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Let G be a graph and F' C V(G). Then F is called an induced forest of G if
the induced subgraph (F') of G contains no cycle. The forest number of G, denoted
by f(G), is defined by

f(G) := max{|F| : F is an induced forest of G}.

The computation of forest numbers of the following families of graphs is shown to
be N P-hard: planar graphs, bipartite graphs, perfect graphs.

Let J be a class of graphs. We consider the problem of determining the
range of forest numbers of 7, denoted by f(J), where

() ={1G):Ge T}

We are able to obtain some significant results on the range of forest numbers for
several classes of graphs and this problem is, in fact, the extremal problem for the
graph parameter f.

Let G be a graph. The vertex (edge) arboricity of G denoted by a(G) (a1 (G))
is the minimum number of subsets into which the vertex (edge) set of G can be par-
titioned so that each subset induces an acyclic subgraph. Let d be a graphical
sequence. We prove that if 7 € {a, a1}, then there exist integers x(m) and y(m)
such that d has a realization G with 7(G) = z if and only if z is an integer sat-
isfying z(m) < z < y(w). We consider the corresponding extremal problem on the

arboricities on the class of regular graphs.



The dissertation titled
“Interpolation and Extremal Theorems:
The Forest Number of Graphs”
by

Avapa Chantasartrassmee

has been approved by the Graduate School as partial fulfillment of the requirements for

the Doctor of Philosophy in Mathematics of Srinakharinwirot University.

.................................................. Dean of Graduate School

(Assoc. Prof. Dr.Somchai Santiwatanakul)

December , 2009

Dissertation Committee Oral Defense Committee
| .
QW ..... AU, Major-advisor ... SWWV\%"“ ......... Chair
(Prof. Dr.Narong Punnim) (Dr.Sayun Sotaro)
Mﬁw ........ Co-advisor .. o MMM\*‘*W‘" Committee
(Prof. Dr.Saad El-Zanati) (Prof. Dr.Narong Punnim)

B A S e .
/> ....................... Co-advisor M ﬁz%”‘”@b‘ Committee

(Asst. Prof. Dr.Varaporn Saenpholphat) (Prof. Dr.Saad El-Zanati)

O ........................ Committee

(Asst. Prof. Dr.Varaporn Saenpholphat)

(Asst. Prof. Dr.Chariya Uiyyasathian)



This dissertation was financially supported by
the Thailand Research Fund through the Royal Golden Jubilee Ph.D. Program
(Grant No. PHD/0051/2550),
and the University of the Thai Chamber of Commerce.



Acknowledgements

Foremost, I would like to express my sincere gratitude to my advisor Professor
Dr.Narong Punnim for the continuous support of my Ph.D. study and research, for
his patience, motivation, enthusiasm and immense knowledge. His guidance helped
me in all the time of research and writing of this thesis. I could not have imagined

having a better advisor and mentor for my Ph.D. study.

I gratefully acknowledge to the financial support of “the Thailand Research
Fund through the Royal Golden Jubilee Ph.D. Program (Grant No. PHD/0051/2550),

2

and the University of the Thai Chamber of Commerce.

I owe my most sincere gratitude to my co-advisor Professor Saad El-Zanati
who gave me the opportunity to work with him in the Department of Mathematics
at Illinois State University in US and gave me untiring help and excellent advice

during the preparation of this dissertation.

I would like to thank my co-advisor Assistant Professor Dr.Varaporn Saen-
pholphat for her numerous valuable suggestion and encouragement. I would like
to extend my thanks to Dr.Sayun Sotaro, the chairman, and Assistant Professor
Dr.Chariya Uiyyasathian, committee members, for their encouragement, and in-

sightful comments.

Lastly and most importantly, I owe my loving thanks to my parents Thanawan
and Kanvara and my sister Kwanjira. They have lost a lot due to my research
aboard. Without their encouragement and understanding it would have been im-
possible for me to finish this work. My loving thanks are due to Sylvia and Kristina

Cooper. They let me own a happy family in Normal, Illinois.

Avapa Chantasartrassmee



TABLE OF CONTENTS

Chapter Page

1 INTRODUCTION

Prologue ..o 1
Notation and Terminology ...........ccoooiiiiiiiiiiiiiiiiiiiiiiiie e 3
Basic Concepts in Graph Theory ...........coooiiiiiiiiiiiiie e, 10
Graph Transformations ............ccocoooooiiiiiiiiii 12
Interpolation Graph Parameters ... 15

2  REVIEW OF THE LITERATURE
Interpolation Theorems ...........ccoiiiiiiiiiiieii e 18

Extremal Problems ..o 21

3 INTERPOLATION AND EXTREMAL THEOREMS:
THE FOREST NUMBER OF GRAPHS

Contrained Switchings in Cubic Graphs .........cccccooiiiiiiiiiiiiiiiiiiieiee, 31
The Forest Number of (1, m)-Graphs ........ccccocivviiiiiiiiiiiii, 48
Forests in Biquartic Graphs ...........ccooooviiiiiiii Y
Regular Graphs and their Arboricities ...........ccccviiiiieeiiiiiiiiieee e, 64

4 SUMMARY AND OPEN PROBLEMS

SUINIIIATY .ottt 74
Open Problems . ......ooiiiiiiiiiiee e 76
BIBLIOGRAPHY ..o 78



LIST OF FIGURES

Figure Page
1 Isomorphic and nonisomorphic graphs ..........ccccovvviiiiiiiiiiiiiiiiieeeeeeeinn, 4
2 Subgraphs of a graph G ... 6
3 The regular graphs of order 4 .........ccccooiiiiiiiiiiiii 6
4 The union of graphs ... 7
5 The graph G s H ..o 8
B DS e 8
7 Some spanning subgraphs of G ... 13
8 The switching operations ...........ccccciiiiiiiiiiiiiii 13
9 The 2(2'9)-graph and Z(2M)-graph.........ccocooiiiiiiiiiic e, 14
10 The Graph K cooeiiiiiiiiieiee e 25
11 Cubic planar graphs of order 34 ........ccooooiiiiiiiiiiii e 27
12 The graphs G and Go ...oooeeiiiiiiiiii 31
13 A part of agraph G ... 32
14 A part of the graphs G and G7 in Case 1 .....cooovvieiiiiiiiiiiini 34
15 A part of the graphs G and G? in Case 2 when y'u € E(G) ....ccoveee. 35
16 A part of the graphs G and G7 in Case 2 when y'u ¢ E(G) ...ccccoceeeeee 36
17 The graph G(270),70 > 6 .eeeviiieiieeiie e 36
18 The cubic graph G of order 12 ... 37
19 The graphs G and G wheni=0and s =2 .......eooooiiiiiiineieniiiiiiieeen, 38
20 The graph G with [R, R] 7 0 oovooioiiiiiiieie s 38
21 A step in the proof of Theorem 3.1.4 .....cccooviiiiiiiiiiiii 39
22 The graph H(210),7 2 6 .ooooiiiiiiiiieiiceec e 40
23 The graph G obtained from two copies of K ....c..ccoooviiiiiiiiiiiiiininee, 42
24 A step in the proof of Theorem 3.1.12 ...t 43
25 The cubic graphs of order n = 12,14, 16 in which f(G) = [Z] .............. A7
26 The graph G of order 12, size 35 and f(G) =9 woovvevviiiiiiiiiceeee, 49



Figure

27
28
29
30
31
32
33
34
35
36
37

LIST OF FIGURES (Continue)

Page
The graphs of order 5, size ms5(5), ms(4) and mz(2) .ooooveeriierienieenne. 49
The graph G of order 10, size 9, and f(G) =7 ccceoviiiiiiiiiiiiiiie, 51
The connected graph G of order 10, size 12, and f(G) =7 .cccoovvevnrennn. 54
The graph G in the proof of Theorem 3.2.10 ........cccoooiiiiiiiiiiiiiiie, 55
The graph H in the proof of Theorem 3.2.10 .........ooviviiiiiiiiiiiiiiiieeen, 55
The graph H* in Part 1 of Case 2 of the proof of Theorem 3.2.10 ......... 56
The graph G of order 14 with f(G) =9 .ioooiiiiiiiiiiiii 59
The bipartite graph B(7,4,2) ..ocooiiiiiiiiiiieeee e 60
The bipartite graph G,, of order 2n where n = 11,12, 13 ...........ovvnnnee... 64
The graphs Cs and K5 ...oooooeeiiiiiiiii 65

Constructing r-regular graphs from (r — 1)-regular graphs .................... 69



CHAPTER 1

INTRODUCTION

1.1 Prologue

The minimum number of edges whose removal eliminates all cycles in a given
graph is known as the cycle rank of the graph, and this parameter has a simple
expression, namely, b(G) = |E(G)| — |[V(G)| + w(G), where w(G) is the number of
components of G. The corresponding problem of eliminating all cycles from a graph
by means of deletion of vertices goes back to at least to the work of Kirchhoff [24] on
spanning trees. This problem does not have a simple solution. This latter question
is difficult even for some simply defined graphs. Thus the decycling number of a
graph G, denoted by ¢(G), is the minimum cardinality of a subset S of V(G) whose
removal eliminates all cycles in G. Clearly, ¢(G) = 0 if and only if G is a forest and
»(G) = 1 if and only if G contains at least one cycle and there exists a vertex v of

G that lies on all cycles of G. It is not easy to characterize the graphs G for which
6(G) =2.

There are several classes of graphs for which the decycling number is known.
For example, ¢(K,) = n — 2, where K,, is the complete graph of order n > 3 and
¢(K,.s) = min{r, s}, where K, ; is the complete bipartite graph with bipartitioning
sets of size r and s. The decycling number is the same as the feedback number
which was first used by Speckenmeyer [38]. Let G be a graph of order n and S be
a minimum decycling set of G. Then G — S contains no cycles. It is reasonable to

define a counterpart graph parameter to ¢ as follows.

Let G be a graph and F' C V(G). Then F is called an induced forest of G if
the induced subgraph (F') of G contains no cycle. The forest number of G, denoted
by f(G), is defined by

f(GQ) := max{|F| : F is an induced forest of G}.

Clearly, for a graph G of order n, we have ¢(G) + f(G) = n. The graph parameter
f(G) was first defined by Staton [37] and Erdés, Sak and Sés [13].



It was shown by Karp [23] that determining the forest number of an arbitrary
graph is N P-complete. In fact, the computation of forest numbers of the following
families of graphs is shown to be N P-hard: planar graphs, bipartite graphs, and
perfect graphs. On the other hand, the problem is known to be polynomial for vari-
ous other families, including cubic graphs, permutation graphs, and interval graphs.
These results suggest further investigations as to good bounds on the parameter and

exact results when possible.

In 1984, Staton [37] studied some properties of induced forests in cubic
graphs. More precisely, he obtained some upper bounds for the number of ver-
tices in an induced forest in a cubic graph with a given girth. In particular, he
proved that if the girth increases without bound, then the ratio of the number of
vertices in a largest forest to the number of vertices in the whole graph approaches %.
In 1988, Speckenmeyer [38] obtained a formula for the maximum size of an induced
forest in a cubic graph in terms of the order of the graph and the cardinality of a

maximum non-separating independent set.

In 2001, Alon, Mubayi and Thomas [1] proved that if G is a triangle-free
graph of order n, then f(G) > n — e/4. In the same paper they obtained a formula

for f(G) in terms of the independence number.

Punnim [28, 29, 30, 31, 32, 33, 34, 35, 36] found several results on f(G)
for a variety of classes of graphs. In particular, by using the probabilistic method
[28], he obtained a lower bound for the forest number of the the class of graphs

with a fixed degree sequence as follows. Let GG be a graph with degree sequence

d:(dl,dg,...,dn), d1 ZdQZ an 1. Then

(@) Zdeiil.

Moreover, this bound is sharp. The problem of finding a good upper bound
for the class of graphs with a fixed degree sequence is more difficult. Punnim ob-
tained a good upper bound for the class of regular graphs [31] and for the class of
connected regular graphs [34]. This suggests the problem of finding the range of



forest numbers in J, denoted by f(J), where

f(I)={1G):Ge T}

The purpose of this dissertation is to obtain some significant results on the
range of forest numbers for several classes of graphs and this problem is, in fact, the

extremal problem for the graph parameter f.

1.2 Notation and Terminology

In this dissertation, we consider only finite simple graphs. For the most part,

our notation and terminology follows that of Chartrand and Lesniak [10].

A graph G is a finite nonempty set of objects called vertices together with a
(possibly empty) set of unordered pairs of distinct vertices of G called edges. The
vertez set of G is denoted by V' (G), and the edge set is denoted by E(G).

If e = {u,v} is an edge of a graph G, then u and v are adjacent vertices,
while v and e are incident, as are v and e. Furthermore, if e; and e, are distinct
edges of G incident with a common vertex, then e; and e; are adjacent edges. 1t is

convenient to henceforth denote an edge by wv or vu rather than by {u,v}.

The cardinality of the vertex set of a graph G is called the order of G and
is commonly denoted by v(G); while the cardinality of its edge set is the size of G
and is often denoted by £(G). We use |S| to denote the cardinality of a set S.

It is customary to define or describe a graph G by means of a diagram in
which each vertex of G is represented by a point (which we draw as a small circle)
and each edge e = uv of G is represented by a line segment or curve joining the
points corresponding to u and v. We then refer to this diagram as the graph G
itself.

The degree of a vertex v in a graph G is the number of edges of (G incident
with v, which is denoted by deg. v or simply by deg v if G is clear from the context.

A vertex of degree 0 in G is also called an isolated vertex, while a vertex of degree 1



is also referred to as an end-verter of G. The minimum degree of G is the minimum
degree among the vertices of G and is denoted by 0(G). The mazimum degree is

defined similarly and is denoted by A(G).

A sequence dy,ds, ..., d, of nonnegative integers is called a degree sequence
of a graph G if the vertices of G’ can be labeled vy, vs, ..., v, so that deg, v; = d;
for all 2. Given a graph G, a degree sequence of GG can be easily determined. On
the other hand, if a sequence d : dq,ds, ..., d, of nonnegative integers is a degree
sequence of some graph G, then d is called a graphical sequence. In this case, G is

called a realization of d.

Two graphs often have the same structure, differing only in the way their
vertices and edges are labeled. To make this idea more precise, the concept of
isomorphism is introduced as follows: a graph G is isomorphic to a graph G,
if there exists a one-to-one mapping ¢, called an isomorphism, from V(G;) onto
V(Gs9) such that ¢ preserves adjacency and nonadjacency; that is, uv € E(G))
if and only if ¢(u)p(v) € E(Gy). It is easy to see that “is isomorphic to” is an
equivalence relation on graphs; hence, this relation partitions the collection of all
graphs into equivalence classes, two graphs being nonisomorphic if they belong to
different equivalence classes.

v Vg V3 U U1

Uy U VU2 U3

Gli GQZ Ggi

Us U3 V4 Us

V4 Us Ve Ve Ve

Figure 1: Isomorphic and nonisomorphic graphs.

If GGy is isomorphic to Go, then we say G and G5 are isomorphic and denote
this by writing G; = G,. If G is not isomorphic to G, then we write G; 2 Gs.
Consider the graphs G;,i = 1,2, 3, of Figure 1. Each G; is a graph of order 6 and
size 9 and the degree of every vertex of each graph is 3. Here, G; = G5. On the

other hand, GG3 contains three pairwise adjacent vertices whereas GG; does not; so



there is no isomorphism from G; to G5 and therefore G; 22 G3. Of course, Gy 2 G3.

If G is a graph of order n and size m, then n > 1 and 0 < m < (72‘) =
n(n—1)/2. Although every graph must have at least one vertex, this is not the case
with the number of edges. A graph with no edges is called an empty graph. There
is only one graph of order 1 (up to ismorphism), and this is referred to as the trivial
graph. A nontrivial graph then has n > 2. Thus far, whenever we have considered
a graph G that is defined by a diagram, each point of this diagram (that is, each
vertex of G) has been labeled. Therefore, the set of all vertex labels is V(G). Here
we are dealing with a labeled graph. There are occasions, however, when we are only

interested in the structure of a graph defined by a diagram and the vertex set of the

graph is irrelevant. In this case, we have an unlabeled graph.

A labeled graph H is a subgraph of a labeled graph G if V(H) C V(G) and
E(H) C E(G); in such a case, we also say that G contains H as a subgraph. For
unlabeled graphs H and G, we say that H is a subgraph of G if the vertices of H
and G can be labeled so that as labeled graphs, H is a subgraph of GG. So the graphs
H, and H, of Figure 2 are subgraphs of the graph G. Whenever a subgraph H of a
graph G has the same order as G, then H is called a spanning subgraph of G.

If U is a nonempty subset of the vertex set V(G) of a graph G, then the
subgraph (U) of G induced by U is the graph having vertex set U and whose edge
set consists of those edges of GG incident with two elements of U. In Figure 2, the
graph H; is not an induced subgraph of G. On the other hand, the graph Hj of
Figure 2 is an induced subgraph of G.

Let U is a nonempty set of vertices of a graph G. The neighborhood Ng(U)

of U is the set of all vertices of G adjacent with at least one element of U.

The simplest type of a subgraph of a graph G is that obtained by deleting
vertices or edges. If S C V(G), then G — S denotes the subgraph with vertex set
V(G) — S and whose edges are all those of G not incident with a vertex of S. If
S = {v}, we simply write G —v for G—{v}. If F C E(G), we can analogously define
a graph G — I’ as the subgraph having vertex set V(G) and edge set E(G)— F. Also



we simply write G — e for G — {e}. Furthermore, if u and v are nonadjacent vertices
of a graph G, then G + e, where e = wv, denotes the graph with vertex set V(G)
and the edge set E(G) U {e}. Clearly, G is a subgraph of G + e. These concepts are
illustrated in Figure 2.

