A graph G = (2K}, K (v)) satisfies h(G) = n+5, where K (v) is a Hamiltonian
graph of order n—11 obtained from a Hamiltonian cubic graph K of order n—12.
Thus {n,n+1,n+2,n+3,n+4,n+ 5} C h(3").

4. Since max(h, 3'*+%') = 18 4- 3¢, the maximum value of j in which there exists
a j-Hamiltonian graph in C(314+2) is 4 + 1.

5. If j = 4 + 4, then there exists G € C;(3!4*2%) such that G is a j-Hamiltonian
graph in which all nontrivial blocks are Hamiltonian.

6.1f6 < j <4+41iand G € C;(3**%) such that G is a j-Hamiltonian graph
containing a Hamiltonian leaf block B and v € V(B), then G *v € C;(314+2(1+1))
and G * v is a j-Hamiltonian graph with a Hamiltonian leaf block.

We have the following lemma.

Lemma 5. Ifn > 10 and C(3") contains a j-Hamiltonian graph, then C(3"*2)
contains a j-Hamiltonian graph. ]

By Lemma 5, if h(3")+2 = {h(G)+2 : G € C(3")}, then h(3™)+2 C h(3"+2).
Thus by Theorem 6, we have the following theorem.

Theorem 7. For an even integer n > 4 and n # 14. There exists an integer b
such that h(3") = {k € Z : n < k < b}. Moreover, an explicit formula for the
integer b is given in the following cases.

1. b=n if and only if n = 4,6, 8.
2. b=n+2 if and only if n = 10,12.
3.Ifn=14+2i and i > 1, then b = 18 + 3i. m|
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