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wryt 1 S—> Nom + V-be + Adj.
The pew axiom 18 not so unnatural that these

lines are distinct.

unuﬁ 2 S ~—> Nom + V-be + Adv.

Each point of S 15 on two 2nd only two lines.
unuﬁ 3 S5 ~—> Nom4+ V-be + Nom,

Mapping of interest here are the perspectavities.
uuuﬁ 4 S8 —> Nom + V-1 + (Adv.)

The sixth side RG passes through D.
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17
5 ~> Nom1+ V-t + Nom2
An artist must perform the process.
S —> Nom1+ M.V, + Nom2
A definition always contains a necessary and
sufficient condation, i
5 —> Nom1+ V-t + Nom2+ Nom3
Some of the exercises 1n the preceding section
may have suggested a few theorems to the reader.
S -—>» Nom1+ V-t + Nom2+ Nom2
We call T an index set.

S — Nom1+ V-t + Nom,+ Adj3. -

2
The reader may find 1t convenient at later
point,

S—> Nom + L.V, + Adj.

The aimportance of the subject became more
apparent.

S5 —> Nom,+ L.V, + Nom 4

Statement (1v) also becomes a theorem,

S —>» Passive Voice maauunﬁ SA

The effect of splitting paire 13 noted next.
S—> Passive Voice ﬂaquuuﬁ 6

They have been given special symbols.

8§ — Passave Voice ﬂaaunuﬁ 7

C and m are called generating elements of

the point,
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1
-}
S — #It" ampersonal TBILLUN 1

It 15 convenient to call this point the i1deal

point,
o
S— "It" i1mpersonal YBNULLUW 2
It may be of some help to think of this use
of “or%,
1
S ~> "It" impersonal PRI L 3
It 18 the transformation of rigid motion,
]
S ~> “It" impersonal ﬂaauuuﬁ L

-== perhaps 1t suffices to consider only
the intepgers.

5 — "It" impersonal ﬂﬂduﬂnﬁ 5

1t has taken 13 Axaioms 1in all to reach the
rlace,

S—> "It" impersonal ﬂﬂduhnﬁ 6
1£ﬂsﬂngiuﬁﬁsqﬁhaaetgnﬁ

S— "ItY impersonal ﬂﬂﬂuﬂuﬁ ?

Tat) panglusi afasos vasdl

S —> "It" impersonal %ﬂﬁuﬂﬂd 8

It seems more appropriate at this point

1
S—> "It" impersonal TRIULLN 9

v

Iﬁﬂiﬂn§1uﬁﬁrﬂﬁdaaatéuﬁ
S —» #It" impersonal ﬂaauuuﬁ 10
It was shown in Theorem 7.1

S —> There + V-be + Nom.

There are four possible cases
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Wil 12B S —> There + L.V. + Nom
There now seems little doubt.
uunﬁ 13 S —» Imperataive
Draw two lines L and L' through a point.
uuuﬁ 14 $-—>» Supposition
Suppose that one of these angles 1s greater
than the other,.
uunﬁ 154 S-—>» Oblagatory Inversion
-== nor 1is the reasoning process distorted,
unn% 15B S—> Stylistic Inversion
To a point on & line corresponds a single
coordinate,
nnuﬁ 16 § —> Sentence + Sentence modifier
In the Euclidean plane, two lines do not meet
1f they are parallel.
uuuﬁ 17 S5 —> Omission
The first course of action leads to single

elliptic geometry and the second (course of

action leads) to double ellaptic geometry.

i % 4
sty hanilsluna 33 un sy son s od = Tu

-

]
S W0 gﬂﬂ?ziﬁﬂ {sentence pattern)
v
> wnete  Urznaumay
“ 1
(ems) WABEN  bu9RY (optional)

Nom unﬁaﬁa Nominal
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Adv, mmugd adverbal

V-t WJ']‘EJS\J transitive verbs
V-1 umuga intransitive verbs
M.V, mnﬂdaq middle verbs