U1 U1
Vg Vg
G Hl Hg .
Us Us
Uy
(%1
Vg V2 Ve V2
G—e: G+ [
Us (O] Us f U3
V4 Uy

Figure 2: Subgraphs of a graph G.

A graph G is regular of degree r if deg v = r for each vertex v of G. Such
graphs are called r-reqular. A 3-regular graph is also called a cubic graph. A 4-
regular graph is called a quartic graph. A graph is complete if every two of its
vertices are adjacent. A complete graph of order n and size m is therefore a regular
graph of degree n — 1 having m = (;‘), we denote this graph by K,. In Figure 3, we
show all (nonisomorphic) regular graphs with n = 4, including the complete graph

Gy = Ky.

Gli GQZ Ggi C;4:

Figure 3: The regular graphs of order 4.

Any spanning subgraph of a graph G is referred to as a factor of G. A k-
regular factor is called k-factor. Of course, if a graph H has a 1-factor, then H has

even order.



The complement G of a graph G is the graph with vertex set V(G) such that
two vertices are adjacent in G if and only if these vertices are not adjacent in G.
Hence, if G is a graph of order n and size m, then G is a graph of order n and size
(g) — m. In Figure 3, the graphs GG; and G4 are complementary, as are Gy and Gj.

Thus the complement K, of the complete graph K, is the empty graph of order n.

A graph is k-partite, k > 1, if it is possible to partition V(G) into k subsets
Vi, Va, ..., Vi (called partite sets) such that every element of E(G) joins a vertex of
Vi to a vertex of Vj,i # j. Every graph is k-partite for some k; indeed if n is the
order of G then G is n-partite. If G is a 1-partite graph of order n, then G = K,,.
For k = 2, such graphs are called bipartite graphs; this class of graphs is particularly
important and will be encountered many times. If G is an r-regular bipartite graph,
r > 1, with partite sets V; and V3, then |V;| = |V4| = r. This follows from the fact
that its size is m = r|V;| = r|Va]. A quartic bipartite graph is also called biquartic
graph.

A complete k-partite graph G is a k-partite graph with partite sets Vi, V5, .. .,
Vi having the added property that if u € V; and v € V},i # j, then wv € E(G).
If |V;| = n;, then this graph is denoted by K (ni,ng,...,ng) or Ky ny .- (The
order in which the numbers ny,na, ..., n; are written is not important.) Note that
a complete k-partite graph is complete if and only if n; = 1 for all 4, in which case
it is K. A complete bipartite graph with partite sets Vi and V,, where V| = r
and |V3| = s, is then denoted by K(r, s) or more commonly K, ;. The graph K is

called a star.
U1 Uy U1 Uy

Gy : Gy : G1UGy:

V2 Uz U3z Ug Vg U2 U3 U4

Figure 4: The union of graphs.

We next describe some binary operations defined on graphs. Let Gy and G5

be two disjoint graphs. The union G = G; U Gy has V(G) = V(G;) UV (G3) and



E(G) = E(Gy) U E(Gs). If a graph G consists of k (> 2) disjoint copies of a graph
H, then we write G = kH. Let G and H be any two graphs, not necessarily disjoint;
then G'x H is the graph with V(G+H) = V(G)UV(H) and E(GxH) = E(G)UE(H).
It is clear that the binary operation “x” is associative. These concepts are illustrated

in Figures 4 and 5.

U1 VU2 U1 ) U1 VU2
O——O

G: M H: GxH :ZI
oO——=O

V4 V3 (W) U3 V4 V3

Figure 5: The graph G « H.

The n-cube ), can be considered as the graph whose vertices are labeled by
the binary n-tuples (ai,as,...,a,) (that is; a; is 0 or 1 for 1 < ¢ < n) and such
that two vertices are adjacent if and only if their corresponding n-tuples differ at
precisely one coordinate. The graph @, is an n-regular graph of order 2". The
n-cubes, n = 1,2 and 3, are shown in Figure 6 with appropriate labelings. The

graphs @), are often called hypercubes.

0 1
(2 O
(0,1) (1,1)
QQ :
(0,0) (1,0)

Figure 6: Cubes.

Let u and v be (not necessarily distinct) vertices of a graph G. A u — v walk

W of GG is a finite, alternating sequence
W u = wug, e1,u1, €2, Uz, . .., Up_1, €k, U =V

of vertices and edges, beginning with vertex v and ending with vertex v, such that

e; = u;_qu; fori = 1,2,3, ... k. The number %k (the number of occurrences of edges)



is called the length of W. A trivial walk contains no edges; that is, k = 0. We note
that there may be repetition of vertices and edges in a walk. Often only the vertices

of a walk are indicated since the edges present are then evident.

A u — v walk is closed or open depending on whether u = v or u # v. A
u — v path is a u — v walk in which no vertex is repeated. A nontrivial closed path
V1, Vg, ..., Vs, U1 (n > 3) of a graph G whose n vertices v; are distinct is called a
cycle. An acyclic graph has no cycles. The subgraph of a graph G induced by the
edges of a path or cycle is also referred to as a path or cycle of G. A cycle is even if
its length is even; otherwise it is odd. A cycle of length n is an n-cycle; a 3-cycle is
also called a triangle. A graph of order n that is a path or a cycle is denoted by P,

or C,, respectively.

We now introduce additional basic concepts in graph theory, namely con-
nected and disconnected graphs. A vertex u is said to be connected to a vertex v in
a graph G if there exists a u — v path in G. A graph G is connected if every two
of its vertices are connected. A graph that is not connected is disconnected. The
relation “is connected to” is an equivalence relation on the vertex set of every graph
G. Each subgraph induced by the vertices in a resulting equivalence class is called
a connected component or simply a component of G. Equivalently, a component of a
graph G is a connected subgraph of G not properly contained in any other connected
subgraph of GG; that is, a component of GG is a subgraph that is maximal with respect
to the property of being connected. The number of components of G is denoted by

k(G).

A vertex v of a graph G is called a cut-vertex of G if k(G —v) > k(G). Thus,
a vertex of a connected graph is a cut-vertex if its removal produces a disconnected
graph. A nontrivial connected graph with no cut-vertices is called a nonseparable
graph. A block of a graph G is a maximal nonseparable subgraph of G. If a connected
graph G contains a single block, then G is nonseparable. Every two blocks have at

most one vertex in common, namely a cut-vertex.

A wvertex-cut in a graph G is a set U of vertices of G such that G — U is

disconnected. The wvertez-connectivity or simply connectivity k(G) of a graph G is
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the minimum cardinality of a vertex-cut of G if G is not complete, and k(G) =n—1
if G = K, for some positive integer n. Hence k(G) is the minimum number of
vertices whose removal results in a disconnected or trivial graph. A graph G is said
to be k-connected, k > 1, if K(G) > k. Thus G is 1-connected if any only if G is
nontrivial and connected. In general, G is k-connected if and only if the removal of

fewer than k vertices results in neither a disconnected nor a trivial graph.

A graph G is defined to be hamiltonian if it has a cycle containing all the
vertices of G. A cycle of a graph G containing every vertex of G is called a hamil-
tonian cycle of G; thus, a hamiltonian graph is one that possesses a hamiltonian
cycle. If G is a hamiltonian graph, then G is necessarily connected and G contains

no cut-vertices, and, has order at least 3; thus G is 2-connected.

Among the connected graphs, the simplest yet most important are trees. A
tree is an acyclic connected graph; while a forest is an acyclic graph. Thus every
component of a forest is a tree. There is one tree of each of the orders 1,2 and 3;

while there are two trees of order 4, three trees of order 5, and six trees of order 6.

If u and v are any two nonadjacent vertices of a tree T', then T'+ uv contains
precisely one cycle C. If, in turn, e is any edge of C' in T+ wv, then the graph

T 4+ uv — e is once again a tree.

Let G be a graph and FF C V(G). F is called an induced forest of G if
the induced subgraph (F') of G contains no cycle. The graph H, in Figure 2 is an

induced forest of G while H; is not.

Let F' be a graph. A graph G is F-free if G contains no induced subgraph
isomorphic to F'. Thus a Ks-free graph is empty.

1.3 Basic Concepts in Graph Theory

In this section we introduce some fundamental concepts of graph theory most
of which are used in proving our results. Our first theorem is sometimes called The

First Theorem of Graph Theory.
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Theorem 1.3.1 Let G be a graph of order n and size m. Then

Z deg v = 2m.

veV(Q)
This result has an interesting consequence.
Theorem 1.3.2 In any graph, there is an even number of odd vertices

A necessary and sufficient condition for a sequence to be graphical was found

by Havel [22] and later rediscovered by Hakimi [15].

Theorem 1.3.3 A sequence d : dy,ds,...,d, of nonnegative integers with d; >
dy > ...>d,, n>2, dy > 1, is graphical if and only if the sequence d’ : dy — 1, d3 —

1,...,dg,+1 — 1,dg, 42, ...,dy is graphical.

By the definition of a graphical sequence, d = r" is graphical if and only if
rn =0 (mod 2) and n > r + 1.

We are now prepared to present a useful characterization of bipartite graphs.

Theorem 1.3.4 A nontrivial graph is bipartite if and only if it contains no odd

cycles.
The following theorem characterizes cut-vertices.

Theorem 1.3.5 A vertex v of a graph G is a cut-vertex of G if and only if there

exist vertices u and w (u,w # v) such that v is on every u — w path of G.

The next result is a basic property of trees that is often useful when using

mathematical induction to prove theorems dealing with trees.
Theorem 1.3.6 FEuvery nontrivial tree has at least two end-vertices.

There is a number of ways to characterize trees. Three of these are particu-

larly useful.

Theorem 1.3.7 A graph G of order n and size m is a tree if and only if G is

acyclic and n =m + 1.

Theorem 1.3.8 A graph G of order n and size m is a tree if and only if G is
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connected and m =n — 1.

Theorem 1.3.9 A graph G is a tree if and only if every two distinct vertices of G

are connected by a unique path.
Petersen [27] proved the following theorem.

Theorem 1.3.10 If G is a 2-connected cubic graph, then G contains a 2-factor.

1.4 Graph Transformations

We introduced in this section some important concepts of graph transforma-

tions.

Let J be a class of graphs or subgraphs of a graph. If there is a fixed type of
transformation of a member of J into another, then this will provide a definition of
a graph transformation on J. Equivalently, a graph transformation may be defined
as a relation p from J to J. In other words p C J x J. With this definition we
can see that there are infinitely many such graph transformations. Let p be a graph
transformation on J. We define the p-graph as having J as its vertex set and there
is an edge between two vertices G and H if and only if (G, H) € p. If p is symmetric,
it yields an undirected graph and a directed graph otherwise. Thus a p-graph arises
from graphs in at least two different ways:

1. from a class of graphs, or

2. from a class of subgraphs of a fixed graph.

Harary [21] introduced a graph transformation and called it a fundamental
exchange or an edge exchange as follows: Let G be a graph of order n > 3. The tree
graph, T(G), of G is defined by specifying V(7 (G)) to be the set of all spanning
trees of G, and two vertices 11, Ty € V(7 (G)) are adjacent in 7 (G) if and only if T}
and 75 have exactly n — 2 edges in common. This is an example of an undirected
p-graph. It was proved in [21] that the tree graph 7 (G) is connected. The spanning
subgraphs 77 and T3 in Figure 7 are adjacent in 7 (G), but T, and T3 are not.
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Tl : TQZ T32

Figure 7: Some spanning subgraphs of G.

Let G be a graph. For distinct vertices a,b,c, and d in G, let ab, cd € E(G)
be independent where ac,bd ¢ E(G). Define Go@%¢9  simply written G, to be the
graph obtained from G by deleting the edges ab and cd and adding the edges ac
and bd (see the Figure 8). The operation o(a, b; ¢, d) is called a switching operation.

Note that G has the same degree sequence as G.

Let G be a class of graphs and G € J where J C G. A switching o is
called a [J-switching with respect to G if G° € J. A sequence oy,09,...,0; of
switchings is called a sequence of J-switchings with respect to G if G71?2% € J for
all i =1,2,...,t.

a C a C
o—oO0
—
oO—0
b d b d

Figure 8: The switching operation.

The following theorem was shown by Havel [22] and Hakimi [15].

Theorem 1.4.1 Let d be a graphical sequence. If Gi and Gy are any two realiza-

tions of d, then Gy can be obtained from G1 by a finite sequence of switchings.

Let d be a graphical sequence. Let R(d) and CR(d) be the sets of realizations

and connected realizations of d, respectively. Since o is a degree preserving trans-
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formation, it is reasonable to define 3(d) as a relation on R(d) as (G, H) € X(d) if
G 2 H and there is a switching ¢ on G such that H = G7. It is easy to see that
o(a,b;c,d) is well-defined on G if and only if o(a, ¢; b, d) is well-defined on Go(@be:d),
Thus the ¥(d)-graph is simple.

Figure 9 shows the ¥(d)-graphs when d = 2! and d = 2!'*. Tt is easy to see
that the ¥(2!%)-graph and the X(2'!)-graph are connected.

2C5

CsUCr Cy U Cg

203U Cy

Figure 9: The 3(2'%)-graph and %(2'!)-graph.

The following theorems were proved by Taylor [40, 41].
Theorem 1.4.2 Let d be a graphical sequence. Then the 3(d)-graph is connected.

Theorem 1.4.3 Let d be a graphical sequence. Then subgraph of the ¥(d)-graph
induced by CR(d) is connected.

For positive integers n and m with 0 < m < (}), let G(n,m) and CG(n, m)
be the sets of all non-isomorphic graphs and connected graphs, respectively, of order
n and size m. Let G € G(n,m) with e € E(G) and f ¢ E(G). Define G*¥) to be
a graph with V(G!*/)) = V(@) and E(G"*H)) = E(G — e+ f). A transformation
t(e, f) is called a jumping transformation. Now let 7 (n,m) be a relation on G(n, m)
defined by (G, H) € T(n,m) if G 2 H and H can be obtained from G by a jumping
transformation. Since 7 (n,m) is symmetric, it follows that the 7 (n,m)-graph is

simple.
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The concept of jumping transformation is not new. In the early 1980’s, a
series of papers by Harary and various co-authors [16, 17, 18, 19, 20, 21] introduced

it and called it an edge exchange.

1.5 Interpolation Graph Parameters

In this section, we give the definition of interpolation theorems which leads

to extremal problems. Then we will detail the interpolation graph parameter.

As discussed when the concept of graph isomorphism was introduced, the
relation “ = ” is an equivalence relation on the set of all simple graphs. Conse-
quently, this relation partitions the set of all graphs into equivalence classes each of
which consists of all graphs having the same algebraic properties. The following are
examples of the algebraic properties preserved under the relation “ =2 ”: being a
bipartite graph, being a cubic graph, being a connected graph, being a planar graph,

being a Hamiltonian graph, etc.

A graph invariant is a function 7w from the set of all graphs to any range X
of values (numerical, vectorial or any other) such that = takes the same value on
isomorphic graphs. In particular if the range of values is numerical (real, rational

or integers), then the graph invariant is called a graph parameter.

If X is the set of all integer sequences, then 7(G) = d(G), where d(G) is the
degree sequence of G, is an example of an invariant. If X is the category of all graphs,
then the function 7(G) = Aut(G), where Aut(G) is the group of automorphisms of

G, is a group invariant of graphs.

Let G be the class of graphs and J C G. A graph parameter 7 is called an

interpolation graph parameter over J if there exist integers a and b such that
{n(G):GeJ}:=[a,b):={ke€Z:a<k<b}

Interpolation theorems for graph parameters may be divided into two parts,
the first part deals with the question that given a graph parameter m and a subset

J of G, does 7 interpolate over J7 If 7 interpolates over J, then {n(G): G € J}
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is uniquely determined by min(7, J) := min{n(G) : G € J} and max(m,J) =
max{7(G) : G € J}. The second part of the interpolation theorems for a graph
parameter is to find min(mr, J) and max(mw, J) for the corresponding interpolation
graph parameters and this part is the extremal problems in graph theory. In the
case where J C G consists of all connected graphs, we simply write Min(m, J) and

Max(m, J) for min(m, J) and max(m, J), respectively.

An “extremal problem” asks for the maximum or minimum values of a func-
tion over a class of objects. In graph theory, we use the term extremal problem for
finding an extreme value of some graph parameters over some class of graphs. Ex-
tremal graph theory is a huge area. The archetypal example is the Turan problem:

find the maximum number of edges in a graph not containing H as a subgraph.

Proving that a is the maximum of 7(G) for graphs in a class J requires
showing two things:
1. 7(G)<aforall GeJ and
2. 7(G) = a for some G € J.
The proof of the bound must apply to every G € J. We can prove that the bound is
achievable by constructing an example. Changing “ <” to “ > 7 yields the criteria

for a minimum.

The forest number f(G) of a graph G is the maximum cardinality of an

induced forest in G. That is

f(G) :== max{|F|: F is an induced forest of G}.

The class of those graphs G for which f(G) = n consists of all forests, and
f(G) = n —1if and only if G has at least one cycle and a vertex is on all of its

cycles. It is easy to see that f(K,,) = 2.

