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Abstract
The quasinormal modes of Aniti de Sitter 5-dimensional Reissner Nordstorm Black Holes,
perturbed by a scalar field, are analytical calculated. The scalar field is massive, charged and coupled
with the Maxwell field from the black holes. At the horizon, the satisfied-boundary-condition solution of
the scalar field is obtained, which is a hypergeometric function. We extend the hypergeometric function
to the far away zone and eliminate the ingoing wave. The boundary conditions give a constraint equation
to solve for the quasinormal frequencies. Our result is similar to the case d=4 in [1,10]. The frequencies

of the solution are a discrete set of complex number. The separation between values of the frequencies

is equal, i.e. Aw=3.00-1.87i

Keyword: Reissner Nordstorm Black Holes, Quasinormal Modes, Quasinormal Frequencies, Anti de

Sitter Spacetime, Black Hole Phase Transition, Scalar Field, Maxwell Field
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Introduction

Quasinormal modes of black holes are solutions to Einstein’s wave equations. The boundary
conditions are the only incoming wave at the horizon and at the infinity either only outgoing wave or
decaying wave [2]. The quasinormal modes are the waves responding to spacetime perturbation. The
frequencies of the solutions, quasinormal frequencies, are discrete complex number responding to the
boundary conditions [3]. The quasinormal frequencies are inversely proportional the time that the black
hole systems use to recover back to the equilibrium after the perturbation [2].

Anti de Sitter (AdS) spacetimes are spacetimes which contain a negative cosmological constant.
Thank to the correspondence between AdS spacetimes and conformal field theory [4], AdS black holes
have become intense research topics. The correspondence proposes the physical connection between
the AdS black holes in d+1 dimensions and the quantum theory in the d-dimensional boundary of the
system. The correspondence has led researchers to study various AdS black hole models.

One of the interesting works is the phase transition of AdS black holes[5,1]. No-hair theorem [5]
has stated that the black hole characteristics are described by only three initial parameters before the
black holes are formed, i.e. mass, charge and angular momentum. The theorem implies that no matter
how hard the black hole systems are perturbed, it would have no effect on the physical properties of the
black holes. However there are number of work obtain the opposite result. For example, in [5], the exact
solution of AdS charged black holes perturbed by a scalar field is found. The solution is different from
the one with no perturbation, i.e. the effect of the scalar field is presented in the solution. This contradicts
to the no-hair theorem, which means that the black holes do change, when perturbed by certain fields
with appropriated values of the parameters, e.g. charged particles, cosmological constant, sectional
curvature. The phenomenon that a black hole changes from one kind to another kind due to perturbation
is called black hole phase transition. The phase transition can be checked by many methods, e.g. by the
discontinuity of the black hole entropy [5].

The black hole phase transition and AdS/CFT correspondence have opened the opportunity to
understand the quantum phase transition phenomena through the study of general relativity in AdS
spacetime. There is a lot of work on different AdS black hole models with various kinds of perturbation
[6,7]. They all show the possibility of black hole phase transition.

In this work we are interested in the 5-dimensional AdS charged black hole perturbed by a
massive and charged scalar field, I/ . In this case the scalar field is coupled with the Maxwell field, due
to the both charges of the black hole and the scalar field. The Lagrange density in this case is [8,1]

6 1 .
L:R+F—ZF2—‘8ﬂw—|qAﬂy/‘2—m2\w\2 )

R is the scalar curvature. |_ is the AdS radius. F#V is the Maxwell field. Aﬂ is the Maxwell

potential, where in this case one can simplify by letting Aﬂ = (CD,O) , i.e. only the scalar potential. q

and M are charge and mass of the scalar field respectively.
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Objectives
The quasinormal modes are analytically calculated by employing approximation methods in
[9,10]. The metric of Reissner-Nordstrom black holes with the black hole charge, Q, and mass, M, in 5

dimensions is [1]

ds® = — fdt? +%dr2 +rh;dx'dx! (2)
2M  Q* r?
e @

hij is the metric of angular parts in this spacetime, i, j = 1,2,3, k is the section curvature.

The action, S, in the d dimensional spacetime in this case is

S = jd XA/ = +——%F2 ‘6#1//—iqAﬂy/‘2—m2‘l/,‘2 (4)

The equation of motion of the scalar field, |, is obtained by varying the action.