L.v, 1;]1]']5_]8\1 linking verbs

V-be '1,11]’]{]?;-3 verb "to be"
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10 | 8~—- Passive Voice 1,110(21.69
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4 | S —> Nem., + V-1 + (Adv.) 573 [11.20
16 | 8 — Sentence + Sentence Modafier L35 8.50
13 | S—s Imperative 319 6£.23
11 | S— "It" impersonel 173 | 3.38
12 | 8S— There + V-be + Nom. 166 3,24
2 ! S— Nom. + V-be + Adv. 132 2.58
14 | S—» Bupposition 108 | 2.11
15 | 5— Inversion 85 | 1.66
17 | 8-—= Omission 33 0.64
6 | 8—= Nom.q + V-t + Nom., + Nom.3 22 Oek3
8 35— Nom. + L.V, + Adj. 12 0.23
7] 5 — Nom.1 + V-1 + Nom., + Complement 9 0,17
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a) The study emphasizes the great changes that have taken
place in geometric thinking---

b) ---the great changes have taken place in geometric thinkaing
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1s factually true

V-be + hdv.

is i1n doubt
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have the property
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seem reasonable

L.V + Nom

become theorems

passive voice ﬂﬁduﬂﬂﬂfziﬂﬁ GA
are shown in the next theorem
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L.V, = lainking verb
Adj]. = adjective .
Adv, = adverdb
Nom, = nominal N
—> = ﬂnmméﬂ

ar

i
(===) Tifasy  (optional)
17 ) ]
Tuna s nudnsne A Ta0n v n T8 %TQMTﬂTGﬂﬁTwU?ﬁﬁﬁhEWzﬂﬁTﬂﬂﬁﬂ

vy 6 uuy fa

1, VP + Adverb
could be obtained directly
2. VP + preposition + NP
went about their colossal task
3. VP + infinitive
ceages to intersect L
4, VP + present participle
15 formed using these elements

S. VP + past participle



5k
6. VP + adverbial clause
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S —>» Nom. + V-be + Adj.

The sum of the angle of a triangle 1s less than 180.
Two similar ‘triangles are congruent.

The temperature T 1g8 equal to zero.

The inadequacy of visual observation or of measurements

for determining the character of space 1s obvious.

Two lines perpendicular to the same line are parallel.

. Two courses of action are therefore possible.

The proof 1s simple.

These lines are linearly dependent.

Many of theze projective properties are also invariant
under more restricted subgroups.

The view of Euclid from the more lofty projective

viewpoint 1s amprassave.

5 — Nom. + V-he + Adv.
Not all points of S are on the same line.

A necessary condition i1s already at hand.

BEvery plane through O 1s in Bucladean 3-space.

One final remark i1s in order at this point,

But often the precise meaning of the word is in doubrt.
Set language and theory have been in high fashion.
~--when E 1s between A and B.
Pasch was among the first.

-~-1% will be throughout the remainder of this test.
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In mathematics our interest 1g also 1n séntences and a

short list of connective.

s ——5>Nom.1 + V-be + Nom.1
The resulting geometry 1s the classic non-Euclidean
system called hyperbolic geometry.

One way of distinguishing a one-sided surface from a two-
sided one 1s to fix a point on the surface and a direct-
tron of rotation about it.

Theorems were then but logical implications of the
ax1Loms,

The cross ratio of four points is by defimrtion the
quantity given by the formula.

Dual to the notion of a harmonic set of points 18 a
harmonic set of lines.

Onz of the most interesting developments in projective
geometry 1s the agtiaching of a2 member called 1ts coordi-
nate to each point of a line without using the dislance
concept.

On the gssumption that such 18 the case ---.

This symmetry 1s the basis of duality between points and
lines in analytic projective geometxy.

The Erlanger program is simply another method.

Clearing 1t up 1s one of the goals of later theory.
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S —>Nom. + V-1 + (Adv.)