A subset U of the vertex set of a graph G is said to be an independent set
of G if the induced subgraph (U) of G is an empty graph. An independent set of G
with maximum number of vertices is called a mazimum independent set of G. The
number of vertices of a maximum independent set of GG is called the independence

number of G and is denoted by «a(G).



CHAPTER 2

REVIEW OF THE LITERATURE

In this chapter we review some relevant works on interpolation theorems and

extremal problems on the forest number of some classes of graphs.

The interest in the interpolation properties of graph parameters was moti-
vated by a question posed by Chartrand during a conference held at Kalamozoo,
Michigan in 1980. He posed the following question: If a graph GG contains spanning
trees having m and n end-vertices, with m < n, does G contain a spanning tree
with k end-vertices for every integer k with m < k < n? This question (which was
answered affirmatively) led to a host of papers studying the interpolation properties

of graph parameters over the set of all spanning trees of a given graph.

In 1963, Erdés and Gallai [12] proved that any regular graph on n vertices

3n

= unless the graph is complete. Commenting on their

has chromatic number k£ <
result in a personal communicaiton, Erds wrote, “probably such a graph exists for

every k < 3?”, except possibly for trivial exceptional cases.”

In 1990, Caccetta and Pullman [4] determined the minimum number of edges
in a regular connected graph on n vertices, containing a complete subgraph of order
k < 5. This enabled them to confirm and strengthen the conjecture of Erdds by
showing that if £ > 1, then for every n > %, there exists a connected regular k-
chromatic graph on n vertices. This is an example of the interpolation properties of

the graph parameter y of the class of all connected regular graphs of order n.

In 1984, Staton [37] studied some properties of induced forests in cubic
graphs. More precisely, he obtained some upper bounds for the number of vertices
in an induced forest in a cubic graph with a given girth. In particular, he proved
that if the girth increases without bound, then the ratio of the number of vertices in
a largest forest to the number of vertices in the whole graph approaches %. In 1988,

the maximum induced forest in cubic graphs was also studied by Speckenmeyer [38].

In 1986, Erdds, Saks and Sés [13] first defined a graph parameter called the
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forest number which is denoted by f(G) of a graph G as the maximum cardinality

of an induced forest of G.

Let G be a connected graph on n vertices. A subset F' of V(G) is a feedback
vertex set if G — F' is a forest and a subset J of V(@) is a nonseparating independent
set if no two vertices of J are adjacent and G — J is connected. In a graph G, f'(G)
and z(G) denote the cardinality of a minimum feedback set and that of a maximum
nonseparating independent set, respectively. In 1988, Speckenmeyer [38] derived

the equation f'(G) = § — 2(G) + 1 for cubic graphs G. It is easy to see that
f(G) =n—f1(G).

2.1 Interpolation Theorems

In this section we review some significant results on interpolation theorems

on the graph parameter f.

Let G(A,n) be the class of all graphs of order n and of maximum degree
A. We define the (A, n)-graph as the graph whose vertex set is G(A,n) and two
graphs in G(A, n) are adjacent if one can be obtained from the other by adding or
deleting an edge. Note that the (A, n)-graph exists if and only if n > A+ 1. In
2005, Punnim [31] proved the following results.

Theorem 2.1.1 The (A, n)-graph is connected.

Theorem 2.1.2 [f G, and Gy are adjacent in the (A, n)-graph, then | f(G1) — f(G2)|
<1.

Theorem 2.1.3 The forest number f is an interpolation graph parameter over

G(A,n).

Corollary 2.1.4  For any class of graphs G(A,n), there exist integers a and b such
that there is a graph G € G(A,n) with f(G) = c if and only if ¢ is an integer
satisfying a < ¢ < b.

Let d be a graphical sequence. It was shown in [40, 41] that the ¥(d)-graph is
connected and the subgraph of ¥(d)-graph induced by CR(d) is connected. It follows
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that for a graph G of degree sequence d and a switching o, if |7(G) — 7(G?)| < 1,
then 7 is an interpolation graph parameter over R(d).

In 2003, Punnim [29] proved the following result.
Theorem 2.1.5 If o is a switching on a graph G, then |f(G) — f(G7)| < 1.

The following theorems are immediate consequences of the previous result.

Theorem 2.1.6 Let d be a graphical sequence. Then f is an interpolation graph

parameter over R(d).

Theorem 2.1.7 Let d be a graphical sequence. Then f is an interpolation graph

parameter over CR(d).

Let 7 be an interpolation graph parameter over R(d) and CR(d). We use

the following notation.
e min(m,d) = min{n(G) : G € R(d)},
e max(m,d) = max{n(G) : G € R(d)},
e Min(m,d) = min{n(G) : G € CR(d)},

e Max(m,d) = max{n(G): G € CR(d)}.

Theorem 2.1.8 For any graphical sequence d, there ezist integers a := min(f, d)
and b := max(f,d) such that d has a realization G with f(G) = c if and only if c is

an integer satisfying a < ¢ < b.

Theorem 2.1.9 For any graphical sequence d, there ezist integers a := Min(f, d)
and b := Max(f,d) such that d has a realization G with f(G) = ¢ if and only if ¢ is

an integer satisfying a < ¢ < b.

We now review the interpolation results on the graph parameter f over
G(n,m) and CG(n,m). The idea of investigating the interpolation property of a
graph parameter 7 over G(n, m) and CG(n, m) is as follows:

1. By using the facts that the 7 (n, m)-graph and the subgraph induced

by CG(n, m) are connected, and
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2. for any G € G(n,m) and a jumping transformation t(e, f) on G,
|T(G) — n(GHeN)| < 1.

Punnim [36] recently proved the following results.
Theorem 2.1.10 The 7T (n,m)-graph is connected.
Theorem 2.1.11  The subgraph of T (n,m) induced by CG(n, m) is connected.

Theorem 2.1.12 For any G € G(n,m) and a jumping transformation t(e, f) on
G, [f(G) = f(G"=I) < 1.

Theorem 2.1.13 The forest number f is an interpolation graph parameter over

G(n,m).

Theorem 2.1.14 The forest number f is an interpolation graph parameter over

CG(n,m).

Let m be an interpolation graph parameter over G(n,m) and CG(n,m). We

use the following notation.
e min(m;n,m) = min{r(G) : G € G(n,m)},
e max(m;n,m) = max{n(G) : G € G(n,m)},
e Min(m;n,m) = min{n(G) : G € CG(n,m)},
e Max(m;n,m) = max{n(G) : G € CG(n,m)}.
Theorem 2.1.15 Letn and m be integers satisfying) < m < (g) Then there exist

integers a := min(f;n,m) and b := max(f;n, m) such that there exists G € G(n,m)

with f(G) = c if and only if ¢ is an integer satisfying a < ¢ < b.

Theorem 2.1.16 Let n and m be integers satisfying 0 < m < (2‘) Then there

exist integers a := Min(f;n,m) and b := Max(f;n,m) such that there exists G €
CG(n,m) with f(G) = c if and only if ¢ is an integer satisfying a < ¢ < b.
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2.2 Extremal Problems

The second part of interpolation theorems for the graph parameter f is re-

viewed in this section. We consider four subsections.

2.2.1 Large Induced Forests in Sparse Graphs

In 1987, the minimum possible value of f(G), where G ranges over all
graphs on n vertices and m edges, was determined by Alon, Kahn and Seymour [2],
for every n and m. In particular, the results imply that if the average degree of
G is at most d > 2, then f(G) > fﬁ. This is sharp whenever d 4+ 1 divides n as
shown by a disjoint union of cliques of order d+ 1. For bipartite graphs, one can do

better, since trivially f(G) > n/2. In 2001, Alon, Mubayi and Thomas [1] proved

the following result.

Theorem 2.2.1 If G is a triangle-free graph of order n with the minimum degree
A(G) = 3, then f(G) > 5n/8 and this is sharp whenever n is divisible by 8.

In the same paper [1], they also obtained a bound for f(G) in terms of the

independence number o(G) of G.

Theorem 2.2.2 Let G be a connected graph of order n with maximum degree

A(G)=A > 3. Then

Moreover, they proved a special case of Theorem 2.2.2 that is independently

interesting.

Theorem 2.2.3 If G is a triangle-free graph of order n and size m, then f(G) >
n—m/4.

As mentioned earlier, Theorem 2.2.3 is sharp for m < 3n/2 and m
0 (mod 12), as shown by disjoint copies of Q3. For 4-regular graphs it gives f(G) >
n/2, but the best example they can find has f(G) = 4n/7. For 5-regular graphs,
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Theorem 2.2.3 gives f(G) > 3n/8, but the best example they can find has f(G) =
n/2.

The following corollary follows immediately from Theorem 2.2.2.

Corollary 2.2.4 If G is bipartite graph of order n with maximum degree A(G) =
A > 3, then
f(G) > 1 + ;
=\272a-12)"
and this is sharp for A =3, and n = 0 (mod 8).

The cube @3 shows that the bound in Corollary 2.2.4 is sharp for A = 3.

2.2.2 The Forest Number of Regular Graphs.

Let d be a graphical sequence. We have already defined the class R(d)
of realizations of d and the range of forest numbers. By the definition of degree
sequence, d = r" is graphical if and only if rn = 0 (mod 2) and n > r+1. Moreover,
R(r™) contains a disconnected graph if and only if n > 2r 4 2. It is easy to see that
F(R(0™) = f(R(1™)) = {n}. When r = 2, we have n — 1,2 € f(R(2")). Because

of this fact, from now on we will consider the cases when r > 3 and n > r + 1.

It was remarked in [3] that if G is a connected graph with maximum degree
A(G) = A, then f(G) < ‘V(G)‘AA:'?(G)‘_I. Thus if G is a connected r-regular graph

of order n, then f(G) < 2’(‘;’:%.

In 2005, Punnim [31] obatined the values of max(f,r") for all  and n as

stated in the following theorem.

Theorem 2.2.5

n—r+1 ifr+1<n<2r—1,

lse=h)  ifn>2r

max(f,r") =

The problem of finding min(f, ") is difficult if we consider only the class of
regular graphs. It is reasonable to enlarge the class of regular graphs into the class

G(A,n) of all graphs of order n and of maximum degree A. It is easy to see that
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min(f,G(A,n)) = n. In order to investigate the exact values of max(f, G(A,n)),

Punnim [31] first gave its upper bound and obtained the following results.

Lemma 2.2.6 If G is a graph of order n with mazimum degree A(G) = A > 1,

then f(G) > AZ—ZI.

Theorem 2.2.7 Let d = (dy,ds,...,d,),dy > dy > ... > d, > 1 be a graphical
sequence and di +1 < n < 2d; + 1. Then

1. min(f,d) = 2 if and only if R(d) = {K,} and
2. if K, ¢ R(d), then min(f,d) = 3 if and only if there exists a union of stars
as a realization of d, where d = (n — dp,n —dp_1,...,n —dy).
Theorem 2.2.8 Letn=(A+1)g+1t,0<t<A. Then
1. min(f,G(A,n)) =2q, ift =0,
2. min(f,G(A,n)) =2¢+1, ift =1, and

8. min(f,G(A,n)) =2¢+2,if2<t <A

Theorem 2.2.9 Forr >3, andr+1<n<2r+1,
1. min(f,r™) =2, if and only if n =r + 1,
2. min(f,r") =3, if and only if n =1+ 2,
3. min(f,r") =4, for all even integers n, r +3 < n,
4. min(f,r™) =4, for all odd integers n, r +3 <n and n > f(j), and
5. min(f,r") =5, for all odd integers n, r +3 <n and n < f(j),
where f(j) =2(j —1) if j =3 (mod 4), and f(j) =1+ 3(j — 1) if j = 1 (mod 4).

Theorem 2.2.10 Forn > 2r+2 andr > 3, writen = (r +1)qg+t,q > 2 and
0<t<r. Then

1. min(f,r") =2q ift =0,
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2. min(f,r") =2q+1 ift =1,
3. min(f,r")=2¢+2 if2<t<r—1, and
4. min(f, ™) =2q+3 ift=r.

Punnim [31] proved the following results.

Theorem 2.2.11 For any integer n > 4, we have

3n —2
max(f,3") = | ”4 |, and
2 i1f Zis even,
min(f,3") = 2 fs ‘
541 aif T isodd.

For each ¢ € f(d), let R(d;c) denote the subgraph of the 3(d)-graph
induced by the vertices corresponding to graphs with the forest number ¢. Punnim
considered the problem of determining the structure of induced subgraph R(d;c).
In general, what is the structure of the R(d;c)? In particular, are these graphs
connected? If R(d;c) is connected, it must be possible to generate all realizations
of d with forest number ¢ by beginning with one such realization and applying a
suitable sequence of switchings producing only graphs with forest number ¢. Punnim

[31] proved the following theorem.

Theorem 2.2.12  The subgraph of 3(3")-graph induced by R(3"; [2%=2]) is con-

nected.

2.2.3 The Forest Number of Connected Regular Graphs.

In this section we review some results of Punnim [34]. It is easy to observe
that the values of Min(f,r") and Max(f,r") are easily obtained for all r € {0, 1, 2}.
The problem of finding Min(f,3") and Max(f,3") is more difficult.

A cubic tree is a tree consisting of vertices of degree 1 or 3 only. It is easy
to see that if 7" is a cubic tree of order n, then n = 2k + 2, where k is the number of

veritces of T of degree 3. Let 7 denote the family of cubic graphs obtained by taking
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cubic trees and replacing each vertex of degree 3 by a triangle and attaching a copy
of K4 with one subdivided edge (see the graph K in Figure 10) at every vertex of
degree 1. Tt is easy to see that Min(f,3*) = 2, Min(f, 3%) = 4, Min(f,3®) = 5 and
Min(f, 3'%) = 6.

Figure 1: The graph Kj.

In 1996, a lower bound for the forest number in connected cubic graphs

was obtained by Liu and Zhao [25] as stated in the following theorem.

Theorem 2.2.13 Let G be a connected cubic graph of order n > 12. Then f(G) =
n—1ifGeT and f(G) > 32nif G¢T.

In [34] Punnim obtained the following results.
Theorem 2.2.14 Let n be an integer with n > 12.

Sp—1 if n=2(mod?3),
Min(f,3") =4 ° * d ( )
[2n]  otherwise.

Corollary 2.2.15 Let r > 3 and nr be even. Then

n—r+1 ifr+1<n<2r—1,

ls=5]  ifn>or

Max(f,r") =

Thus the values of Max(f,r™) for all » and n are already obtained. In
particular the values of Max(f,3") and Min(f, 3") are found for all n.

Note that R(r") = CR(r™) if and only if r +1 < n < 2r + 1. Thus
Min(f,r") = min(f,r") for all n € {r + 1,7 +2,...,2r + 1}. In this case, the
results were already obtained in the previous section. We close this section with the

following theorem and conjecture by Punnim [34].
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Theorem 2.2.16 If G is a connected r-regular graph of order n > 2r + 2, then
f(G) =22 for allr > 4.

Conjecture 2.2.17 Let G be a connected r-regular graph of order n = rq+1t,0 <

t<r—1,r>4andq>1. Then Min(f,r") =2¢+2if3 <t <%, for all r > 6.

2.2.4 The Forest Number of Cubic Planar Graphs.

In 2002, Bau and Beineke [3] posed the following problems:

Problem 2.2.18 Which cubic graphs G of order n satisfy f(G) = L?’”;QJ?

Problem 2.2.19 Which cubic planar graphs G of order n satisfy f(G) = P”;QJ?

In 2005, Punnim [33] proved that if R(3™) is the class of all cubic graphs of
order n, then Max(f,3") = [#2=2|. In this section, we answer the second question

by reviewing some results of Punnim [35].

Let P(3™) be the class of all connected cubic planar graphs of order n. For
small n, the difference between Min(f,3") and Max(f,3") is relatively small and it
is easy to show by construction that f(P(3")) = f(CR(3"™)), for all n < 26. We now
consider the interpolation property of f over P(3%*). Since Min(f,33!) = 21, and
Max(f, 3%') = 25,CR(33!) can be partitioned into five classes C;, 21 < i < 25, where
C;={G € CR(3*) : f(G) =i} and C; # 0, for all i € {21,22,23,24,25}. Consider
the graphs G;;1 < ¢ < 5 in Figure 11. Thus for each i = 21,22,23,24,25,C; N
P(33%) # (. Therefore, f interpolates over P(33*). The same result can be obtained
in P(3%") for n € {14,15,16}.

Punnim [35] proved the following theorem and corollary.

Theorem 2.2.20 The forest number f is an interpolation graph parameter over
P(3™) with
min{ f(G) : G € P(3")} = Min(f,3"), and

max{f(G) : G € P(3")} = Max(f,3").
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Let P(3™; f = L3”4—_2J) be the class of cubic planar graphs G of order n and
(@) =17,

Corollary 2.2.21 The subgraph of X(3")-graph induced by P(3™; f = |222]) is

connected.

G, of order 34 and f(G;) = 21 = Min(f, 3**).

Lk ik

G, of order 34 and f(G3) = 22 = Min(f, 3*') +

2 b

G5 of order 34 and f(G3) = 23 = Min(f, 3%%) +




G4 of order 34 and f(G4) = 24 = Min(f, 3*') + 3.

G of order 34 and f(G5) = 25 = Min(f, 3%) + 4.

Figure 2: Cubic planar graphs of order 34.
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CHAPTER 3

INTERPOLATION AND EXTREMAL THEOREMS:
THE FOREST NUMBER OF GRAPHS

We have already reviewed some interpolation theorems and extremal prob-
lems for the graph parameter f in some classes of graphs. In this chapter, we present
our comprehensive work concerning interpolation and extremal results for the graph

parameter f. The chapter contains four sections.