1 0 , 0
ﬁ o (\/— gg” 8XV) mZ; —2a0qg"® |y =0 (5)
where the effective mass, mezff 1]
Mg =m’ +9"q"®’ ©)

The Maxwell field, @, when I =0, in this case is [1]

_|[d-2(Q Q
V2(d -3\ ri® rdB (7)

From the metric  f (I’) =K——+——F+ L— , one can solve for the solutions to

the conditon f(r)=0,ie., Ir,, £T,, and *1,, where the horizon, I, , is the most outer radius

solution.
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Methods

To solve the scalar field wave equation (5), let the solution be separated as
401 (2-d)/2
w(t,r,x)=e R(r)s(x,) (8)

S(X;) is a harmonic function with the eigen value A2, where X; = X1, X,, X5 are the three
angle variables of the harmonic function in 5 dimensions. @ is the frequency of the scalar field. The

wave equation is reduced to the radial part as

©)

ffi(fgﬁﬁz}déz—V“ﬂRO)zo (10)

dr dr

where 2
V(r)= (d _i)r(? —4) f? f— f+m?2 f + 2000 + (d -

To study the boundary condition at the horizon let define dr* = dl’/ f (I’) define parameters,

)ff’ (11)

Z, and Z,, and change the variable r to z

z= A Z,= ", Z,= A (12)
2’ 2 r+z ' 3 I’f
8Mr? 4r’k  4r’
I' is satisfied to an equation 1— + + =0. Z, and Z; are

+ QZ Q2 LZQZ

2r! r? 2r2 r r? re
k+—= === K+ =+ (13)

BT o) e et T

Z,). L.

f (r) then can be written in term of the variable zas f =

can also be calculated in term of z as

dr.
f(r)

*

2r5+

=N N NN

(14)
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We take the calculation methods to obtain quasinormal modes and their frequencies from
[9,10].We start from the wave equation with the variable I
d?R(r
d—()+[a)2 ~V(r)r(r)=0 (15)

r2

*

At the horizon f(r,)=0 and V(r,) =0, the solutions near the horizon are approximated as

R(r) ~ eiia;r*

_ i20r°

_ 2ior? N 20r?
\/— _1 +Q5(1722)(1723) \/E Y 22 +Q5\/TZ(ZZ_1)(Z3—22) \/E _ \/?3 _QS\/iZ:%(Zrl)(Zs*Zz)
| Vz+l Vi +.z, Jz+ \/?3
B i20r?
~(z-1) Q°(1-2,)(1-25)
(16)
Eq. (16) shows the behavior of the solution near the horizon, R~ (Z —1)0’1 , with
4a)2r10
al2 Y 2+ 2 (17)
Q (1_ Zz) (1_ 23)

Also the behaviors near Z,and Z, are (Z - 22)0[2 and (Z - ZZ)O[3 respectively, with

. Arlo+qriV3/4(z,-1)/QI o _ 4r’[o+qriV3/4(z, -1)/QT

“ QL -V, -z) Q2,(z, -1’ (2, - 2,)°

(18)

To begin the calculation let change the variable radius to Z and eq(15) changes to
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2*(z-1)° (Z—Z)(Z—Z) A (Z—l) (Z—Z)(Z—Z)—
+zz(z—l)(z—zz)z(z—zg)2—+zz(z—l)z(z—zz)(z—za)z—
dz dz

221 (2 2,) (2 - 23)‘;_5_4_?;(2 1(2-2,)(z-2)°R

3., 4 —(2-D@-2)z-2)+2(z-2,)z-12,)|
+—(z— )(Z_ZZ)(Z_Z3){+ 2(z-1)(z-z2)+2(z-Y(z-z,) }

/12 4
= 72(z-1)(z-12,)(z - [zR
m’r
- 2+ - 2 - Z3)R = O
(20)
The solution to eq. (20) is of the form
R(z)=z"(z-D)"(z-2,)=(z—-2,)* F(2) @1)
with
1 m?L?
a, = Z +./1+ (22)

After substituting R(Z) in eq. (21) into eq. (20) and dividing eq. (20) with the factor
Za°+l(Z —l)a1+l(Z — Zz)a2+1(Z — Z3)a3+1, one would obtain a new wave equation with the help of

a,,a,a,,0,

2e-D@E-2)-2):