--- 8ll efforts to prove the dependence of Euclid's
parallel $x1om on his other axiom had failed
A circle not through O inverts into a circle not
through O,
Two orthogonal arcs intersect in at most one point of
circle E.
Az this person walks toward Uy ---

-~= their distance from ihe center increase.
The present antroduction to non-Eucliadean geomelry hLas
stopped at the threshold of vast collectrons of
uncexploud treasures
From the similaraty of the triangles OTP and OTP!
follo;s the relation.
Inversion tneory appears in the study.

--- they do not pass through the center of the circle
of inversion.,
Point P' therefore lies on a circle with center B and

radius K, QA.

5] ———>—I\Tom.1 + Vot + I\Tom.2

1,2 Altnough the inversion preserves the magnitudes of

5-

angles, 1t reverses their sense.

Instead of studying the geometry of Klean's model, one

may therefore study the gecometry of points.



(4)

4. The formula also rewals an unfamaliar property of a

line.

5. All the new theories have yielded deeper insaghts into
the space concept.

6. An 1mtial study of these Buclidean forerunners of
projective geometry will serve a double purpose.

7. An artzst, on the other hand, must perform the process
either by artistic skall alone or by the use of some
formal lawse.

8. The proof emphasized the dominant role of projective
geometry i1n the classification of geometries.,

9. The earlier proof of Desargues’ theorem given in Sec. 4.6
used metrac conceptes

10. Three points not on the same line determine & plane.

tL]Jl.l?}n 58 8 —>Nom., + M.V, + Nom.2

1. The hyperbalic line has therefore two distinct infinitely
distant points.

2. --- that a lane contains at least four poinis ---

3. Then each of the statements in the proof has a dual.

4+ The system has only the trivial solution,

5. -=- 1f 1t contains at least one real point.

6. Then, the area of a triangle equals one half the base.

7. The field of complex numbers contains the real number.

8. Yet, 1n many, respect, the geometry resembles the

familiar one of high school days.
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--— we always have 1n mind some defimite collection of
object.
Since each of these sets contains no elements,.--

8 —3-lNoem. + V-t Nom.1 + Nom.2

--~ and the new symbolic methods that have brought
precisron and clarity into an sncient and respected
SClence.

--- the jairler offered freedom to prisoner A, ---
Attempts to remove these pavadoxes gave rise to different
axiomatic systems.

~=-- we entrust to him the responsibilaty of examining
the details at preater length.

Some of the exercases in the preceding section may have
suggested a few theorem to the reader.
Of course, the mature mathematician meke allowances for
the differences in these definitions,
We apply names and symbols to cach of these sets.

--~ but, ---, also lends i1tself well to many daffercnt
kinds of interpretations.
We leave 1t to the reader.

Ded wall send him money ---

8 -w%wNom.1 + V-t + Nom.2 + Nom.,
2

--~ and derived relationships which we usually call

"theorems".

-~- which, ---, make P(x) a true statement.
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--- and sometimes call such a set a class.

We call T an index set.

~~- we usually denote 1t 1, ---

In this way, we would have defined every natural member
n as & set.

We call 1t the Boolean olgebra,

--= we sometimes call r¥* the order relation aindiced by
r and f,

We often call £ a similarity mapping,

-=- and call -n the negative of n.

S8 —= Nom., + Vot + Nom.2 + Adj.

1
--- that might otherwise make the reader's process muach
slower.,

The reader may find 1t convenicent at later point in
this btext ---

ww— which w2ll make many of the conclusaion at least
intuitively appealing.

-== the continued use of demonstrations would make
certain proofs in later sections horrendously difficult
1o carry through.

The following defainition makes this concept expliczt.
-—— antuation can scometimes lead one astray.

--- this would make ¥ finite.

What waill make the study partacularly interesting 7
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--- which would make 1t possible to deduce from them

all the existing geometric facts.

--- we found 1t necessary to mention the axiom of choice,

S —sNom. + L.V, + adj.
The picture becomes clearer.
Boundary lines between geometry, algebra, and nalysis
are growing dimmer with passage of tame.