We first state results of our work on the range of forest numbers in some
classes of cubic graphs of order 2n. Punnim [28, 29, 32] had obtained interpolation
results on the graph parameter f in the classes R(d) and CR(d). In particular,
he proved that f interpolates over R(3") and CR(3"). He also proved that f in-
terpolates over P(3"), where P(3") is the class of all cubic planar graphs of order
2n. Furthermore, the corresponding extremal problem on respective classes of cubic
graphs was investigated in [31, 34, 35]. The results prompt us to consider the prob-
lem of determining the range of some classes of cubic graphs. Let J; = CR(3") and
J2 be the class of all connected cubic K)j-free graphs of order n, where K} is the
graph obtained from K, and a subdivision of an edge. Finally, let [J5 be the class
of all connected cubic triangle-free graphs of order n. It is clear that 75 C J> C J;.
Let X,, = {%, T2, T3, T — T2, 1 — T3, To — J3}. By using the concept of graph
transformation, we can prove that f interpolates over J for all 7 € X,,. Further-
more, the extremal results are also obtained in all classes in X,,. Details can be

found in Section 3.1.

A continuation of our work on interpolation and extremal problems on f is
extended to another classes of graphs. For positive integers n and m with 0 < m <
(72‘), let G(n,m) and CG(n, m) be the sets of all non-isomorphic graphs and connected
graphs, respectively, of order n and size m. It was shown in [36] by means of graph
transformation that f interpolates over G(n, m) and CG(n, m). The extremal results
on f over G(n,m) and CG(n, m) are obtained in all situations. Details can be found

in Section 3.2.
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The problem of determining the range of forest numbers in the classes of -
regular bipartite graphs of order 2n seems difficult. Alon [1] obtained the following
result: if G is a 4-regular bipartite graph of order 2n, then f(G) > 1790 -m. This result
prompts us to consider the problem of determining the range of forest numbers in
the class of biquartic graphs of order 2n. By using concepts from symmetric design
theory, we are able to improve the bound from % ‘n to % -n. Furthermore, we prove
that if G runs over the set B(4%") of all 4-regular bipartite graphs of order 2n, then
the values of f(G) completely cover a line segment [a, b]. We are able to obtain the

extremal results for the forest number in the class B(4?") in this section. Details

can be found in Section 3.3.

A closely related graph parameter to f is that of the arboricity of graph
which is defined as the concept of decomposing a graph into the minimum number
of trees or forests. This concept was first introduced by Nash-Williams and Tutte.
In 1961, Tutte [43] and Nash-Williams [26] independently gave a condition for when
a graph could be decomposed into k forests. More precisely, there are two types of
decomposing a graph G into forests, namely, vertices or edges, as we can see in the

following definition.

For a graph G, it is always possible to partition V(G) into subsets V;, 1 < i <
k, such that each induced subgraph (V;) contains no cycle. The vertex arboricity
a(G) of a graph G is the minimum number of subsets into which V(G) can be
partitioned so that each subset induces an acyclic subgraph. Thus a(G) = 1 if and
only if G is a forest. For a few classes of graphs, the vertex arboricity is easily
determined. For example, a(C),) = 2. If n is even, then a(K,) = n/2; while if n is
odd, then a(K,) = (n+1)/2. Also a(K,s) =1ifr=1o0rs =1 and a(K,s) = 2
otherwise. The edge arboricity or simply the arboricity a;(G) of a nonempty graph
G is the minimum number of subsets into which E(G) can be partitioned so that
each subset induces an acyclic subgraph of G. As with vertex arboricity, a nonempty

graph has arboricity 1 if and only if it is a forest.

We prove that if G runs over the set of graphs with a fixed degree sequence

d, then the values a(G) and a;(G) completely cover a line segment [z(7),y(7)] of
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positive integers where m € {a,a;}. Thus for an arbitrary graphical sequence d
and 7 € {a, a;}, two invariants z(7) := min(w,d) and y(7) := max(mr, d) naturally
arise. We are able to obtain the extremal results for the arboricity in the class of
R(r™). The exact values of min(a, ™) are found in all situations and max(a, ") for

all n > 2r + 2. Details can be found in section 3.4.

3.1 Constrained Switchings in Cubic Graphs

3.1.1 Connected Subgraphs of ¥(3")-graph

In this section, we put J; = CR(3"), the class of connected cubic graphs of

order n. Let J> be the class of all connected cubic Kj-free graphs of order n.

Finally, let 73 be the class of all connected cubic triangle-free graphs of order

n. It is clear that J5 € Jo € Ji. Let X,, = {J1, Jo, T3, J1 — Jo. T1 — T3, T2 — T3}

A 2-connected cubic graph G may contain several 2-factors. If we choose

one such 2-factor F' of G, then F' = (V(G), E(G) — E(F)) is a 1-factor of G.

A connected cubic graph G which contains K as a subgraph is not 2-
connected. We first consider the class J; — Jo separately. Observe further that
Ji — J2 # 0 if and only if n is even and n > 10.

Theorem 3.1.1 Let G1,Gy € J = J1 — Jo. Then Gi1 = G4 or there exists a

sequence of J-switchings 01,09, ..., 0, with respect to Gy such that G{*7*7" = Gs.

Proof. Let J = 7 — J» and G1,Ge € J. Since G and Go contain K| as an
induced subgraph, there exist e; € G; and e; € Go such that Gy —e; = G UK and
G2 — es = G, U K. The structure of graphs GG; and G5 are indicated in Figure 12.

Figure 1: The graphs GG; and Gs.
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It turns out that the graphs G and G, are connected and have the same

degree sequence. Thus G| = G or by Theorem 1.4.3, there exists a sequence of

switchings oy, 09, ...,0; such that (G})7?2% = G). The sequence of switchings
can be considered as a sequence of J-switchings oy, 09,...,0; with respect to G
and G772 = (9. Thus the proof is complete. O

Since the class of cubic graphs of order n < 10 is well-known [39], we will
consider from now on only the connected cubic graphs of order n where n > 12. Let

J € X, and J # J, — J>. We have the following theorems.

Theorem 3.1.2 Let J € X,,, I # Jr — Jo, and G € J. If G contains a cut-
vertex, then there exists a sequence of [J-switchings o1, 09, ..., 0, with respect to G

such that G129 4s 2-connected.

Proof. Let G € J such that G is not 2-connected. Since G is cubic, G contains
at least three blocks. Let S be the set of all cut-vertices of G and v € S. Since
deg. v = 3, there exists a component GG; of G — v such that v is adjacent to exactly
one vertex u of (G; and this vertex is also a cut-vertex of G. This situation is shown

in Figure 13.

Figure 2: A part of a graph G.

Thus |S| > 2 and |S| = 2 if and only if G contains exactly three blocks. We
will proceed by induction on the number of blocks, b(G), of G. If b(G) = 3, then
there exists a vertex-cut S = {u,v} of G. Thus uwv € E(G) and the blocks of G are
By, By, and B3 = ({u,v}) such that B; and By contain u and v respectively. It is
clear that By and B, have order at least 5.

It 7 € {Hh, T, T3}, then choose e; = ab € E(B;) and e3 = c¢d € E(Bs)
such that e; is not adjacent to u and ey is not adjacent to v. Thus o(a,b;c,d) is a

J-switching with respect to G and G7(*b¢9) is 2-connected.
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It 7 e {J — T, T — T3}, then at least one B; must contain a triangle
as its subgraph. Suppose B contains a triangle 7. Choose e; = ab € F(B;) and
es = cd € E(By) such that ey ¢ E(T). Thus o(a,b;c,d) is a J-switching with

respect to G and G(@4¢% is a 2-connected graph containing a triangle.

Let k£ be an integer greater than 2 and suppose that the theorem is true
for all connected cubic graphs H with b(H) < k. Let G be a connected cubic graph
with b(G) = k. Thus there exist two vertex-disjoint blocks By and Bs of G, each of
which has order at least 5. We can analogously define the switching oy = o(a, b; ¢, d)
as described above and the resulting graph GG; = G7* reduces the number of blocks
of G by one. By induction, there exists a sequence of J-switchings oy, 03,...,0;
with respect to G such that G727%7" = G7172? is 2-connected. This completes

the proof. O

Theorem 3.1.3 Let J € X,,, J # J1 — Jo, and G € J. If G is 2-connected,
then G is hamiltonian or there exists a sequence of J-switchings o1, 09, ...,0; with

respect to G such that G7'°%%t is hamiltonian.

Proof. Let G be a 2-connected cubic graph. By Theorem 1.3.10, there is a 2-
factor F' of G. Let ¢(F) be the number of cycles in F'. Thus we may choose F' of
G with minimum c¢(F). If ¢(F) = 1, then G is hamiltonian. Suppose ¢(F') = 2 and
F=C,UC(Cs.

If 7 € {J5,J, T3}, then choose e = ab € E(C}) and f = cd € E(Cy)
such that ac,bd € E(G). Thus o(a,b;c,d) is a J-switching with respect to G and

Go(@bied) i5 3 hamiltonian graph.

It J e {J — T3, T2 — T3}, then at least one of the C;’s must contain
three vertices which induce a triangle in G. Suppose C) contains three vertices
which induce a triangle 7" and Cy has order at least 4. Choose e = ab € E(C}) and
f = cd € E(Cy) such that e ¢ E(T). Thus G°®%9 is hamiltonian and contains
a triangle. Suppose C) has order 3 and V(Cy) = {z,y,2z}. Then C has order
at least 9. Let {a/,y/,2'} € V(Cs) such that za',yy/, 22" € E(G). Since G is not
hamiltonian, 2'y/, y'2’, 2’2" ¢ E(Cy). Let u € V(Cy) and uz’ € E(Cy). Thus there is
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a vertex v € V(Cy) such that uwv € E(G). Since 2'y', 2’2" ¢ E(Cy), u & {y,2'}.

Case 1. Suppose that y'v ¢ E(G) or z’v ¢ E(G). Without loss of
generality, we may assume that /v & E(G). Then G¥¥%?) is a hamiltonian graph

containing a triangle. We have the situation shown in Figure 14.

Figure 3: A part of the graphs G and G” in Case 1.

Case 2. Suppose that y'v € E(G) and z'v € E(G). Since N(v) =
{u,y’, 2}, there is at least one edge e € {y'v, 2’v} satisfying e € E(Cy). Without
loss of generality, we may assume that z'v € E(C3). Therefore if y'u € E(G),
then G(®*"%) is a hamiltonian graph containing a triangle and if y'u ¢ E(G), then
GoWyv:4) is a hamiltonian graph containing a triangle. We have the situation shown

in Figures 15 and 16.

Suppose that ¢(F') = k > 3, we can analogously apply an appropriate J-
switching or a sequence of J-switchings with respect to G' to obtain a 2-connected
cubic graph G’ containing a 2-factor F’ with ¢(F") < ¢(F). This completes the
proof. O
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Ga(z,m’:u,v):

Figure 4: A part of the graphs G and G? in Case 2 when y'u € E(G).

Let n > 6 be an integer. Let G(2n) be a graph of order 2n with V(G (2n)) =
{vo,v1,...,v2,1} and E(G(2n)) = {vv;yx : ¢ = 0,1,...,2n — 1 (mod 2n)} U
{voUn, V1V+1} U {vjv2,—j41 1 j = 2,3,...,n — 1}. The structure of the graph G(2n)

is shown in Figure 17.

It is clear that G(2n) is a cubic triangle-free graph containing a hamiltonian

cycle C' with E(C) = {vv;41:1=0,1,...,2n — 1 (mod 2n)}.

Let J € {J1, T2, J3} and let G € J. Suppose further that G is hamiltonian.
Up to isomorphism, we may assume that GG contains C' as its hamiltonian cycle. Thus

the following sets are uniquely determined.

RV(G)={v; e V(G):i=1,2,3,...,n},
LV =

(G) =V(G) - RV(G),
L, R|(G) ={uwv € E(G) :ue LV(G) and v € RV(G)} — E(C),
R, L|(G) ={uwv € E(G) :u e RV(G) and v € LV(G)} — E(C),
L, L|(G) = {uv € E(G) : u,v € L(G)} — E(C), and



Gowy'wu) .

Figure 5: A part of the graphs G and G? in Case 2 when y'u ¢ E(G).

(R, R|(G) = {uwv € E(G) : u,v € RV(G)} — E(C).

Vo

G(2n) :

U1

) U2

) U3

) Un—1

Un

Figure 6: The graph G(2n),n > 6.
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Since e € [L, R|(G) if and only if e € [R, L|(G), we have [L, R|(G) =
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Vo U1
V11| C ) U2
V10

Vg (

Vg (

U7

Figure 7: The cubic graph G of order 12.

R, L|(G) and |[L, L|(G)| = |[R, R](G)|. Let e = vv; € [L, L](G). Then there exists
f=vsu € [R,R|(G). If i € {0,2n—1} and s € {1,2}, then o1 = o1(v;,vj; 0, v,) is a
J-switching with respect to G (See Figure 19). Thus |[L, L](G?")| = |[R, R](G"")| =
I[L, L)(G)|—1. If i € {n+1,n+2} and s € {n—1,n}, then oy = o1 (v;, v;; vy, v5) is a
J-switching with respect to G. Thus |[L, L}(G™)| = |[R, R|(G™")| = |[L, L](G)| — 1.
In the other case, a switching oy = o1 (v;, v;; vs, vy) is a J-switching with respect to G.
Thus the number of [L, L](G") can be decreased by 2 from the number of [L, L|(G).
With this observation, there exists a sequence of [J-switchings 01,09, ...,0; such
that [R, R](G°'72~t) = [L, L](G°*°2-t) = (). For Figure 20, there exist two J-
switching oy = o (v, vs;vg, v1) and o3 = o (v12, v10; V3, v5) such that [R, R](G77?) =

[L, L|(G772) = {).

Theorem 3.1.4 Let J € {J, o, Tz}. If G € J and [R,R|(G) = 0, then G =
G(2n) or there exists a sequence of J -switchings 01,09, . . ., oy with respect to G such

that G772+t = G(2n).

Proof. If vyv, ¢ E(G), then there exist i € {3,4,...,n— 1} and j € {n+3,n+
4,...,2n — 1} such that vov;, v,v; € E(G). Let 01 = o(vo, v3; Un,vj). Then oy is a
J-switching with respect to G and vyv,, € [L, R](G"). Similarly if vjv,41 ¢ E(G"),
then there exists a J-switching oo with respect to G; = G7' such that Gy = G772
and voU,, V10,41 € Gy (See Figure 21.).

If vov; € E(Gy) and @ # 2n — 1, then there exists 7, 3 < j < n — 1,
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Vo = V;

Von—1

Uj

Got (vi,v5;08,0s) .

Un+42 Un—1 Un4-2 Un—1

Un41 Un Un+1 Un

Figure 8: The graphs G and G° when ¢ = 0 and s = 2.

Vo U1
V13 Vg
V12 U3

V11 4
V10 Vs
(%) Vg
(] U7
GUl

Figure 9: The graph G with [R, R] # (.

such that vy,_1v; € E(G3). Thus there exists a J-switching o3 = o(va, v;; V2,—1, V})
with respect to Gy such that G3 = G3* = G{'7*7® and v9vs,_1 € E(G3). Let j be
the smallest integer in {3,4,...,n — 1} such that vjve,_j+1 ¢ E(G3). Then there
exist ¢ and k such that j <k <n,n+1 <1t < 2n—j+ 1 and v;v;, VpV2—j+1 €
E(G3). Thus vjv,—j11 € E(Gy = G5*), where 04 = 0(v;, v3; Von—j+1, Ug). Similarly
there exists a sequence of J-switchings o5, 0g, . . ., 0y with respect to G4 such that

G(2n) = G777 = G727, This completes the proof. O
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Un+2

Un+1

Gl — GO’l('UO,Ui;'Un7’Uj) thf2 = (o102

Un+1

Figure 10: A step in the proof of Theorem 3.1.4.

By Theorem 3.1.4, we have the following theorem.

Theorem 3.1.5 Let J € {J1,TJ,J3}. Then the subgraph of the %(3")-graph

induced by J 1s connected.

Let n > 6 be an integer. Let H(2n) be a graph of order 2n with V(H(2n)) =
{vo,v1, ..., 09,1} and E(H(2n)) = {vvi1 : @ = 0,1,...,2n — 1 (mod 2n)} U
{vove, V1021 } U{Vp_1Un11, UnUnto } U{vjv9—j11 0 § = 3,4,...,n—2}. The structure

of a graph H(2n) is shown in Figure 22.

It is clear that H(2n) is a cubic hamiltonian graph of order 2n contain-
ing a triangle. Again put C' as its hamiltonian cycle with E(C) = {vv;41 i =
0,1,...,2n — 1 (mod 2n)}.

Let J € {Jh — T3,T> — T3} and let G € J. Suppose further that
G is hamiltonian. Up to isomorphism, we may suppose that GG contains C as its

hamiltonian cycle. Thus the following sets are uniquely determined.
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H(2n) :

Un43

Un+2

Un+1

Figure 11: The graph H(2n),n > 6.

RV(G) ={v; e V(G) :1=1,2,3,...,n},

LV(G) = V(G) — RV(G),

L, R|(G) ={uv € E(G):ue LV(G) and v € RV(G)} — E(C),
R, LI(G) ={uwv € E(G) :u e RV(G) and v € LV(G)} — E(C),
L, L](G) = {uv € E(G) : u,v € L(G)} — E(C), and

(R, R](G) = {uwv € E(G) : u,v € RV(G)} — E(C).