O+ 202Dz -2)(2-2)
2 dz
+ 1+ 2a)2(z-2,)(z - 23)(3—': + 1+ 2a,)2(z -1)(z - zs)z—l: (23)

+ 1+ 2a,)2(z-1)(z - Zz)(jj—I:-F J(2)F =0

where
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Q=6 +a)lz-2)e-2)+(2-De-2)+ @-D@-2))
- al{%(z -2,)(z-2,)+12(z-2,)+ 2(z —1)}
+ az{%(z -D(z-2z,)+2(z-2,)+2(z —1)}

+ as{%(z -D(z-2,)+2(z-2,)+2(z —1)}

+20,0,(2-2,)(2-12,)+20,0,(2-1)(2-2,) + 20,0,(z -1)(2 - 2,)
+2a,0,2(2 - 2,) + 20,,2(2 — 2,)F + 2a,0,2(2 - 1)

2,4 2,6
A r2+ + 2m ", [z2 +z,+2,2,-(l+z,+2,)z+ 22]

Q Q (—2223)
+ai{z-1)*+(B-2,-2)2-D+2-2,-2,+(1-2,)1-2,)}
+ azz {(Z - 22)2 + (322 -1- Zs)(z - Zz) +2Z, (222 -1- 23) + (Zz _1)(22 - 23)}
+al {(z -2)+Bz,-2,-2)(z-2)+2,(22, -1-2,) + (z, - 1) (z, - zz)}

(24)
To further reduce eq. (23), let divide it with (Z - ZZ)(Z - 23)
G 4 20,)(2 -1 + (L+2a,)2
2(z —1)d2F + 2 0 1 ar
2 — —
dz + 1+ 2a,) 2(z-1) + 1+ 2a,) 2z-1)| dz (25)
-1, z-1,
L @F-=0

+
(Z - Zz)(z - Zs)

To obtain the quasinormal modes, the solution to eq. (25), one would allow only the ingoing

120r;

wave at the horizon. That is we choose the minus sign of ¢&f; = — > . At the
Q (1_ Zz)(l_ 23)
horizon, Z =1, one can be approximated eq. (25) as
d’F [,1 dF
z2(z-1) o + {(E +20,)(z-D)+ @1+ 2al)z}d— +J,F=0 (26)
yA YA

with
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_ (=)
b (1_ Zz)(l_ 23)

Ie==(+a)z-2)(E-2)

+ al{%(z -2,)(z-2)+2(z-2,)+2(z - 22)}

+0,2(2-2,)+a,2(2-2,)+ 2a,0,(2 - 2,)(2 - 2,) + 20,,2(2 - 2,)
12r+4 m2r+6

+ Z,Z,
Q2 QZ(—ZZZ3)

+2a,0,2(2-2,)+ 20,00,2(2 - 1) -

+al{2-2,-7,+(1-2,)A-1,)}

+ a’2222(22 - 23) + a3223(23 - Zz)

(27)
Change the variable Y =1-17in eq. (26)
d’F 3, |dF
yd-vy) {l+2a -(2a, + 2 +—)yJ——J F=0
dy2 1 0 1 2 dy 1
(28)
The two independent solutions to eq. (28) are the Hypergeometric functions , i.e.
,F(a,b1+ 2a;y) and (1—2)7*",F(a,bl-2c,;Y) (29)
1 1Y’ 1 1Y
a=aq, +al+§+ a, +al+§ +J,, b=a,+ +§— a, +a, +§ +J,
(30)
At the horizon Z = 1 the behavior of the solution is of the form
R(z)~(z—D"and R(2)=(z-1D) ™™ (31)
Again we have chosen the ingoing wave at the horizon,. i.e. (Z —1)0!1 ,or we choose
R(y)=y",FR(abl+2ay) (32)

as the solution in this region.
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Form the definition of quasinormal modes, the other boundary condition is at the far away zone,,
2

F—>or Z= Lz —> 0, which is the wave vanishing because of the divergence of the effective
r

potential \Y , in eq. (11). From the property of the hypergeometric function, the solution near the horizon
2

in eq. (32) can be expanded in term of Z = 1- Y= Lz or expended in the far away zone as
r

Riy)=2z",F(ab;1+2a,y)
_ 5 I'd+2a,)r@/2-2e,) 2Fl(a,b;1 +20.:2)
'+ 2a,—a)['(1+ 2a, —Db) 2

S12-a, r'd+2a)r-1/2+2c,)

3
,F (142, —al+ 2¢, _b;E_ 20.,;2)

T(a)['(b)

(33)

where

(34)
1
For Mand L are real number, o, > 0 and E -, < 0. At the far away zone , Z —> 0,ie.