—— 1ts\two equal acute summit angles no longer seem
like the figment of a wild imagination.
These arcs would look like straight lines.
To attach a truth volue to such a statement seems weird.
Todey, such a possibility seems gurte natural.

-~- and two sides of the surface will become distinguaish-
able.

==~ the fact would eventually become less obvious,
The important of the subject became more apparent.
By now the reader should feel more comfortable about

such ambiguous uses of symbols.

S-——-:a-Nom.1 + L.V, + Nom.1
--~ the predicate P(x) becomes a statement with a
defimte truth value,

Statement {1v) also becomes a theorem.

~== 8]11 of the various theorems of a Boolean algebra

becomes facts for these special case.
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Since the matter of inverse appears t~ be the only

problemy; ---

Nk becomes a standard set.

-~~ and the sixth points become the four poants 4, B,
c, D,
-== and in nonhomogeneous coordinates (s) becomes

2 2
d1x + dzy + d3 =0
--- the modern science of topology becomes a study of
the invariants of topological transformation group.
~=-- a new development in geometry that has become one

of the most potent forces in modern mathematics.

~=-- which an simplifyrng and rearranging becomes
=1+ _1
AB AC AD

A 8 —>Passive Voice ﬂﬂ@uﬂﬂ% SA

Fuclidean and projectave geométrles will be linked by
certain advanced viewpoint.

The necessity of this condition will be established by
showing that ---

The next theorem was proved.

The name harmonic i1s well chosen.

A second elementary property of harmonic points 18 seen
in the next theorem.

This question will be investigated with the axd of the

following more convemrent formula for cross ratio.

The effect of splatting pairs 1is noted next,
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8. The point 1s stressed at the start.
9. These two sets of axaoms will be laisted first.

10 Much of interest was learned earlisr.

1] I
=f <
WU 10B S —w3 Pagsave Voice 9A@duuyus 6

1. The problem of the artist may be given a mathematica.
interpratation.

2. One such construction 1s gaven for the following
problem.

3+ —=— and a brief introduction has been given Lo the
rrojective theory of conics.

4. Since arbitrary values may be given to X, and Xy o

5. For the present, no consideration i1s grven the sprcial
cases.

6. --- but justification can be given for all of ihem

f. =--- special names are given to the two types of
arguments.

8., =-- they have been given special symbols.

9. =--~ they have been assigned the same member of A,

24

10. If we are given the open sentence "y = x™%,

]
- E]
iy 10C 5 —=Passive Voice ﬂaquuuﬁ 7

1. C and m are called generating elements of the plane.
2, If n 15 called the coordinate of P(n), ---
3. This union of geometric and algebraic theory ig namnd

in today's liturature "algebraic' geometry.
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For generalizing the algebraic theory of sec. 8.6,
matrices will be found useful.

-=- the sysiem are called linear transformation.

Cirele (O)r 1s called the circle of inversion.

Such a set 1s called an ordinary set.

Such a definition i1s often called a circular definition.
~=- 2t 15 made 1integral post of the system.

The method is generally referred to as notation.

S —= "It" impersonal
It 1s possible to show that ---
It 15 ainstructive first to display the elementis of ~zch
of the given sets.
It 18 at this precise point tnat ---
It 28 a completely absorbing tale of struggle, hardshp,
early defeat, and finall success.
It might appear that ---~
It has taken 13 Axaoms in all to reach the place
where —-—-
It seemes more appropriate at this poant.
It 1s desired to Find the poant D' of line L',
It 1s known from elementary algebra that ---

It 1s proposed %c examine some single axazomatic wvystems.

a
WU 124 8 —s~ There + V-be + Nom.

1.

2

Then, there 1s a lane PI forming with PO and angle .

There 15 no Buclidean point.
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There i1s always the bumden of proving that ---

There are two ways to accomphish this arm.

There 1s not space here for a full and complete
motivation of these definitions, ~--

There 1s samply redundency in the systcem.

There would then be no objection to using this theorem.
There 13 an even greater problem with demonstration.
There are also some results that —--

There should be no confusionr over this doubls use.

o
Uuun 12B S —» There + L.,V. + Nom.