Since e € [L, R|(G) if and only if e € [R, L|(G), we have [L, R|(G) =
[R, L](G) and |[L, L|(G)| = |[R, R](G)|. Suppose that vyve ¢ E(G). Thus there
exist 4, j such that vov;, vov; € E(G) and Gy = Go(oviv2.%) contains vyvs as its edge.
By using the same argument as described previously, there exists a sequence of J-
switchings o1, 09, .. ., 0y with respect to G such that Gy = G2 and [L, L|(G,) =
(). Again by using the same argument as described in the proof of Theorem 3.1.4,

we have the following theorem.

Theorem 3.1.6 Let J € {J1 — T3, T — T3}. If G € J and |R, R](G) = 0, then
G = H(2n) or there exists a sequence of J-switchings oy, 09, ..., 0, with respect to

G such that G7*7>7 = H(2n).
By Theorem 3.1.6, we have the following theorem.

Theorem 3.1.7 Let J € {J1— T3, Jo—Ts}. Then the subgraph of the 3(3")-graph

induced by J 1s connected.
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Combining results in this subsection we can conclude the following theorem.

Theorem 3.1.8 Let J € X,,. Then the subgraph of the ¥(3")-graph induced by J

1s connected.

3.1.2 Interpolation and Extremal Results

If G is a graph and o is a switching on G, then by Theorem 2.1.5, | f(G) —
f(G?)] < 1. With this result and the results in Subsection 3.1.1 we have the following

theorem.

Theorem 3.1.9 Let J € X,,. Then f is an interpolation graph parameter over
J.

We now answer the second part of the interpolation theorem. In other

words, we will find min(f, J) and max(f,J) for all J € X,.

Let G be a graph and X, Y be disjoint nonempty subsets of V(G). Denote
by e(X) the number of edges in the subgraph (X) of G and by e(X,Y’) the number

of edges in GG connecting vertices in X to vertices in Y.

Let G be a cubic graph of order n and F' be a maximum induced forest of
G. Let |F| = a and therefore G — F has order n —a. An upper bound of max(f, J)

can be obtained by the following obvious identities.
— = |E(G)|=¢e(F)+e(F,V(G—-F))+e(V(G—-F)) and
3n—f)=eF,V(G—-F))+2(V(G-F)).

It follows that 2% = ¢(F) +3(n —a) —e(V(G — F)) < a—1+3(n— a).

Therefore a < %.

Since J5 € 7o € Ji, max(f, J) < max(f, Jo) < max(f, J1) < =72,

We will show in the next theorem that max(f, J3) = | 242 by constructing

a connected cubic triangle-free graph G of order n with f(G) = L3”4_ 2|. Note that

several classes of graphs can be constructed to reach the bound even if we restrict

the graph to be planar and n > 8. We now turn to consider the graph G(2n) as
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we have constructed in Subsection 3.1.1. It is clear that G(2n) is a connected cubic

triangle-free graph of order 2n if n > 3. We have the following theorem.
Theorem 3.1.10 Ifn=2m > 6, then f(G(2m)) = |3%2].

Proof. Let G = G(2m) — {vovm, V1Vm+1} and S = {vy, v3, U5, ..., vy} if m is odd,
and S = {vy,v3,05,...,Um_1,0n} if mis even. Thus FF = G — S is a tree of order
Ldm—{lj = L#J Since vy, v, € S, adding edges vov,, V1Um11 to G will not create

any cycles in F. Therefore f(G(2m)) = [#2=1] = [222]. O

Corollary 3.1.11 max(f, J3) = max(f, J») = max(f, J1) = |2%2].

Let G be a connected cubic graph of order n containing K as a subgraph.

Put ¢ = G — Kj. Thus G’ has order n — 5 and size 2* — 8. Moreover f(G) =

F(GY+ f(K}) = f(G')+3. Let F" be a maximum induced forest of G’ and |F'| = a'.

We have 2 —8 = ¢(V(G")) < (' = 1) +3(n—5—d') =3n—16 — 2d.

It follows that o’ < 218 and f(G) < 3218 + 3 = 324,

Theorem 3.1.12 max(f,J1 — Jo) = L%J-

Proof. It is clear that JJ; — J3 # () if and only if n is even and n > 10. If n = 10,
we can take G as the graph obtained from two copies of K and joining the two

vertices of degree 2 as shown in Figure 23.

o: X

Figure 12: The graph G obtained from two copies of K.

Let n — 6 = 2m > 6 and H = G(2m). Thus by Theorem 3.1.10, we have
f(H) = LWJ. In the proof of Theorem 3.1.10, let e = vov; € E(H) and define
a graph K with V(K) = V(H) U {2z} and E(K) = (E(H) — e) U {voz,zv;} and
finally let G' be the graph obtained from K and a copy of K} by joining the two

vertices of degree 2. The structure of such a graph G is shown in Figure 24. Thus

FG) = 2082 4 p g = 3002y 4y janmd ) -
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Figure 13: A step in the proof of Theorem 3.1.12.

Since Jo — J3 C Ji — T3, max(f, Jo — J3) < max(f,J1 — J3) < L3n4—_2J

Theorem 3.1.13 max(f, /> — J3) = max(f, J1 — J3) = | 222 ].

Proof. Let m be an integer such that n = 2m. The graph H(2m) contains a

triangle. Let S = {vy,vs,...,0,} if m is odd and S = {vy,vs,...,0m 1,0} if
m is even. Thus F = G — S is a tree of order [2=2]. Thus max(f, Jo — J3) =
max(f,J, — J3) = L%J O

Thus the values of max(f, J) are obtained for all J € X,,.

The problem of finding lower bounds of f(G), where G runs over a class
of cubic graphs, have been investigated in the literature. First observe that if G is
a cubic graph of order n and F' is a maximum induced forest of G, then G — F' is
a forest. Thus |F'| > §. The bound is sharp if and only if n is a multiple of 4. By
Theorem 2.2.10, if n = 4q + ¢, t = 0,2, then min(f, R(3™)) = 2¢ + ¢. Liu and Zhao
[25] proved that f(G) > gn — }1 for any connected cubic graph G of order n. This
means that for any connected cubic graph of order n, the bound on the order of a
maximum induced forest can be improved from 50 percent of the number of vertices

to 60 percent.

By Theorem 2.2.14, we know that for an even integer n > 12,

Sp—31 fn=2(mod?3),
min(f, J1) = i ! / ( )
[2n]  otherwise.
Note that for a graph G that has been constructed in such a way that
f(G) = min(f, J1), G must contain K as a subgraph. Thus we have the following

corollary.

Corollary 3.1.14 Let n be an even integer withn > 12. If 7 € {J1, J1 — Jo, J1 —
\73}7 then
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win(f, 7) = % if n=2 (mod 8),

2n]  otherwise.

Zheng and Lu [45] proved that f(G) > %* for any connected cubic graph
G of order n without any triangles, except for two cubic graphs with n = 8 and
f(G) = 5. This means that if we look at the class of connected cubic graphs of
order n containing no triangle, then the bound can be improved from 60 percent of

the number of vertices to 66 percent.

It is easy to see that there exists a cubic graph G of order n containing

triangles with f(G) > 2.

We are able to extend the result of Zheng and Lu [45] by proving that
f(G) = & for any connected cubic Kj-free graph G of order n > 10.

Five connected cubic graphs of order 8 are given in [39], all of which have
maximum induced forests of order 5. Alon, Mubayi and Thomas [1] proved that
if G is a {K4, K} }-free graph of order n and size m with maximum degree 3, then
f(G) = n—". Consequently, if G is a connected cubic Kj-free graph of order n > 10,
then f(G) > 2.

Observe that if G is a connected Kj-free graph of order 8 and A(G) = 3,
then f(G) > 5, and f(G) =5 if and only if G is a cubic graph.

Theorem 3.1.15 Let X = CR(3%) U {Ky, K}} and let G be an X-free graph of
order n with A(G) = 3. Then f(G) > 2.

Proof. Let X =CR(3%) U{Ky, K}} and let G be an X-free graph of order n. By
calculation we found that [22] = [22] for all n with 4 < n < 10 and n # 8. For
n = 8 we also have f(G) > %" Thus the theorem holds for all 4 < n < 10. Now
suppose n > 11 and G contains a triangle 7" with V(T') = {x,y, z}. If there exists
a vertex in V(7T'), say x, such that deg, x = 2, then by induction on n there exists
a maximum induced forest Fy of G — T with |Fy| > @ Hence F = Fy U {z,y}

is an induced forest of G and |F| > %, Suppose that for all triangles T = {z,y, 2}
of G, degy © = degy y = deg z = 3. Since G is a Ky-free graph, |[N(T)| > 2.
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Case 1. Suppose x and y have a common neighbor u and v is a neighbor

of z. Since G is a Kj-free graph, u and v are not adjacent in G. Thus by induction

2(n—3)

on n, G —T contains an induced forest of order at least ==

. Since degq_p u =1,
any maximum induced forest of G — T" must contain w. If there is a maximum
induced forest F; of G — T which does not contain a u — v path, then F} U {y, z}
is an induced forest of GG of order at least %” Suppose for any maximum induced
forest Fy of G — T, F; contains a u — v path. Since G’ = G — T + wv satisfies the
conditions of the theorem, there is a maximum induced forest F’ of G’ of order at

(m— 3 . Hfuv ¢ E(F'), then F = F' U{y, 2z} is a maximum induced forest of

least 272
G of order at least 2. If uv € E(F’), then F = (F' —uv) U {y, z} is a maximum

induced forest of G of order at least %”

Case 2. Suppose z,y, z have different neighbors u, v and w respectively.
Since n > 11, the subgraph ({u,v,w}) of G is not a triangle. Thus there exist
two vertices in {u,v,w}, say wu, v, such that wv ¢ E(G). We consider the following

subcases.

Subcase 2.1 Suppose that G — T + uv contains a K4. Let H be the copy

of Kyin G—T +wv. Thus wv € E(H) and vw ¢ E(G) . Since ' =G —-T -V (H)

2(n—"7)

3 Let F’' be a maximum

satisfies the conditions of the theorem, f(G') >
induced forest of G’ and F; be a maximum induced forest of H — uv. Since |F}| = 3
and there exists an induced forest F' = F' U {y,z} U Fy of G, f(G) > |F| =

|F'U{y, 2y UF| > 220 194 3= bl > 20

Subcase 2.2 Suppose that G — T + uv contains K. Let H be the copy of
K}in G—T+w. Thus wv € E(H). Since ' = G —T — V(H) — {w} satisfies the
conditions of the theorem, f(G’) > @. Let F’ be a maximum induced forest of
G’ and F be a maximum induced forest of H — uwv. Since |F}| = 4 and there exists
an induced forest F' = F'U{y, z}UF] of G, we have f(G) > |F| = |F'U{y, z}UF}| >
W) p2+4=2

Subcase 2.3 Suppose that G — T + uv contains a cubic graph H of order
8. Thus wv € E(H). Since G' = G — T — V(H) satisfies the conditions of the

theorem, f(G') > @ Let F’ be a maximum induced forest of G’ and Fj be a
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maximum induced forest of H —uw. Since |F;| = 6 and there exists an induced forest

F = F'U{y,2}UF of G, f(G) > |F| = |F'U{y, 2JUF| > 201 1916 = 2nt2 5 20

Subcase 2.4 Suppose that G — T + uv satisfies the conditions of the
theorem. Thus there exists a maximum induced forest F’ of G — T of order at least

@. If uv ¢ E(F'), then F' = F' U {z,y} is an induced forest of G of order at

least 2. If uv € E(F), then F = (F' —uv) U {x,y} is an induced forest of G of

order at least 2?” Thus the proof is complete. O
The following corollary is an immediate consequence of Theorem 3.1.15.

Corollary 3.1.16 Let G be a connected cubic K}-free graph of order n # 8. Then
f(G) = %

According to the results of Zheng and Lu [45], f(G) > 2 for any connected
cubic graph G of order n without triangles, except for two cubic graphs with n = 8.
They claim that the lower bound is best possible but no proof of this was given in

their paper.

We now construct a class of graphs to show that min(f, J3) = min(f, J2) =

First observe the following facts:
1. f(K33) =4.
2. f(Q3) =5, where Q3 is the 3-cube.

3. There is a switching o such that (2K})? is a connected triangle-free graph and
f(2K})7) =T7. Let K = (2K))°.
4. If ey € E(K33) and ex € E(Q3), then f(K33 —e;) =4 and f(Q3 —e2) = 6.

Let P = K373 — €1 and Q = Qg — €2.

5. Let n be an even integer with n > 12. Write n = 6g +t, t = 0,2,4 and

construct a connected cubic triangle-free graph according to the value of ¢:

(a) If ¢ = 0, construct a graph G of order 6¢ by taking ¢ copies of P and
joining ¢ appropriate edges between the ¢ copies of P.
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(b) If t = 2, construct a graph G of order 6g + 2 by taking ¢ — 1 copies of P
and a copy of () and then joining ¢ appropriate edges between them.

(c) If t = 4, construct a graph G of order 6¢ + 4 by taking ¢ — 1 copies of P
and a copy of K and then joining g appropriate edges between them.

It is easy to check that the graphs G constructed above satisfy f(G) = [3].

Thus we have the following theorem. Figure 25 shows the cubic graphs of order

n = 12,14, 16, respectively, in which f(G) = [%ﬂ

G4 of order 12 and f(G,) = 8.

GQI

G5 of order 14 and f(G2) = 10.

Ggl

G5 of order 16 and f(G3) = 11.
Figure 14: The cubic graphs of order n = 12,14, 16 in which f(G) = [Z].

3

Theorem 3.1.17 min(f, 7)) = min(f, J3) = min(f, Jo — J3) = (%”]
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3.2 The Forest Number of (n, m)-Graphs

We now find for the extremal values of f for (n,m)-graphs. Note that f is
an interpolation graph parameter over G(n, m) and CG(n,m). We now answer the

second part of the interpolation theorem.

Let G € G(n,m) and F be a maximum induced forest of G. Let |F| = a.
Therefore G — F has order n — a. An upper bound of m can be obtained by the
following inequality:

n—a

m:e(G—F)+e(G—F,F)+e(F)§< 9

>+a(n—a)—|—(a—1).
Let a=n—iforany i€ {1,2,...,n —2}. Wegetmg(i%—l)n—m%.

For an integer i = 1,2,...,n — 2, let M,,(n —i) = (i + 1)n — 12*% It is
clear that M,,(n — 7) is an integer. We can show that max(f;n,m) = n — i if and
only if M,,(n —i+ 1) < m < M, (n — 7) by constructing a graph G € G(n, m) with
M,(n—i+1) <m <M,(n—i)and f(G) =n —i as follows.

Let G be a graph with V(G) = X UY where X = {vy,v9,...,0,i}, ¥ =
{ur,ug,...,u;} and E(G) = {vjvj41: 1 <j<n—i—1}U{uwv:u,ve Y} U{uju:
1<j<i—-1,1<k<n—i}U{uyvp:1<k<m-—M,n—i+1)+1}. The
structure of a graph G when n = 12 and ¢ = 3 is shown in Figure 26. It is easy to

see that the induced subgraph (X)) of G is a maximum induced forest.

It is easy to check that f(G) =n —i and G € CG(n,m). Thus we have the

following theorem.

Theorem 3.2.1 Let n and m be integers satisfying 0 < m < (3). Then max(f;n,m)
=n—iif and only if M,(n—i+1) <m < M, (n —1), and Max(f;n,m) =n—1 if
and only if m>n—1 and M,(n —i+1) <m < M,(n —1).

The problem of finding min(f;n,m) is difficult and finding Min(f;n,m) is
even more difficult. In order to obtain the values of min(f;n,m), we first find the
minimum number of edges of a graph order n having the forest number a. Let

G(n; f = a) be the set of graphs of order n having the forest number a. It is clear
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U7

Ug

Vg

Figure 15: The graph G of order 12, size 35 and f(G) = 9.

that G(n; f = a) # 0 if and only if 2 < a < n. For integers n and a, let
m,(a) =min{e(G): G € G(n; f=a)}.

Further, m,(n) = 0, m,(n — 1) = 3 and m,(2) = (}). In Figure 27, G1, G, and G5
are the graphs with ¢(G1) = ms(5),e(G2) = m5(4) and £(G1) = m5(2). It is easy
to see that for a graph G of order n > 2, f(G) = 2 if and only if G = K.

° CAO
O O

Gli GQI GS:

Figure 16: The graphs of order 5 and size ms(5), m5(4) and mj;(2).

We now find m,(a) for 2 < a < n. The following lemma which was proved

in [28] provides a characterization of graphs with forest number 3.

Lemma 3.2.2 Let G be a graph of order n > 3 and G % K,,. Then f(G) = 3 if

and only if G is a union of stars.

Now we have m,(3) = (}) —n+1, for all n > 4. In 2005, Punnim [33] prove

the following lemma.
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Lemma 3.2.3 If G is a graph of order n with mazimum degree A(G) = A, then
f(G) = 25

— A+41°

Lemma 3.2.4 If G is a graph of order n with A(G) = A and f(G) = 2q+ 1 for
some integer q, then n < (A +1)q+ 1.