2 —0, and 7Y% 3 00 Thatis in eq. (33) the first term vanishing, while the second term
diverges. One needs to eliminate the second term by setting the coefficient to be zero, i.e. making the
Gamma functions in the denominator diverge F(a = —n) —> 0 or/and F(b = —n) —> 0,
n=012,.. .

2
1 1
a,+a,+—* [la,+a,+=| +J, =-n (35)
2 2
Eqg. (35) is constrain equations containing the frequency, @.
) 1
n® +2n(e, +a’1+z)ao +J,=0 (36)

In eq. (36), one can explicitly write the frequency, @ in ;, &,, &, , as

aw +bw+c'=0 (37)
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where
a,_4rj°{ 2 ) 2i 1 }
Q* |z, (z,-D(z,-2,) -2,0-2)(z,-2) (-2,)A-2,)
Q° 2 1-z, 1-z,
o2 il-z,) N 1-2z,
Q*(z,-2,)|2,(z,-1) J-7,(1-2,)
+2\/§rfq{_ 1 . i ~ 1 }
Q| Vo (z,-D(z,-z) J-z,0-2)2z,-2) (z,-D-2)

Cc'= {nz + 2 +2ng, + ﬂ(l— z,)1-z,)

+i 3riql  il-z,) N 1-z, A m'r?
Q \/?z(zz _23) \/_Zz (Zz _23) Q Q2

(38)

The frequencies are calculated from
bl 1 1 1 1
w:——i—|\/b2—4ac (39)

There are two frequencies in eq. (39). For example, let choose the parameters as the following,
according to 1,10,k =0, A=0,L=1.1r =1, Q=1 m?L>=4,q=0and N=0, the

frequencies are complex number
w=453-455 and w=-0.46—2.66i (40)

To satisfy the boundary condition at the horizon we need the minus sign in front of the imaginary part

and plus sign in front of the real part, i.e. W = 453-4.55i.

664



miﬂi:’gu%mmss:ﬁuma “GFunIuNi sy AN 7
Fuf 1-2 W uu 2556 YRINLIRUAIRATUNTI LIl

Results and Discussion

In this section we plot the frequencies with different (| = 0 and g= 2 and N =0 t10.
The parameters are K=0,4=0,L =1.1 r =1,0Q =1.m’l* =4,

Re w
A
- . . .
. 10 20 30 40
[ |
A
[ |
-10 f A
e
Imw . |
-15 | a u
[ .
A [ |

20 F

Picture 1 the x-axis represents the real part and the y-axis represents the imaginary part of the complex
frequencies. A andm represent (] = 0 and g= 2 respectively. Each value of q represents n=0 to

10 values

From the picture, for n=0, a)(q = 0) =4.53— 4.55I and a)(q = 2) =8.31-5.06i .
As the number n is increasing from 1 to 10, the magnitudes of both real and imaginary parts are linearly
increasing. The separation between the frequency values of the large values n are equally spacing for

both =0 and =2, ie.

ARe(w)=3.00 and AlMm(w)=1.87 41)

Conclusions

We have calculated the quasinormal modes and their frequencies of the black holes. The
frequencies are a discrete set of complex number, resulted from the boundary conditions, as we
expected. The frequencies increase linearly as function of the number n. There is no numerical result for
the dimension d=5 available, but our result is in agreement for d=4 in [1,10]. All the result in many
models share many things in common. For example, the frequencies linearly increase as function of n
and the separation frequencies for large n are a constant number in each case.

The quasinormal modes in our result can be taken to study and calculate many aspects of black
holes such as their entropy, the phase transition, the AdS/CFT correspondence, etc.

We have approximated the solution at the both boundaries and solve for frequencies. One can

further perform the perturbation by taking our solution as the zero order.
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