1.

10.

There does not exast a set of all set ---

There exists at least one point C ---

There exists linearly independent sets of vectors.

--~ where to a poant of the line there corzesponds a
coordinate member X, --=

~==- there now seems little doubt «--

~w= there follows from (1) the system of equation.
There st1ll remained the unangwered question.

~-- there cannot be 1gnored the modern physacal notion.
-~ and there 1s thus 1llustrated the modern definition
of a vector.

There 18 included 1n this chapter a first introducition

t0 an invarient in geometry.
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5 ~—=> Imperative
Note the absence of metric concepts in the followang
projective definitions of point and line conics.
Draw two lines 1L and L' through a point.
In a Buclidean 3-spase, consirdcr the sct of all lancs
through a point 0 of thas space.
Invert the entare figure in a circle having kK as a
center ---
Suppose (that the pencil of points on laive L 1s projec-
tive with a pencil of points on live L.).
--- and let rays a, b, ¢ meet L 1n the points A, B, C.
Suppose (a sphere tangent at M to a horizontal plane p
is projected from 1ts haghest point N ~-- )
Let the gaven carcles wath centers O ard O' intersect
at point P,
Suppose first (that none of the points P, Q, R coincide
w1thn,vertex.)

Suppose (we examine the dictionary---.)

=3
UL 15A 8 —==0bligatory Invergcion

1

If one line of the plane contains n points, so does
every line of the plane.

Parallel line are missing end so are prependicular oneg.
The aesthetic appeal of the materiel cannot be changed

nor can rts mathematical importance,
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1.

2,

8.

9-

--<= but ne1ther can one minamize the importance ¢f the

nonmetric properties.

On projection, the lengths of lane segments are seen to
change, and i1n general, so will a ratio of line segments.
Weather 1s r, a symetric rcelation.

-w= 50 too, does one learn to accept and work with
primitives,

~-— since An 1s countable, s0 1s Bn.

Since triangle OPQ and 0P'Q' are similar, as are also
triangles RPO and R'P'O.

For that matter, so are N and P equivalent.

5 ——= Stylistac Inversion
In thrs text the word "oxr" 13 being used.
In neither argument, therefore, 1s one forced to accopt
the truth of the conclusion.
In this way one arrives at theorems.
Since 1938 he has been a permanent member.
To each point of o-ne figure corresponds one and only one
point.
From tnis contradiction follows the equality of the
angles RPO and SPQ, |
Through point B and C draw the perpendiculaes o line BC.
On each of them two lines always meet.

From the similarity of triangles O0TP amd OTP! follows

the relation.
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(1)
Of i1nterest later is the special conics.

5 —> Sentence + Sentence Modifaier
In the Euclidean plane, two lines do not meet 1f they
are parallel.
Similarly, AC meets L at the point B".
dowever, a few remarks in this commection will motivate
the addition of the final axaiom,.
To avord havaing two points of the hemisphere correspond
to one point of the projective plane, these two points
Q@ end Q' are now adentifaed.
Among other things, the metric concepts used there are
not an keeping with the present nommetric development.
Unfortunately, this i1s not a satisfactory program .
If, on the other hand, the point (x,, X, x5) 1s fixed,

For the present, no consideration i1s given the special

cases.
Instead, s works went almost completely unnoticed ---

Like the conditional, the equavalence terminology is

used.

S —> Omission
(The points are 1is vertices) and the lines --- 1ts
sides.
Then, (1f lines CU and BV meet at R1) and lines A31 and

BU --- at RE
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(15)

(Then triangle AFG 1s 1s similar to BFD) and triangle
AR —--- to tyxaangle DEC, ‘

(The first course of action leads to single elliptic
g@ometry) and the second --- to double ellipiic geoma-
try.

(If A 15 the sel of points on a line not in a plane p,)
and B --- the set of points in the plane, ---

(If now beads are represented by dots,) and wires ---
by curved lines.

(--- and finally P may be false) and Q --- true.