Proof. We will proceed by induction on q. Suppose that n = (A+1)g+t for some
integer ¢t > 2. Since f(G) = 2q + 1, it follows by Lemma 3.2.3 that 2 < ¢ < A.
Suppose that ¢ = 1, that is » = A 4+ 1 +¢. Thus 6(G) = t > 2 and hence G
is not a union of stars. By Lemma 3.2.2, f(G) > 4. Therefore the result holds
for ¢ = 1. Suppose that there exists a graph G of order n = (A + 1)g + ¢ with
f(G) =2q+1,q > 2 as small as possible. Let v be a vertex of G of degree A and
let H be the graph obtained from G by deleting v and its neighbors. Thus H has
order (A 4+ 1)(¢ — 1) + t and by minimality of ¢, there exists a maximum induced
forest F'in H of order at least 2(¢ — 1) + 2 = 2q. Since F,, = F'U{v} is an induced
forest of G and |F,| = |F|+1, it follows that |F'| = 2¢ and F}, is a maximum induced
forest in GG of order 2q 4+ 1. Note that if 7" is a maximum induced forest in a graph
G and v € V(G — T), then there exists a nontrivial connected component C' of T'
such that v is adjacent to at least 2 vertices in C. Since F, contains at most 2¢
vertices of degree at least 1 and G — F,, has order (A —1)g+1t — 1, there are at least
2(A—1)g+2(t—1) edges from G — F,, to the nontrivial components of F,. Since F,

2(A—1)g+2(t—1

has at most 2¢q vertices of degree at least 1 and 27 ) > A 1, it follows that

there exists a vertex in F;, of degree at least A + 1. Thus we get a contradiction. []

By Lemma 3.2.3, we have a lower bound on the maximum degree of a given
graph in terms of its order and its forest number. In other words, if G' is a graph
of order n, then A(G) > f%} — 1. In particular, if f(G) = 2q for some integer ¢,
then A(G) > [2]—1. By Lemma 3.2.4 the lower bound of A(G) can be improved if
f(G) is odd. That is, if f(G) = 2¢+1 for some integer ¢, then n < (A(G)+1)g+1,
which is equivalent to A(G) > [”T_W — 1. We have the following corollary.

Corollary 3.2.5 Let G be a graph of order n and q be a positive integer. If
f(G) =2q, then A(G) = [2] — 1, and if f(G) =2q+ 1, then A(G) > [”7_11 -1
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Let G*(n; f = a) = {G € G(n; f = a) : G is a union of [§] cliques}. It is
clear that G*(n; f = a) C G(n; f = a). In Figure 28, G = 3K3 U K, is a union of 4
cliques and f(G) = 7. We have the following theorem.

VANWANIAN

Figure 17: The graph G of order 10, size 9, and f(G) =

Theorem 3.2.6 Let G be a graph of order n with f(G) = a. Then there exists a
graph H € G*(n; f = a) such that e(H) < &(G).

Proof. We will proceed by induction on n. The result holds for n = 1. Suppose
that n > 2. If there exists a vertex v of G such that f(G —v) = f(G) — 1 =a — 1,
then, by induction, there exists a graph H' € G*(n — 1;f = a — 1) such that
e(H') <e(G—w). Let H= H' U{v}. Thus H € G*(n; f =a) and e(H) = e(H') <
e(G —v) < e(G). Suppose that for every vertex v of G, f(G —v) = f(G) = a.
Let v be a vertex of G of degree A(G). Thus, by induction, there exists a graph
H' € G*(n—1; f = a) such that e(H') < (G — v). We consider two cases.

Case 1. Suppose that f = 2¢ for some integer ¢q. Thus H’ is a union of
at least ¢ cliques. Therefore there exists a component C’ of H' such that C’ is a
clique of order at most L”T’lj By Corollary 3.2.5, dg(v) = [7] — 1. Note that
[2]-1=[*~ L]. Let C be a clique obtained from C’ by adding v and at most | %=1 . L]
edges from v to C'. Then H = H'«C € G*(n; f = a) and ¢(H) < e(H') + LTIJ
(G —v) +dg(v) <e(G), as required.

Case 2. Suppose that n > 4 and f = 2¢ + 1 for some integer q. Thus H’ is
a union of at least ¢ + 1 cliques one of which is an isolated vertex. Therefore there
exists a component C’ of H' such that C’ is a nontrivial clique of order at most
L"T_ﬂ By Corollary 3.2.5, dg(v) > ["T_W — 1. Note that [”T_W —-1= VLT_2J Let C
be a clique obtained from C’ by adding v and at most L"T_ZJ edges form v to C’. Then
H=H«CecG"(n;f=a)and e(H) <e(H') + L"T’ZJ <e(G—v)+da(v) <e(G),

as required. 0
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By Theorem 3.2.6, we know the structure of graphs of order n with prescribed
forest numbers. In general, for a graph G € G(n; f = a), there may be many such
graphs H € G*(n; f = a). We now look for such a graph H with a minimum number

of edges.

It is easy to see that for any integer n > 6, m,(4) = ((?) + (%J) and for
n>7m,(5 = ("7 + (7))

Theorem 3.2.7 is the famous result of Turan [42] which is viewed as the origin

of extremal graph theory.

The Turan graph T, , is the complete r-partite graph of order n whose partite
sets differ in size by at most 1. It is clear that the complement of the Turan graph

T, is a union of r cliques.

Theorem 3.2.7 Among the graphs of order n containing no complete subgraph of

order r + 1, T, , has the maximum number of edges.

By Theorem 3.2.7, we know that among the graphs of order n which is a union
of r cliques, the complement of the Turdn graph 7,,, has the minimum number of

edges.

Turén’s Theorem can be applied for finding m,,(a) for 4 < a <n—1. We

first establish certain facts and notation.

1. Let G =p1 K1 Ups K3 Upy K4 U ... Upp K. Then the order of G is p1 + 3ps +
dpy+ ...+ kpr and f(G) = p1 + 2(ps + ps + ... + pr). Suppose that p; > 2,
pr > 1 and k > 4. Then by replacing 2K, U K by K3 U K;_; we obtain a
graph H with e(H) < ¢(G). Furthermore, e(H) = ¢(G) if and only if k = 4.

2. m,(n—1)=3ifn>4. Let Ge€ G(n;f =n—1). Then ¢(G) = 3 if and only
ifn>4and G=(n—3)K;UKj.

3. Let a be an integer satisfying 2* < a < n — 1. If (p,q) is the solution of
p+ 3¢ =n and p+ 2q = a, then G = pK; U qKj satisfies f(G) = a.

4. Let a be an integer satisfying 2* < a <n — 2 and G € G(n; f = a) such that

£(G) = m,(a). Then by Theorem 3.2.6, we can choose G = p; Ky U p3K3 U
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Ky U Upp Ky € G*(n; f = a) and k < 4. If kK = 4, then p; > 2. Thus by
the first fact above, there exists a graph H = pK; U ¢Kj3 such that p+ 3¢ = n,
p+2¢=aand e(H) =¢(G) =m,(a).

5. Let a be an integer with a < %" and G € G(n; f = a). Then, by Lemma 3.2.3,
A(G) > 3. Thus if G = p1 K3 Ups K3 Upy Ky U ... Upk Ky, f(G) =a < %” and
e(G) =my(a), then py <1 and k > 4.

6. If n =rqg+t, 0 <t <r, then T,, consists of ¢ partite sets of cardinality [%]

and r — t partite sets of cardinality [%].
2 2

7. e(Toy) = ("7%) + (r = 1)(“31), where a = [2].

8. Let t(n,r) = e(T,,). Then for a fixed n, by using elementary arithmetic, we

get t(n,r—1) < t(n,r) for all 7, 2 < r < n. In fact t(n,r) —t(n,r —1) > (“11),

where a = [7].

Let ¢(n,r) = (}) — t(n,r). Summarizing the results, we have the following

theorems.

Theorem 3.2.8 Let n and a be integers satisfying 2 < a <n —1. Then

2. m,(n—1)=3ifn>3 and G = (n—3)K, U K3 is the only graph of order n
satisfying f(G) =n —1 and e(G) = 3,

9. my(n—i)=3i if 1 <i<[2],

4. furthermore, if 4 < a < %", then my,(a) = t(n,q) if a = 2q, and m,(a) =

t(n—1,q) if a = 2q + 1, for some integer q, and

5. moreover, m,(3) = (";') if n >3, and m,(2) = (}) if n > 2.

Theorem 3.2.9 Let n, m and a be integers satisfying 0 < m < (g) Then
1. min(f;n,m) = max(f;n,m) =n if and only if m € {0,1,2},

2. min(f;n,m) = max(f;n,m) =2 if and only if m = (72‘), and
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3. if3 <a<n-—1, thenmin(f;n,m) = a if and only if m,(a) < m < m,(a—1).

We now find the minimum number of edges of a connected graph of order
n having the forest number a. Let CG(n; f = a) be the set of connected graphs of

order n having the forest number a. For integers n and a, let
cm,(a) = min{e(G) : G € CG(n; f = a)}.

Further, cm,(n) = n — 1, cm,(2) = (3). It is easy to see that C5 is a connected
graph of order 5 and size 5 such that f(C5) = 4 and K5 is a connected graph of
order 5 and size 10 such that f(K5) = 2. We now find cm,,(a) for 2 < a < n.

Let CG*(n;f = a) = {G € CG(n;f = a) : G is obtained from [%]

2

disjoint cliques and [§] — 1 edges}. In Figure 29, G is a connected graph of order
10 obtained from 4 disjoint cliques and 3 edges such that f(G) = 7. We have the

ANVANA

Figure 18: The connected graph G of order 10, size 12, and f(G) = 7.

following theorem.

Theorem 3.2.10 Let G be a connected graph of order n with f(G) = a. Then
there exists a graph H € CG*(n; f = a) such that e(H) < &(G).

Proof. We will proceed by induction on n. The result holds for n = 1. Let n > 2.
Suppose that there exists a vertex v of G such that f(G —v) = f(G) —1=a— 1.
Let G1,Gs,...,G be the k components of G — v having ny,ng,...,n, vertices,
respectively. Then degq(v) > k. The structure of such a graph G is shown in Figure
30. Thus for each i € {1,2,...,k}, there exists a graph H; € CG*(n;; f = f(G)))
such that e(H;) < ¢(G;).

Let w; € V(H;) and H be a graph with V(H) = U\, H; U{v} and E(H) =
Ule EH;)U{vw; : i =1,2,...,k}. Then H € CG*(n;f = a) and e(H) = k +
S e(Hy) < degg(v) + 32 e(Gy) < e(G). This situation is shown in Figure 31.
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Figure 20: The graph H in the proof of Theorem 3.2.10.

Suppose that for every vertex v of G, f(G —v) = f(G) = a. Let v be a

vertex of G of degree A(G). We consider two cases.

Casel. G—wisconnected. Then there exists a graph H' € CG*(n—1; f = a)
such that e(H') < ¢(G —v). If f = 2q for some integer ¢, then H' is obtained from
q disjoint cliques and ¢ — 1 edges. Therefore there exists a clique C” of H' of order
at most L”T_lj By Corollary 3.2.5, degq(v) = [2] — 1. Note that [2] — 1 = L"T_lj
Let C be a clique obtained from C’ by adding v and at most L"T’lj edges from v to
C". Let H be a graph with V(H) = V(G) and E(H) = (E(H') — E(C")) U E(C).
Then H € CG*(n; f = a) and e(H) < ¢(G), as required.

If n >4 and f = 2¢q + 1 for some integer ¢, then H’ is obtained from ¢ + 1
cliques and ¢ edges where one of the cliques is an isolated vertex. Therefore there
exists a non-trivial clique C" of H' of order at most L”T_zj By Corollary 3.2.5,
degg(v) > [*+] — 1. Note that [*+] — 1 = |*22]. Let C be a clique obtained
from C” by adding v and at most L“T_Qj edges from v to C'. Let H be a graph with
V(H)=V(G)and E(H) = (E(H') — E(C"))UE(C). Then H € CG*(n; f = a) and
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e(H) < e(Q), as required.

Case 2. G — v is disconnected. Let G1,Gs, ..., Gy be the k components
of G — v having nq,no,...,n; vertices, respectively. For each i € {1,2,... k}, we
put G = (V(G;) U {v}) and G' = (V(G — G;) U {v}). Suppose that there exists
i,1 <i <k, such that f(G}) = f(G;) + 1. Then f(G}) = f(Gj) for all j # i. Then
G’ is a connected graph of order n’ = n — n; such that f(G') = f(U;;j:l G,) =
Zf;éj:l f(G;). For w € V(G;), let H* be a graph with V(H*) = V(G;) UV(G’) and
E(H*) = E(G;)UE(G")U{vw}. Then H* is a connected graph of order n such that
e(H") = e(Gy) + (@) + 1 < &(G) and f(H*) = f(Gi) + f(G') = Y5, f(G)) =
f(G —v) = a. The structure of such a graph H* is shown in Figure 32. Then there
exist H; € CG*(n;; f = f(G;)) and H' € CG*(n'; f = f(G")) such that e¢(H;) < e(G)
and e(H') < e(G). Let w € V(H;) and H be a graph with V(H) =V (H;) UV (H')
and F(H) = E(H;) UE(H') U{vw}. Then e(H) = e(H;) + e(H') + 1 < &(G;) +
S(G') +1 < e(G) and f(H) = f(H) + f(H') = £(G)) + /(C") = F(G) = a. Thus
H € CG*(n; f =a) and e(H) < g(G), as required.

G; €4

O OV
w

Figure 21: The graph H* in Part 1 of Case 2 of the proof of Theorem 3.2.10.

Suppose that f(G) = f(G;) for all i € {1,2,...,k}. If G; is a complete
graph for all ¢, then G’ is complete. Since G; is complete, it follows that for any
e € E(G)), f(G;—e) = f(G;)+ 1. For w € V(G;), let H* be a graph with V(H*) =
V(G;—e)UV(G') and E(H*) = E(G; —e) U E(G") U {vw} be a connected graph of
order n such that e(H*) = e(G; —e) +e(G') +1 < e(G) and f(H*) = f(G; —e) +
f(G")=f(G)+f(G)+1= Z?Zl f(G;) = f(G). By the same argument in the first
part of Case 2, there exists H € CG*(n; f = f(G)) such that e(H) < e(G—e) < ¢(G),

as required.

Assume that there exists j,1 < j <k, such that G is not complete. Then for
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any i € {1,2,...,k}, there exists H; € CG"(n;; f = f(G;)) such that e(H;) < e(G}).
For w; € V(H;), let H* be a graph with V(H*) = Jl_, V(H,) U {v} and E(H*) =
Ule E(H;)) U{vw; :i=1,2,...,k}. Then H* is a connected graph of order n with
e(H*) < e(G) and f(H*) = $L, f(H;) = 30, f(G) = £, f(G) = f(G) =a.

Let H be the subgraph (V(H;)U{v}) of H*. Then there exists i,1 < i <k,
such that f(H!) = f(H;) 4+ 1. By the same argument in the first part of Case 2,
there exists H € CG*(n; f = a) such that e(H) < e(H*) < ¢(G), as required. O

By Theorem 3.2.10 we know that for a graph G' € CG(n; f = a), there may
be many graphs H € CG*(n; f = a). By applying Turdn’s Theorem, we have the

following theorems.
Theorem 3.2.11 Let n and a be integers satisfying 2 < a <n —1. Then
1. ecm,(n) =n—1,

2. furthermore, if 4 < a < n—1, then cm,(a) = t(n,q) + ¢ — 1 if a = 2q, and

cm,(a) =t(n—1,q9) +q if a =2q + 1, for some integer q, and

3. moreover, cm,(3) = (",') + 1 if n > 3, and cm,(2) = () if n > 2.

Theorem 3.2.12 Let n, m and a be integers satisfyingn —1 < m < (g) Then
1. Min(f;n,m) = Max(f;n,m) =n if and only if m =n — 1,
2. Min(f;n,m) = Max(f;n,m) =2 if and only if m = (Z), and

3.4f3 < a < n—1, then Min(f;n,m) = a if and only if cm,(a) < m <

cm,(a—1).

3.3 Forests in Biquartic Graphs

Let G and H be bipartite graphs with bi-partitioning sets X and Y. Then
G and H are said to have the same type if deg, v = degy v for all v € X UY.
There is an analogous result for a class of bipartite graphs as we shall state in the

following theorem.
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Theorem 3.3.1 Let G and H be bipartite graphs with partite sets X and Y. If G
and H are of the same type, then there exists a sequence of switchings o1, 09, ...,0;

such that for every i = 1,2,...,t, G and G??2% are of the same type and H =

GUlO’Q...O't .

Let G be a bipartite graph with graphical sequence d and B(G) be the class
of all bipartite graphs of the same type as G. Then by Theorem 3.3.1, the subgraph
of the ¥(d)-graph induced by B(G) is connected. The following theorem is an

immediate consequence of Theorem 2.1.5.

Theorem 3.3.2 Let G be a bipartite graph. Then f is an interpolation graph

parameter over B(G).

It is clear that any two r-regular bipartite graphs of order 2n are of the same
type. Let B(r?") be the class of all r-regular bipartite graphs of order 2n. Thus we

have the following corollary.

Corollary 3.3.3 The forest number f is an interpolation graph parameter over

B(r?).
We will use the following notation.
o min(f,B(r™)) = min{f(G) : G € B(r™")},
o max(f, B(r™)) = max{f(G) : G € B(r*")}.