(If A, B, C are any three distinct points of a line L,)
and A', B', C' --- any three distinct points of a
coplanar line L' # L, -

(-=- where S, 1s the center of a perspectavity from L,
to LZ’) and 52 --- the center of perspectivity from

L2 to L3.
(~-~ whers to a point of the line there corresponds a

coordinate member x,) to a point of the plane --- a

parr of coordinate membex (x, y), =--.
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1. To attach & truth value to such a stalement seems weird, but
nevertheless 1t 1s done.

2. Zero 1s the 1dentity element of the group, and the inverse
of an element b 1s 1ts negalive, - b.

3. It 1s, therefore, more closely related to the needs of
elementary instruction than are others.

4., One linc of the plane contalnsln poinits, 50 does every line
of the plane.

5. Both may be true or both may be false; T may be true waile O
18 false; and finally P may be false and Q true.

6. later, the two mathematicians Schroder and Bernsﬁgln gave
independent proofs; accordingly, the theorem 1s often called
the Schroder-Bernsiein theorem,

T. Jeff passed the course or he failed z1t.

8. T> perform the construction, draw through any one of the given
points; say A; a line L' dastinct from the line L of the given
points; and on L select two points U, V distinet from A, and.
Joan U to C and V to B.

9. E has fewer elements than ¥ in spite of 1ts being a propex
subset of N.

10. He could not only formalize the notion of infinite member but

could also classify wvarious types of infinite members.
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1. The group concept 1s introduced at this point to show how a

set of axiom may be used to define a new concept.

2. Tms figure 25 a quadrilaterael whose angles at A and B are
right angles.

3. Some of the details of how this was done will show how much
effort went into the project.

4. If the logical system 15 a geometry which is to applied, 1t
13 important that axaoms correspond well with properties of
physical objects representing the pyndefined terms,

5..For example, the axxom which saye that a straight line may be
drawn between points 1s a highly idealized description of what
happens when the poant 1s replaced by a dot.

6. Calculation that would have required several lifetimes were
made 1n a matter of months,

7+ The reader may feel uneasy sbout the cardinal axaom because
we do not really say what a cardinal member 18 -~ only that a1t
possesses a certain characterizing property.

8. Havang made our deélnltlon, we see that 1t agrees with what
we think ocught to be the case when A and B are finite sets.

9. The proof that we have given is in a sense not a proof at all
since we have freely used lemma 6.1

10+ The theorem assures us that 1f A 1s any set, we can find an
ordering relation r in A such that (4, r) 1s a well - ordered

set,
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Com - x1 + Com - 4 1

Statements or axroms concerning undefined elements are no longer
subject to those experimental errors made when dealing with physical
object, nor 1s the reasonming process distorted by what seems to be true

of these physical elements.

Com - xq + Com - 42

For example, he used the assumption that a line 1s infinite ain
extent 1n some of his proofs, but no such assumption was made i1n his

axarom, nor 1s this property of a line a consequence of his other axioms.

]

Con — x2 + Com - g1

The cross ratio (AB, CD) does not change 1ts value 1f the pairs
of elements are interchanged, or if the order of elements in both pairs

1s reversed.

Com - x3 + Com - d1

If the points are distinct, M #'0; and sance there 1s only one

point which devides a line segment into a given ratio, I\ # 1.

Com = x3 + Com - d%

If 1t passed through 4, point E would coincide with A, since EG
intersects AF in £ and therefore cannot intersect this line in a second
point (Axaom 2'2)i 1f GE passed through B, 1%t would be line BGE and

would intersect AF in F.
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Com - x4

A paanter who contracts to paint a Mobius strip will find, when

he has returned to hms starting line, that he has done twice as much

work as he had intended to do.

Com - x4 + Com - 41

When we wish to discuss cardinal, numbers in general, we shall
L 4
use lower cage Greek letters v,/% ’ P’ etc; hence, we assume thaf v 18

g, carding) number 1f and only af there exaists a set A such that v =

#(A)

Com - d )

Both may be true or both may be false, P may be true while Q is

false, and finelly P may be false and @ true.

Com ~ x5 + Com ~ d3

Ifr A (B, C are points that are not all on the same line and if
D,B are distinct points such that B, C; D are on a line and C, A, E are
also on a line, ithere 1s s point F such that poant A, B, F are on a line

and points D, E, F are also on a line.

Com - x5 + Com - 44

If the statement P=>Q 1s a tautology, we sey that P tautologi-.
cally 1mplies Q or that Q 1s tautologically implied by P: we also say
that @ follows logicelly from P or 1s a logical or (valid) consequence

of P, or that the argument from P to @ 1s valad.
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NP —= D + N
1. the first row
2. the conclugion
3., an argument
4. both arguments
5. other ways
6. a theorem
T. such diagrams
B. every element
9, the line

10, those elements

NP — (D) 4dy. + N,
1. & pramitive notion
2. an intuitive 1dea
3.the same circular defimtion
4. 81l rational numbers
5. our previous agrecment
6. the present framework
7. a particular way
8., a true statement
9. & universal set

10. the empty set



(U) present participle + N
nonintersecting line

the deviding line

corresponding angles

the following theorem

the defining property

the resulting notation

the preceding section

one heaping tablespoon of sugar
the following definitions

the countaing process

NP -3 (D) past participle + N

1.
2
3.
4

our avowed purpose

undefined terms

a grven set

an abbreviated version

the worded definition

more sophisticated ireatments
a derived table

the induced relation

the added axiom

the ordered set



NP —>»
1,
2.
e
4.
5.
6.
Te
8.
9.

10,

NP ——>
1,
2,
B
4.
5
6.
7.
8.
9.

10.

(D) N+ XN

the vector space

the number triples
the vector theory
our numbexr system
the ealculation law
Jung cancer

the set deacription
the set bualder form
a truth value

a truth table

(D) (ad3.) N + Adj. phrase

p?lnts ianterior to a gaiven circle

g line dastinct from line L

a set like %a, bg

some glgebric theory permanemt to discussion

& classroom full of students

s fashion similar to Fag 3.5

several standard sources avarlable for added detail
cardinal numbers larger than?#(El) ,
interesting properties relative to order

the perspective necessary for gaining a proper

understanding

(22)
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(D) (Adj.) N + present particaple

lires lying in the shaded angles

a quantity having both magnitude and darection
element satisfying these axioms

a set consisting of two obJects

simple sentences consisting of a noun

the set using the set builder

the 1llustration preceding the definition

cne set containing no elements

2 conclusion regarding every element of A

elements modeling the system

(D) (8d3.) W + past participle
mathematics known as foundation

the three systems mentioned above

a convenmient form called a truth value
the brief treatment given here

the diagonal slash used through a symbol
the letter chosen

the elements listed

the prove given above

the prove discussed in the sfime section

the dafferences involved in thege notions



NP —s (D) (433.) N + inf-phr. - active

1.
2.
3.
4.
54
6.
Te
8.
9.

10.

NP —>
1.
2.
3.
4.
5.
6.
T
8.
9.
10,

some termainology to descrabe
interesting things to come

the early reluctant to accept set theory
their attempts t0 resolve thenm

attempts to remove these paradoxes
serious attempts to define Y"set"

many ways to describe @

a way to get around thas problem

an effort to systemize the study

severael ways to proceed

(D) (Ad3.) ¥ + inf-phr. - passive

the object to be painted

a conecrete form %o be explained

the instrument to be used

the sentential connectives to be considered here
another elementery theory to be treated latler

& practice to be followed

the topre to be discussed

an exercise to be proved

the circumstances to be considered

a delicate matter to be discussed



NP —

10,

(25)