In Section 3.1, we found the value of min(f, B(3%")). In this section, we find
max(f, B(r*")) for positive integers r and n with r < n. The problem of finding
min( f, B(r*)) is more difficult. By using some known results on symmetric designs,

we are able to obtain min(f, B(4*")). This result is an improvement of Alon’s result

in [1].

It is easy to see that max(f, B(2%")) = 2n—1. Let G be an r-regular graph of
order 2n and F be a maximum induced forest of G. By Theorem 2.2.5, |F| < [2=1].
Thus max(f, B(r*)) < |2=1].

r—1

Let n and r be positive integers with 3 <r <n. We writen—1 = (r—1)k+
t,0<t<r—1. Letg=r+tandp=r—1. Let X = {xg,z1,...,2,1}, Y =
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{vo,v1,-- - Yn—1}, Xa ={zo,21,.. ., 2021}, Y1 ={vyo,v1,...,Yg—1}, and for 1 < <
k=1, let Xisy = {Zg4(i-1)ps Tar - Dp+15 - - - Tarip—1} and Yier = {Yg (i-1)p Yg+-(i-1)p+1

-y Ygrip—1}- Let G be a bipartite graph with bi-partitioning sets X and Y. The
edge set of (G is defined as follows.

1. By = U?;é{xjyﬁw : 1 <w < r—1}, where the subscripts are taken modulo q.

2. By = Uf:g E(K(X;,Y;)) where K(X;,Y;) is the complete bipartite graph on
bi-partitioning sets X; and Y;.

3. B3 ={%0Y0, TqYq—1, TqrpYagtp—1s - - s Las (k—2)pYa-+ (k—2)p—1 )

4. Let X' = X — {20, %q, Tgip, - - - » Tgp(o—2)p} a0 Y =Y — {40, Yg—1, Ygip—1: - - - 5
Yg+(k—2)p—1}- Let By be a set of n — k independent edges connecting X' to Y’
such that Ey N (E U Ey U E3) = ().

5. Let E:E1UE2UE3UE4
The structure of a 4-regular graph G of order 14 is shown in Figure 33. Thus

G = (X UY, E) is an r-regular bipartite graph of order 2n with f(G) = n + k and

we can conclude the following theorem.

Figure 22: The graph G of order 14 with f(G) = 9.

Theorem 3.3.4 max(f,B(r*")) = | 2=t

r—1 47
We consider the problem of determining the maximum order of an r-regular

bipartite graph B with partite sets X and Y such that f(B) =1+ |X].

A balanced incomplete block design BIBD(v,b,r, k, \) is a pair (V,B) where

V is a v-element set of elements, called points, and B is a collection of b k-element
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subsets of V, called blocks, such that each element of V' is contained in exactly
r blocks and every 2-element subset of V is contained in exactly A blocks. The
numbers v, b, r, k and A\ are parameters of the BIBD. Trivial necessary conditions for

the existence of a BIBD(v,b,r, k, \) are
vr =bk, and r(k—1)=Av—1).

A BIBD with b = v (or equivalently r = k) is called a symmetric balanced
incomplete block design SBIBD(v, k, \) or simply a symmetric design. Symmetric
designs with A = 2 are called biplanes of order v. The most fundamental necessary
condition on the existence of symmetric designs is due to Bruck, Ryser, and Chowla
[11]. Symmetric designs SBIBD(v, k,2) are known only when k& = 4,5,6,9,11, 13.
The following are well known facts about symmetric designs SBIBD(v, k, 2).

2. Any two blocks intersect in exactly A = 2 points.

3. The dual incidence structure obtained by interchanging the roles of points and

blocks is also a BIBD with the same parameters (hence the term symmetric).

4. SBIBD(7,4,2) is unique.

Let V = {1,2,3,4,5,6,7}. It is easy to see that an SBIBD(7,4,2) contains 7

blocks as follows
By ={1,2,3,5}, By = {2,3,4,6}, B3 = {3,4,5,7}, By = {4, 5,6, 1},

Bs ={5,6,7,2}, Bs = {6,7,1,3}, and B; ={7,1,2,4}.

Figure 23: The bipartite graph B(7,4,2).
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Let (V, B) be an SBIBD(v, k,2). A bipartite graph B(v, k,2) can be defined
as a graph with V(B(v,k,2)) = VU B and E(B(v,k,2)) = {{v,B} : v € V,B €
B, and v € B}. It is clear that B(v,k,2) is a k-regular graph of order 2v. Thus
f(B(v,k,2)) > 1+ v. The structure of the graph B(7,4,2) is shown in Figure 34.

Lemma 3.3.5 Let B = B(7,4,2) and G € B(4'*) with bi-partitioning sets X and
Y. Then

1. f(G)>8 and f(B) =8.
2. f(G) =38 if and only if G = B.

3. If G 22 B, then there exists an induced forest F' of G such that F = {u,v}UY

for some u,v € X.

4. For each e € E(B) there exists an induced forest F, of B — e such that F, =
{u,v} UY for some u,v € X.

5. If H is a spanning subgraph of B with H 2 B, then there exists an induced
forest F' of H such that F = {u,v} UY for some u,v € X.

6. If H is a spanning subgraph of G with H 2 G, then there exists an induced
forest F' of H such that F' = {u,v} UY for some u,v € X.

Proof. 1. It is clear that f(G) > 8. Suppose that f(B) > 9 and let F' be
an induced forest of B of order 9 and let Fx = FNX and Fy = FNY. If
|F'x| = 2, then |Fy| = 7. Since B is the graph obtained from an SBIBD(7,4,2),
we have |Ng(u) N Ng(v)| = 2 for each u,v € X. Thus F contains a cycle. If
Fxy = {u,v,w} C X, then Fy =Y — {y} for some y € Y. Since y is adjacent
to at most three vertices in Fl, it follows that the subgraph (F') of B contains at
least 3-4 — 3 = 9 edges and hence the subgraph (F) of B contains a cycle. If
Fxy = {u,v,w,z} C X, then Fy =Y — {p,q} for some p,q € Y. Since there are
at most six edges in B connecting Fy to {p, ¢}, it follows that the subgraph (F') of
B contains at least 4 -4 — 6 = 10 edges and hence the subgraph (F') of B contains
a cycle. If |Fx| > 5, then the result follows by using the dual incidence structure.

Thus f(B) = 8.
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2. Suppose that f(G) = 8. Let X = {vy,vq,...,v7} and \; = |[Ng({v1})N
Ne({v;})] for each i € {1,2,...,7}. Then A; + A2 + ... + A7 is the number of edges
of the subgraph (X N Ng({v1})) of G. We have the following inequality:

A+ X+ A < 16

Since A\ = 4, we have \y + ...+ A7 < 12. Suppose that G 22 B. Then there exists
i€ {2,3,...,7} such that \; > 3. Thus there exists j € {2,3,...,7} with ¢ # j
such that \; < 1. Therefore F' = {v;,v;} UY is an induced forest of G of order 9.

We get a contradiction.

3. Assume that G 2 B. Then by the same argument as 2, there exist
v;,v; € X such that |[Ne({v;}) N Ne({v;})] < 1. Thus F = {v;,v;} UY is an
induced forest of G.

4. Let e € E(B). Since B is the graph obtained from an SBIBD(7,4,2),
there exists u,v € X such that |[Np_.({u}) N Ng_.({v})| < 1. Then F, = {u,v}NY

is an induced forest of B — e.

5. Let H be a spanning subgraph of B with H 2 B. Then ¢(H) < ¢(B).
By the same argument as in 4, there exists an induced forest F' of H such that

F ={u,v} UY for some u,v € X.

6. Let H be a spanning subgraph of G with H 2 G. If G = B, then by the
same argument as in 3, G contains a forest F' such that F' = {u,v} UY for some
u,v € X asits subgraph. It is clear that F' is an induced forest of H. If G = B, then
by the same argument as in 4, H contains a forest F' of G such that F' = {u,v} UY

for some u,v € X as its subgraph. O

In 2001, Alon et al. [1] gave a lower bound of f(G) in terms of the indepen-

dence number a(G) of G and its maximum degree.

Theorem 3.3.6 Let G be a connected graph of order n with mazximum degree

A > 3. Then f(G) > a(GQ) + ?;f(f);z)

Corollary 3.3.7 Let GG be a bipartite graph of order n with maximum degree A > 3.

Then f(G) > (% + M) n, and this is sharp for A =3 and n =0 (mod 8).
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By Corollary 3.3.7, we have f(G) > 1790 -n for any G € B(4*"), but the best

);
example found in [1] has f(G) = £ - n. Thus % - n < min(f, B(4*")) < I -n.

Lemma 3.3.8 Let G be an r-reqular bipartite graph of order 2n with bi-partitioning
sets X and Y. If g(r) = (;) + 1, then there exists a subset S of X of cardinality

[#} such that S UY 1is an induced forest of G.

Proof. Let r > 3 and G be an r—regular bipartite graph of order 2n with bi-
partitioning sets X and Y. Suppose that F' is an induced forest of G such that Y C
F. Weput X' = FNX = {a],x},2%,...,2,} where t is a maximum number of ver-
tices in X such that for any i = 1,2,...,¢, |[Ne({z}}) N U;;ll Ne({z}})| < 1. Then
| X — X'|=n—tand foranyu € X —X"andi=1,2,...,t,|Na({u}) N Nac({z}})| >
2. Since there are at least r(r — 1)t edges in G connecting vertices in X — X’ to
vertices in Y, we have r(r — 1)t > 2(n —t). Thus ¢ > [#1 Thus there exists a
subset S = {z!,2),...,2}} of X of cardinality [-7=] such that SUY is an induced

g(r)
forest of (. O

The following corollary is an immediate consequence of Lemma 3.3.8.
Corollary 3.3.9 If G is a biquartic graph of order 2n, then f(G) > n + (%W

By Corollary 3.3.9, we have f(G) > 2. n for any G € B(4*"). This means
that if we look at the class of biquartic graphs of order 2n, then the bound can
be improved from 55 percent of order to 57 percent. We now construct a class of

biquartic graphs to show that min(f, B(4*")) =n + [%].

Let H € B(4') and K € B(4'?). We write n = 7T¢+t,1 <t < 7 and

construct a biquartic graph of order 2n according to the value of ¢:

1. If t = 1, construct a graph G of order 2n by taking ¢ — 1 copies of B(7,4,2)

and 2 copies of Ky 4.

2. If t = 2, construct a graph G of order 2n by taking ¢ — 1 copies of B(7,4,2),
a copy of K, 4 and a copy of H.

3. If t = 3, construct a graph G of order 2n by taking ¢ — 1 copies of B(7,4,2)
and 2 copies of H.
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4. If t = 4, construct a graph G of order 2n by taking ¢ copies of B(7,4,2) and
a copy of Ky 4.

5. If t = 5, construct a graph G of order 2n by taking ¢ copies of B(7,4,2) and
a copy of H.

6. If t = 6, construct a graph G of order 2n by taking ¢ copies of B(7,4,2) and
a copy of K.

7. If t =7, construct a graph G of order 2n by taking ¢ + 1 copies of B(7,4,2).

It is easy to check that the graphs G' constructed above satisfy f(G) =n+[%].
Figure 35 shows the bipartite graphs G,, of order 2n where n = 11,12, 13 such that
f(G) =n+[%]. Thus we have the following theorem.

Theorem 3.3.10 min(f, B(4*")) = n + [2].

Figure 24: The bipartite graph G,, of order 2n where n = 11,12, 13.

3.4 Regular Graphs and their Arboricities

A typical problem in graph theory is one that deals with the decomposition

of a graph into various subgraphs possessing some prescribed property. There are
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ordinarily two problems of this type, one dealing with a decomposition of the ver-
tex set and the other with a decomposition of the edge set. The vertex coloring
problem is an example of vertex decomposition while the edge coloring problem is
an example of edge decomposition with some additional property. For a graph G,
it is always possible to partition V(G) into subsets V;,1 < i < k, such that each
induced subgraph (V;) contains no cycle. The vertex arboricity ao(G) of a graph G
is the minimum number of subsets into which V' (G) can be partitioned so that each
subset induces an acyclic subgraph. Thus o(G) = 1 if and only if G is a forest.
For a few classes of graphs, the vertex arboricity is easily determined. For example,
a(Cy) = 2. a(K,) = [5]. The graphs in Figure 36 show that a(Cs) = 2, a(K5) = 3,
where P, = {{v1}, {va,v3,v4,05}} and Py = {{uy,us}, {us,us},{us}} are the par-
titions of V(C5) and V (Kj5), respectively. Also a(K,s) = 1ifr =1or s =1, and
a(K,s) = 2 otherwise. It is clear that for every graph G of order n, a(G) < [5].

U1 Uy

Vs V2 Us U9

Uy U3 Uy Uusg
Figure 25: The graphs C5 and K.

We now turn to the second decomposition problem. The edge arboricity
or simply the arboricity a;(G) of a nonempty graph G is the minimum number of
subsets into which E(G) can be partitioned so that each subset induces an acyclic
subgraph. As with vertex arboricity, a nonempty graph has arboricity 1 if and only

if it is a forest. Also ay(K,) = [§].

Let m € {a, a1} and d be a graphical sequence. Put

m(d) :={n(G) : G € R(d)}.

The main purpose of this section is to prove the following result.

Theorem 3.4.1 Let d be a graphical sequence and © € {a,a,}. Then there exist
integers x(m) and y(m) such that there exists a graph G € R(d) with n(G) = z if
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and only if z is an integer satisfying x(m) < z < y(mw). That is 7(d) = {2z € Z :

z(m) <z <y(m)}).

The proof of Theorem 3.4.1 follows from Theorem 1.4.2 and the following

results.

Lemma 3.4.2 Let 7 € {a,a;} and o be a switching on a graph G. Then w(G?) <
©(G) + 1.

Proof. Let G be a graph and ¢ = o(a, b; ¢,d) be a switching on G. Then (G —
{a,c}) < a(G) and hence a(G?) < a(G? — {a,c}) + 1 < a(G) + 1. Since ac,bd €
E(G?), we have that a;(G° — {ac,bd}) < a;(G) and hence a;(G?) < a;(G —
{ac,bd}) +1 < 1 (G) + 1. O

Let m € {a, a1 }. Then, by Lemma 3.4.2, if 7(G) < 7(G7), then we have that
m(G) < 7(G%) < w(G)+ 1. If 7(G) > w(G7), then by Lemma 3.4.2, we see that
m(G) = W((GU)U_I) <7(G?)+1 < 7m(G) + 1, where 07! = o(a, c;b,d). We have the

following corollary.

Corollary 3.4.3 Let G be a graph and o be a switching on G. If 7 € {a, a1}, then
[m(G) =7 (G7)| < 1.

Let m € {a, a1 }. By Theorem 3.4.1, m(d) is uniquely determined by z(7) and
y(m), thus it is reasonable to denote z(7) = min(w,d) := min{r(G) : G € R(d)}
and y(m) = max(m,d) := max{n(G) : G € R(d)}. In general, it is not easy to
find min(7,d) and max(w, d) for a given graphical sequence d. Thus for simplicity,
we will focus on the case where d = (r,7,...,7) is a constant sequence of length
n and in this case we write d = r™. We first consider the problem of determining
min(a;, ") and max(a;,7"). By applying a famous result of Nash-Williams [26] on
edge arboricity as stated in the following theorem, we will see that min(a;, ") =

max(ay,r") = [=].

Theorem 3.4.4 For every nonempty graph G, a;(G) = max[“ﬁgi)_'l}, where the

maximum, is taken over all nontrivial induced subgraphs H of G.

As a consequence of the above theorem, it follows that a;(K,) = [5] and



67

a1 (K s) = [;75=]. Note that a)(G) > [2 1 for any r-regular graph G of order
n. The upper bound of a; can be obtained in the following lemma. We note further

that if r € {0,1}, then a;(G) =1 for all G € R(r").

Lemma 3.4.5 If G is an r-reqular graph on n vertices and r > 2, then a;(G) <

(=51

Proof. Let H be an induced subgraph of G of order m. If m > r 4+ 1, then
|E(H)| E(H)| r4+1 m
Va1 < sy 1t follows that W < Ifm <, then |E(H)| < (7). It

is clear that % < ™ Thus ¢ (G) < 2. O

We have already mentioned that if » € {0,1}, then a(r") = a1 (r™) = {1}.
This shows that min(a, ™) = max(a,r") = min(a;,r") = max(a;, ™) = 1 if r €
{0,1}. Let G € R(2"). Then G is a union of cycles and hence not a forest. Thus
@ (G) > 2. We can easily partition V(G) and E(G) into two subsets in which
each subset induces an acyclic subgraph. It follows that min(a, 2") = max(a,2") =
min(ay,2") = max(ay,2") = 2 for all n > 3. Because of this fact, from now on we

will assume that r > 3 and n > r + 1.

Since each forest on n vertices has at most n — 1 edges, it follows that
o (G) > (%W for every graph G € R(d). Consequently, min(ay, ™) > [%}

We have the following theorem.

Theorem 3.4.6 min(ay,r") = max(a;, ") = [%W

Proof. It is clear that 7 < % < (T;Ll). If r is even, then [iW =5+1 It
follows that [%} = [=4]. If r is odd, then £ < [%W and "t is integer.
Thus [%1 = [=£1]. Tt follows that a;(G) < [=L] for any r-regular graph on n

vertices. Hence, min(a;, ") = max(ay, ") = [, O

In order to obtain the corresponding extremal results on vertex arboricity

we need to introduce some notation on graph construction.

It should be noted once again that an r-regular graph G of order n has
a(G) =1 if and only if r € {0,1}. Thus min(a,r") = max(a,r™) = 1 if and only if

r € {0,1}. Moreover, min(a,2") = max(a,2") = 2.
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Let r and n be integers with r > 3 and R(r™) # (. Then

1. If n is even and n > 2r, then there exists an r-regular bipartite graph G of

order n. Therefore a(G) = 2.

2. If nis odd and n > 2r+1, then r is even and there exists an r-regular bipartite
graph H of order n — 1. Let F' be a set of 5 independent edges of H. Then
H — F' is a bipartite graph of order n having r vertices of degree r — 1 and
n — 1 — r vertices of degree r. Let G be a graph obtained from H — F' by
joining the r vertices of H — F' to a new vertex. Therefore G is an r-regular
graph of order n having a(G) = 2. In Figure 37 (a), G is a 6-regular graph of
order 11 having a(G) = 2 which is constructed from a 6-regular graph H of
order 10.

3. If niseven and n = 2(r—1), then K,_;,_; is the complete (r—1)-regular bipar-
tite graph of order n. Let X = {x1,z9,..., 2,1} and Y = {y1,y2,...,y-_1} be
the corresponding partite sets of K,_1,_;. Let G be defined by G = (K,_; ,_1—
{962?42, T3Y3, - - - axr—Zyr—2})*{$1$2a L2T3, -y, Tp—2Lr—1,Y1Y2, Y2Ys3, - - - 7yr—2yr—1}-

Then G is an r-regular graph of order n having a(G) = 2 (See Figure 37 (b)).

4. If n = 2r — 1, then r is even. Let X and Y be as described in the pre-
vious case and u be a new vertex. Then H = K(X,Y) * Ey, where E;, =
{uxy, uyr, uxs, uys, . . . ux, /2, uyy 2}, is a graph of order 2r — 1 having r + 1
vertices of degree r and r — 2 vertices of degree r — 1. Put X; = {z; € X :

t<i<r—1}andV,={y €Y :% <i<r—1}. Thus |Xi|=|V;| =52

Case 1 1If % is even, then we can construct an r-regular graph G from
H by adding % independent edges to each of X; and Y;. This construction
yields a(G) = 2 (See Figure 37 (c)).

Case 2 It % is odd, then H — x,/5y,/2 is a graph having r — 1 vertices

of degree r and r vertices of degree r — 1. Thus it has 7 vertices of degree

r—1in X and also 5 vertices in Y. Since § is even, we can easily construct

an r-regular graph G from H — z,3y,/2 by adding appropriate independent
edges so that a(G) = 2 (See Figure 37 (d)).
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(a) Constructing a 6-regular graph G of order 13 from a 6-regular graph of order 12.

.

O N4 N4

O

r

1

\

i

\
N

O

(b) Constructing a 6-regular graph G of order 10 from the 5-regular graph K 5.

o0——->O

o——=0

(¢) Constructing a 6-regular graph G of order 11 from the 5-regular graph K 5.

(d) Constructing a 8-regular graph G of order 15 from the 7-regular graph K7 7.

Figure 26: Constructing r-regular graphs from (r — 1)-regular graphs.

With these observations we easily obtain the following result.
Lemma 3.4.7 min(a,r") =2 for all n > 2r — 2.

Punnim proved the following result in [33]: Let r and s be integers with
1 < s <r. Then

1. f(G)<s+1forall Ge€R(r"") and
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2. there exists a graph H € R(r"**) such that f(H) = s+ 1.
With these observations we have the following result.
Lemma 3.4.8 min(a,r") > [Z2]if 1 <s <r —3.

s+1

It is well known that a(K,;1)

2], Thus min(a, r" ') = max(a, ") =
(%1 It is also well known that G = K, 5 — F, where F' is a 1-factor of K, is the
unique r-regular graph of order 74 2. Since E(G) = F, it follows that a subgraph of
G induced by any four vertices of V(G) contains at most two edges. Equivalently, a
subgraph of G induced by any four vertices must contain a cycle. Thus a(G) > [=£2].

It is easy to show that a(G) = [“£2]. Thus min(a,r"?) = max(a, %) = [=2].

Since T, , is the Turdn graph of order n containing no clique of order ¢ + 1,
there exists a unique pair of integers x and y such that n = gz + 9y, 0 < y < q.
Note that T), , is a complete g-partite graph of order n consisting of y partite sets
of cardinality x + 1 and ¢ — y partite sets of cardinality . Therefore 7, , is an
(n — x)-regular graph if and only if y = 0. If y > 0, then T, , contains y(z + 1)
vertices of degree n—z—1 and (q—y)z vertices of degree n—z. A slight modification
of T), , yields a regular graph with prescribed arboricity number as in the following

theorem.

Theorem 3.4.9 Let n,x,q and y be positive integers satisfying n = qr + 1y, 0 <
y <q. Then

1. there ezists an (n — x)-reqular graph G of order n such that a(G) < q if x is
odd,

2. there exists an (n — x)-reqular graph G' of order n such that o(G) < q if x and

y are even, and

3. there exists an (n — x — 1)-reqular graph H of order n such that o(G) < q if x

1s even and y is odd.

Proof. Note that T, , is a complete g-partite graph of order n consisting of y par-
tite sets of cardinality  +1 and g —y partite sets of cardinality x. Let Vi, V5,...,V,
be partite sets of T, ;, of cardinality x +1 and Uy, Us, ..., U,—, be partite sets of T}, ,



71

of cardinality z. It is clear that deg;, v =n—-oz—-1ifve ViUVU...UV,
and degy, uw=n—-xzifu e 1 UUU...UU;,. Foreachi = 1,2,.. .y,
let V; = {vi1,vi2,...,Vi(wt1)}; similarly, for each j = 1,2,...,¢ — vy, let U; =
{ujn, ujo, ..., ujz}.

1. Suppose that z is odd. Since |V;| = x + 1 for each i = 1,2,...,y, an

z+1
2

(n —x)-regular graph G can be obtained from T, , by adding independent edges
to each V;, 1 <i <y. It is clear that a(G) < g.

2. Suppose that = and y are even. Let H = |J?_, P(V;) where P(V;) is a
path with V; as its vertex set and E; = {vivi41) 1 1 < k < 2} as its edge set. Let
Fi, F, ..., F,; be defined by Fj, = {vg0(ty/2)e - 2 <t < x} and put F = UZ/:21 Fy.
Finally we obtain a graph G = (1), , — F) * H which is an (n — x)-regular graph of
order n and a(G) < q.

3. Suppose that x is even and y is odd. Thenn = qr+yisodd. If g—y > 2,
then, by Dirac’s Theorem [14], a subgraph of T}, , induced by U3 UU, U ... UU,_,
contains a Hamiltonian cycle C. Since x is even and C'is of order x(q—y), it follows
that C is of even order. Let F' be a set of @ independent edges of C'. Then
H=T,,— Fisan (n—x — 1)-regular graph of order n and a(H) < gq.

Suppose that ¢ —y = 1. Let Fy = {vjjui, viatia, - . ., U1z, } and Fy =

{vi1v12, V13014, . . ., V1@—1)V1}. Then H = (T, — F1) * F5 is an (n — & — 1)-regular

graph of order n and a(H) < q. O

Note that if G is an r-regular graph on r + s vertices where 1 < s < r, then

r > 2= Tt follows, by Dirac’s Theorem [14], that G is hamiltonian.
Theorem 3.4.10 Let r and s be integers with r > 3 and 1 < s <r — 3. Then

1.

r+s
s+1

min(a, 7" %) = [

Proof. By Lemma 3.4.8, we have that min(a,7"**) > [=9]if 1 <s <r —3. We

have already shown that min(a,r"**) = [=7] if s € {1,2}. Thus in order to prove

this theorem it suffices to construct an r-regular graph G of order r 4+ s such that
oG) < (;riﬂ for r > 3 and 3 < s < r — 3. Suppose that 3 < s < r — 3. Let
g=[=flandput r+s=qgr+y, 0<y<g—1 Thenzr <s+1andz =s+1if

and only if y = 0 and r + s is a multiple of s + 1.
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r+s

We first consider the case where x = s + 1 and therefore y = 0 and ¢ = 3

is an integer. Thus the graph 7,.,, is an (r — 1)-regular graph of order r + s and
(Tr1s4) < q. By Theorem 3.4.9, there exists an r-regular graph G of order r + s
with a(G) < ¢ if s is odd or both s and ¢ are even. If s is even and ¢ is odd,
then r + s = ¢(s + 1) is odd and hence r is even which implies s is odd. This is a
contradiction.

Now suppose that y > 0 and therefore < s. Thus T, , contains y partite
sets of cardinality 4+ 1 and ¢ — y partite sets of cardinality x. By Theorem 3.4.9,
there exists an (r + s — x)-regular graph G of order r + s with a(G) < ¢ if x is odd
or both x and y are even, and there exists an (r + s — x — 1)-regular graph H of
order r + s with a(H) < ¢ if = is even and y is odd. Since z < s, it follows that
r+s—x >r. We will consider two cases according to the parity of z and y as in
Theorem 3.4.9.

Case 1. If x is odd or both z and y are even, then, by Theorem 3.4.9, there
exists an (r + s — x)-regular graph G of order r + s with a(G) < ¢g. Since z < s, it
follows that r+s—x > r. If s—z = 0, then G € R(r"™*) with a(G) < g, as required.
Suppose that s — x is even and s — x > 2. By Dirac’s Theorem [14], G contains
enough edge-disjoint hamiltonian cycles whose removal produces an r-regular graph
G’ of order r + s and a(G’) < a(G) < q, as required.

Suppose s — x is odd. Then either r + s — x or r is odd and therefore r + s
is even. Also by Dirac’s Theorem [14], G contains a 1-factor F' where G — F' is an
(r+s—x —1)-regular graph and a(G — F') < a(G) < ¢q. Since s —x — 1 is even, the
result follows by the same argument as above.

Case 2. 1If x is even and y is odd, then, by Theorem 3.4.9, there exists an
(r+s—x — 1)-regular graph H of order r + s and a(H) < q. Since r + s = qr +y is
odd, it follows that both r +s — 2 — 1 and r are even. Since x < s, it follows that
r+s—x—12>r—1. Therefore, it follows by the parity that r+s—x —1 > r. The

result follows easily by the same argument as in Case 1. This completes the proof.

O

Chartrand and Kronk [9] obtained a good upper bound for the vertex arboricity.

In particular, they proved the following theorem.
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Theorem 3.4.11 For each graph G, o(G) < 1+ L%(G/)J, where the maximum

is taken over all induced subgraphs G’ of G.

If we restrict ourselves to the class of regular graphs, we obtain the following

corollary to Theorem 3.4.11.
Corollary 3.4.12 Let G be an r-regular graph. Then a(G) <1+ [5].

In general the bound given in Corollary 3.4.12 is not sharp but it is sharp
in the class of r-regular graphs of order n > 2r + 2 as we will prove in the next

theorem.
Theorem 3.4.13 Forn > 2r + 2, max(a,r") = 1+ | £].

Proof. The result follows easily if » € {0,1,2}. Suppose that r > 3. We write
n=r+1)g+t, 0<t<r. Thusq>2 PutG=(¢—1)K, 1 UBH, where H
is an r-regular graph of order r +¢ + 1. Since a(K,11) = [] = 1+ [£] and
a(H) <1+ |%], it follows that a(G) =14 |5]. O



CHAPTER 4

SUMMARY AND OPEN PROBLEMS

In this dissertation, we have found several significant results concerning the
forest number of graphs and the arboricity of graphs. More precisely, we found
the range of forest numbers in some classes, for example, the class of connected
subgraphs of cubic graphs, the class of graphs of order n and size m, and the class
of biquartic graphs. We summarize our results in Section 4.1. In Section 4.2, we list
some open problems in this direction that we have encountered over the past few

years during our study of this graph parameter.

4.1 Summary

This section summarizes our comprehensive work concerning interpolation
and extremal results for the graph parameters f and a. The results can be divided
into 4 parts. The first part deals with our work on the forest number in some
class of cubic graphs of order n. In particular, Punnim [28, 29, 32] proved that f
interpolates over R(3") and CR(3") and furthermore, the corresponding extremal
results on respective classes of cubic graphs were obtained in [31, 34, 35]. We proved
in Section 3.1 that if G runs over the class of connected subgraphs of CR(3"), then
the values f(G) completely cover a line segment [a,b] of positive integers. Let
J1 = CR(3") and J> be the class of all connected cubic Kj-free graphs of order
n, where K} is a graph obtained from K, by subdividing one edge. Finally, let
Js be the class of all connected cubic triangle-free graphs of order n. It is clear
that J3 C Jo C J1. Let X, = {1, T, T3, T1 — T2, Jh — T3, T2 — J3}. For each
J € X,, the range of the forest number {f(G) : G € J} is uniquely determinined
by min(f,J) = min{f(G) : G € J} and max(f,J) = max{f(G) : G € J}. We
found the exact values of min(f, J) and max(f,J) in Section 3.1 in all situations

by the following.

1222| if T £ T — To,

1. max(f,J) =
Lgnffj Z.fj:jl_j%
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2. min(f,J) = f%ﬂ it 7 €e{J, Ts5, T — T3},
3. lfv j ¢ {\727'.73’\72 - t73}7 then

if n=2 (mod 8),

1
1

2n]  otherwise.

In Section 3.2, the extremal results on f over G(n,m) and CG(n,m) were
obtained in all situations. In 2007, Punnim [36] proved that if G runs over the
set G(n,m), then the values f(G) completely cover a line segment [a, b] of positive
intgers. Let G(n,m) be the set of all graphs of order n and size m and CG(n, m)
be the subset of G(n,m) consisting of all connected subgraphs. We were able to
obtain the extremal results for the forest number in the class G(n, m) and CG(n, m)

as given below:

1. For an integer i € {1,2,3,...,n — 2}, let M,(n — i) = (i + 1)n —
—i2+§”2. Then max(f;n,m) = n—iif and only if M,(n—i+1) < m < M, (n—1i) and

Max(f;n,m) =n—iifand only if m >n—1and M,(n—i+1) <m < M, (n —1).

For integers n and a, let m,(a) be the minimum number of edges of a graph
of order n having the forest number a and cm,,(a) be the minimum number of edges

of a connected graph of order n having the forest number a. Then
2. min(f;n,m) =max(f;n,m) =n if and only if m € {0,1,2}, and

3. min(f;n,m) = max(f;n,m) = Min(f;n,m) = Max(f;n,m) =2 if

and only if m = (g),

4. for 3 < a <n—1min(f;n,m) = a if and only if m,(a) < m <
m,(a — 1), and Min(f;n,m) = a if and only if cm,(a) <m < cm,(a — 1).

Alon [1] proved that if G is a 4-regular bipartite graphs of order 2n, then

f(G) > 9y, In Section 3.3 we were able to improve the bound from % . n to & - n.
9 9 7

Furthermore, we proved that if G runs over the set B(4%") of all 4-regular bipartite

graphs of order 2n, then the values of f(G) completely cover a line segment [a, b].

We found that max(f, B(r*")) = |2=t] and min(f, B(4*")) = n + 2.

r—1

There are two types of decompositions of a graph G into forests, namely,
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vertices or edges. The vertex (edge) arboricity of G denoted by a(G) (a1(G)) is the
minimum number of subsets into which the vertex (edge) set of G can be partitioned
so that each subset induces an acyclic subgraph. The problem of determining the
range of vertex (edge) arboricity in the class of r-regular graphs is considered in
Section 3.4. We proved in this section that if 7 € {a, a1}, then there exist integers
x(m) and y(m) such that a graphical sequence d has a realization G with 7(G) = z
if and only if z is an integer satisfying xz(7) < z < y(m). Thus for an arbitrary

graphical sequence d and 7 € {a, a; }, the two invariants
x(m) = min(m,d) := min{r(G) : G € R(d)} and

y(m) = max(m,d) := max{7(G) : G € R(d)}

naturally arise and hence 7(d) :={#n(G): G e R(d)} ={z € Z: z(r) < z < y(m)}.
Let d = r™ be the degree sequence of an r-regular graph of order n. We prove
that a;(r") = {[“1]}. We consider the corresponding extremal problem on vertex
arboricity and obtain min(a, ") in all situations and max(a, ") for all n > 2r 4 2,

as given below:

1. min(a, R(r")) = 2 for all n > 2r — 2, and for r and s be integers

with r >3 and 1 < s < r — 3, min(a, R(r")) = [2£],

2. Forn >2n+2,max(a,R(r")) = 1+ [§].

4.2 Open Problems

We have encountered some interesting open problems during our study of

the graph parameters f and a.
Based on our results, we give the following open problems:

Open Problem 1 Let n > 5. What is the minimum value of the forest number

in the classes of r-regular bipartite graphs of order 2n?

Let G be a graph of order n and size m. As mentioned earlier, Theorem

3n

2.2.3 is sharp for m < 3

and m = 0 (mod 12), as shown by disjoint copies of Q3.
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For a 4-regular graph G, Theorem 2.2.3 gives f(G) > 4, but the best example has
HOES S

For a 5-regular graph G, Theorem 2.2.3 gives f(G) > 32, but the best

]
example has f(G) > 3.
In Section 3.4, we improved the bound on f in the class of 4-regular bipartite

graphs which obtained the min(a, B(r"™)). A natural next step of our work is the

following problem.

Open Problem 2 What is the maximum value of the vertex arboricity in the

class of r-regular graphs of order n < 2r 4 27
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