(D)(8dg.) W + prep + (P)(Adjy.) W

a graphic method for testing the validaity of arguments
involving quanlafaier

the interrelation of ihe varaous parts without the added
complicatzong of this classical system

information about any set of elements

that portion of a line lying between two given points

of the line

an 1mportant part of any system of axiom for geometry
the brief discussion of the three significant properties
of an axiomatic system

one of the first of these model tests for congistency
the angle between any two curves

a set of elements together with certain properties of
thesc elements

the point U of intersection of the sixth parr of

corrisponding sides

infainitive nominal

to travel by plane

to lose the perspectaive

to answer the question

to snow why this is so

to develope projective gevmetry
to accomplish our avowed purpose

to say that &4 equals B
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10,
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10,
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to develope a definition
to do justice 10 all phrases

to designate the element of a given set

Gerundive norminal

seeing a model of %wo parallels
1llustrating the new theory

collect%ng certain objects

finding new words

using the axiom of specification

statang our first theorem

abbreviating certain quantified statements
checking each element of A

establishing l8ws of astronomy

adopting tins more familiar notation

Action nominal

the findaing of the models

the vanishang of this determenant

the bualding of many lautologpes

a limiting of the domain of a function
the setting of a Boolean algebra

the ordering of their elements

the begainning of classical logac

a proper understandang of the nature
the faindings of the past

mappings of interest
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nunber triples which represent points

the defanitaon that follows

a number which might be called 'ainfinaty"

other mathematicians, who had found wide application
of the theory

an argument that i1s supposed to be a proof

the objects that make up a set

the term that have been previously defaned

vecple who have lived i1n the United States

a2 gset that conteins 1tself as an element

+ 21l students who hed carned a football letter

Vs T

i thet
which
who

NP+ J F+NP+V-‘G

i such that

118s on ol

\relatlve yronouns
a fect w2 cannot s.cept ’
a poant F such that points A, B, F are on a line

a proof .n which the negation of the conclusion s used

an oxdered pair which the reader has already encounterad

the definibion of function which we are seeking



6. the set of all elements of B to which some elemcnt of A

1s r - related .
T. the connection we a dopt
8. an important theorem that we shall prove shortly
9. a topic that have avoided

10. a set to which consideration 1s limited

NP — = NP + when + sentence pattern
1. the construction when p 1s outside the circle
2. the proof when the two triangles are in different planes
3. many ti1mes when the consequences of some intuitive
defimition are to dire the admit
4. the special case when the cardinals are f anite

5. a day when the sun 1s not shanming

6. the proof when two triangles are in tha same plane

NP —-> KNP + where + sentence pattern

1. a point 4, wgggé the length of segment PA 1s coastant

2. the point where he actually conceived the 1dea

3. & point where 1t seemed necessary to generalize the
concept

4. each case where for some a & A there 28 b € A

Do the situation where there 1s an integer kg

6. 1n matter such as this where the ordered set 1s 80
familiar

T« relationship of "1f p then ¢" statement, where p 1s called

the antecedent



0.

—
el
N2

-

the logic Just discussed where statements wexe
analyzed

a method, where the limits of practacal intelligibrlaity
are soon reached

chavter 2, where axiomatic system are analyzmed

NP + whose + sentence pattern

a circle vhose diameter as OA!

a circle whose center r» as the second point of
intersection

the lower hemisphere, whose boundary is E!

a hyperbolic triangle whose angles are grven by corres-
ponding angles '

the line whoge point equaiion is xy + xp + Xz = 0

the set of integers whose numberals appear within the
brases

sets whose elements are themselves sets

the set whoge single element 1= a

an order pair whose coordinates are the reverse of those

in r.

the number of sets whose union can be formed
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NP -—= Factive nominal

Te
2-

5.

9.
10.

He discovered that he could not formalize the notion

Let us 11lustrate what happens.

One should be able 10 determine whether or not that

obgect belongs t0 a given sget.

We mentioned that a mathematical system must begin with

unde fained terms.

He counld decide whether the staterent 1s true or falsc,

The set A would consast of what remains.

Thig should not distract from the fact that the variables

are gll bound,

We should cxplaein why this particular definition 18 a

desirable one.

The reader may wonder why we did not requare F (f) = B.

The duality principle will suggest how new theorem can be

constructed from old ones.
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